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PREFACE. 



This Work will contada the substance of a 

;;.course of lectures read to pupils some few years 

^ ago. Part of the leisure which I have had since 

^that period has been devoted to such alterations 

» and corrections as may make' it more generally 

*Vuseful. It is with this view that I have not con- 

^vfined myself to the Newtonian doctrine of limits, 

.^but have introduced the principles of La Grange's 

Theory of Functions. The two systems meet in 

Taylor's Theorem, and that being once established, 

the diiFerence is merely nominal. 

I have endeavoured to render this work as in- 
dependent of all others as possible, and have re- 
quired as little previous knowledge as the nature 
of the subject will admit. This consists of the 
elements of Geometry, Trigonometry, Algebra, 
and Conick Sections. 

The works on these subjects which I have always 
used, and to which I of course refer, are Simson's 
Euclid, Professor Woodhouse's Trigonometry, 
third edition. Dr. Wood's Algebra, sixth edition, 
and Mr. Peacock's Conick Sections, second edi- 
tion. 



IV PREFACE. 



To complete the work, it should be extended to 
.a discussion of certain curves — to a treatise on the 
calculus of fluents — the integration of fluxional 
equations — the calculus of variations — the appli- 
cation of the calculus to curved surfaces, including 
those of double curvature. This, together with 
its application to such parts of Natural Philosophy 
as usually form an academical course of lectures, 
may appear before the publick in la second volume. 
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ERRATA. 

Pvge 24, for L 13, read By (7) Ar « - dueoLu co«ee.M /. dtt « -_-—-. 

27, L 4,/or (1 - r«)«, rwi (! - a:")*. 
29, L 4, j^ ctan.*, «^ad e^^^^*. 

40, L 7, /or - ^^. reoJ - ^^^-^j^. 

46, 1. 7ftom bottom,^ 44".81, rwwl 4r.981. 

49, 1. 2, rcai Hence - /y « 1 - y + 4(1 — y)» + Ac. 

52, 1. 3, insert — after 3./2. 

63, 1. 16 from bottom, /or L(fl + 1), read J.{a x 1). 

69, 1. 6,;/br or, r^ad x". 

72, L 2 from bottom, /or ypdy, r«tfiJ — yPdy. 

76, L 5, insert- "^ 



ax 



, ^^ , ^ TTTrinJar _Vl+ttn^ 

99, 1 6 from bottom, for f read — . — .. 

Vl— 8in.9jr v'l— ain«r 

100, L 12, /or (1 - y>)*, read (1 — y*)^. 



L 20, read .-. (2. 54. Ex. 4)tt « -^-^ + ^^ ^ 

l(l^yh7^foril,read\L 

147, L 10 from bottom,/or Sajy*/./' + y^.',,, reod 3j:3/y.',, + y^'ur 

1 70, L 17, + &c. is to be moved out of die bracket. 

184, L 9 from bottom, Jbr j-^, read — . 

du 
189, 1. 4,/or — , read du. 

202, L 4,/or 2a», read 2a»af. 

206, L 2,ybr 66«, read 6a/*. 

226, L 3 from bottom. The diapter here lefened to is removed to the 
second volume. 

239, 1. 17. The n in this and the two following lines is to be multiplied 
by abc, 

267, Praxis 2. This curve has four conjugate points, which are the only 
p<4nts that belong to the curve. The equation may be considered 
as a particular case of (a« - cfiy + (y^ ■— 6«)« =«*. The equation 
of two ellipses whose axes are at right angles to each other is 



■•MMii*. 



1 , ,x^l-x» , , x^ 1.3. 

347, 1. 6, for ^-/l — a?a, read ; also enclose -^-^i^' 

brackets. 
404, 1. 15, /or (y - »), read (y — w)p. 
414, L 6 from bottom,/>r Bjp, read Bjf. 
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PART FIRST. 



Escplcmation qf Termt. 

1. All quantity, whether represented by lines and figures, 
or expressed algeoraically, may be considered as generated 
by motion : lines, by the motion of a point ; areas, by a 
line moving parallel to itself; solids^ by the motion oi an 
area along a nxed line, which is the axis of the solid. 

When quantity is expressed algebraically, the first letters 
of the alphabet are usually taken to denote the constant, 
aod the last the variable part 

' In curves, the ordinate and abscissa are variable lines ; 
and the diameters, axes, parameters, &c. are, in general, 
considered as constant quantities. 

% A function of a variable quantity is any expression 
of calculation whatever into which the variable, mixed or 
not with constant quantities, enters. 

Thus ^ , o*, log. x^ ax -f ft, Vwi+n^+cj?*, — — -^5-5' 

sin.o:, sin. a?*^*, &c. &c. are all functions of jr. 
Symbols to represent these are Fjr,/r^ ^x, vj/x, &c. ; thus, 

1 "4" QhJC -4- hsf^ 

if in any particular case, yo? represents yt 7-^-7- and ^i? 

B 



f 



2 EXPLANATION OF TERMS. 

represents az+b, then Fy= = ~ r^^ andj^ = aw/ + 6* 

e« + ^^ is a function of — . Also, the quantity (a + 

Jar + cx'^y + 6a? + ar* may be put under the form of a 
function of a + i^ + cx^^ for it equals (a + 6a: + ca?*)" + 
{a + bx + c«r«) — «. 

The ordinate of a curve is a function of its abscissa. The 
space described by a body projected downwards is a function 
of the time of descent, the velocity of projection entering 
the function as a constant. And, generally, if it can be 
shown of two quantities m and n, that m varies when n 
varies, and that m is constant when n is constant, then we 
know that m = ^w, where the form of 9 is to be determined 
from the conditions of the question. 

If in the symbol^ we make a? = 0, it becomes^^, which, 
therefore, represents a constant quantity, or rather a function 
in which x does not enter. Thus, if^ = era? -f 6,yi = b ; 

\ffx = — + 6,/. = 00 , 

X 

When the function is enclosed in a bracket, and no other 
reason appears, it expresses the function when a particular 
value is assigned to the variable. 

Analytical functions are^ either algebraicJe or transcen-- 
dentai* The former are subdivided into rational and ir- 
rational: the latter, into exponential^ logarithmickyaud dr- 
cular. Instances of transcendental functions are €f, log. x^ 
sin. X, a + b. cos. x, &c. 

x^ — axj/ + y* is a function of two variaUes, and general 
symbols are F(a',^),/(a?,^), &c. 

If ^ft — j?y -— a^ s 0, ^ is said to be an implicit function 
of <r ; but when this equation is solved with respect to ^» 

or when we put it under the form 3. = -f ± J^T^'' 

y is then said to be an explicit function of ar. Symbols for 
each of these are F(a:, y) = 0, and y —fx, 

8. F(/r) represents a function of a function of x;. thus, 
\ifx = (a+6a7 4-car^)% f(^) may represent (a + Jx+ca?*)*"", 
or e(«+.&'+«^)'', &c. &c. 

If F ^f,/Ux) is ^ denoted hy f^.fif^x) hyf% &c. ; 
and, according to this notation, sin.^o? does not represent 
the square of the sine of x, but the sine of the sine of x, i. e. 



SXPLANATION OF TERMS; 3 

sin. X bein^ formed into an arc^ its sine is the line repre* 
sented by sm.^^ *. Also losJ^x = log. of log. x. 

We must be careful to distinguish y*j?. from the square 
offxorfa:^; thus, let^ = ^% thenj^'^x, in this notation, 
= {a^Y = ^, but/^'^ =zx^ . 

4. The variable which is under the sign of the function 
in ^ = y^ is called the principal or independent variable ; 
the other the dependent variable, as it depends upon the 
value we assign to x. 

5. If the independent variable be increased or diminisAied, 
and the function can be expanded, we can compare the in- 
crements of the variables. 

As an example, tak«^ = x\ and when x becomes ir + A, 
\ety become y, then y = (x +■ h^ = x^ -^ Sa^h ^3xh^ + i\ 
therefore y — y = Sx% + 3xh^ -f h\ and dividing by h, 

Y — y 

-j^ = Sx^ + Sxh + A*, which is the value of inc. y : 

inc. X. 
The first term of this result is independent of A ; if then 

we suppose A = 0, y = y, and we have — = 8jr', the mean- 
ing of which will be explained, Ch. V. 

6. In the present work we consider all such functions as 
flowing quantities or fluents, and the two problems which 
include the whole of the fluxional calculus are, (1). Given 
the fluents, to find their rates of increase ; and, (S). Given 
the rates of increase, to find the fluents. The first is called 
the direct, the second the inverse method of fluxions. 



* We shall not make use of this notation in <* circular" 
functions without giving the reader notice* 
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ON THE FIRST FLUXION OF A FUKCTION CHAP. L 



CHAPTER I. 



On (he Jirst JhiaAon of a Junction containing one or more 

variables. 



7. Def' 1. Thb " limiting ratio" of two dependent va- 
riables is that to which their ratio may be made to approach 
neiar^r than by any proposed difference. 

Def. % The ratio of ihe fluxions of two dependent varia- 
bles is the limiting ratio of their cotemporary increments. 

Cor, Hence, if two variable quantities are always equal, 
their fluxions must be equal ; if they are in a, constant ratio, 
their fluxions must be in the same ratio. 

The quantities whose fluxions are considered must be de- 
pendent quantities, such as the abscissa and ordinate of a 
curve, or a function and its variable, or two functions whose 
principal variables depend upon each other. 

To find the limiting ratio of the increments, diminish 
them indefinitely, and their last ratio or the ratio in which 
they vanish is the ratio of the fluxions. 

If this last ratio be finite, it may be expressed by finite 
quantities, and may be represented by any notatibn that 
may be thought best adapted to the purposes of calculation. 

"We shall, in general, substitute x^ or y^ or z, for the 
principal variable, and u for the function, and shall suppose 
that when x becomes a: + A, w becomes u ; hence if w = Far, 
it follows from the definition, that the limit of 

^ u — w flux. 2/ u du 

h flux.^ ^ dx* 

according as wc use Newton*'s or Leibnitz'^s notation. In 
the present work we shall adopt the latter. 

Though the idea of a fluxion is essentially relative, yet it 
is sometimes convenient in calculation to consider it as some- 
thing positive and absolute. 

dii '■ 

Thus, if "y— = 3x*, we have du =s Qx^dx; in this case. 



CHAP. I. CONTAIMIN& t)N£ OR MORE VARIASLES. 5 

the fluxion of one of the quantities as ^ is assumed of sonm 

determinate magnitude, and the value of the fluxion of the 

du 
other quantity is determined from the equation -^ = Sx^.' 

We shall conclude this 
article by the following il- 
lustration of the definition. 

Let ABP be a right an- 
gled triangle, whose alti- 
tude AB is constant, and 
base BP variable; and let 
it he required to com- 
pare the fluxion of the base 
with the fluxion of the hy- 
pothenuse. 

Suppose BP to become Bjt?, join ajo, and in it always take 
At = A p, join PB*; then pp and pie are the correspondfing in- 
crements dF the base and of the hypothenuse. Now diminish 
the ZPAp without limit, and the APp* being ultimately 
similar to aabp, we have vp : pic, in tne limit, = ap : bp, 
which is the required ratio of the fluxions. 
* Cor. If we suppose bp to be generated by an uniform 
motion, its fluxion is ^ constant quantity, and the fluxion of 

BP X X 

AP« — ^oc ' X . and is therefore a 




AP ^a^ + a?« 



v/^-' 



continually increasing quantity. 

The ratio of the fluxions is defined by Sir I. Newton to 
be the ratio of the velocities; and to show that the two 
definitions agree, the following proposition must be demon- 
strated. 

8. Tlie limiting ratio of the increments of trooflomoing 
quantities is the ratio of their velocities. 

Let AB increase uni- ^ ^ 

formly with the velocity of ^' — — • — f- 

0, and pa increase with a pi 1 j 

variable velocity, which at . ^ ^ 

ft is V. . 

Let b6, oq^ be increments generated, in the same time t. 
Also, suppose V to become w dz v when the generating point 
is at q, and that v + m continued uniform would cause the 

Kint a to describe dq in the time ty then m is manifestly 
s than v; and Bb : otq : : a : y ± m; and since m is less 



6 ON THX FIBST FLITXION OF A FUKCTIOH CHAB. I. 

than Vy and v vanishes when i vanishes, the limiting ratio of 
Bb : Q.qh that of a : v. 

If both velocities are variable, compare each with a 
uniform velocity, and by an ex aequo the same conclusion 
will be obtained. (Encyclopaedia Britan. Art. Fluxions, 
p. 722.) 

9. A constant quantity has no fluxion. The fluxion of 
an increasing quantity is positive, and of a decreasing quan- 
tity negative, and vtce versd if the variable itself be ne- 
gative. 

Thus, as the radius of a circle revolves through its four 

Jiuadrants, the fluxion of the &ine is positive in the first and 
ourth, and negative in the second and third quadrants. 

10. The fluxions of two eqtial fumctvom of the same 
vaHabk are equal. 

Let u and d be functions of the same variable x, and 
when X becomes a; + A, let u and v become u and v, then 
ance tt Es tj and u == v, u -— t^ = v *^ t;, and dividing by A, 

--T— =5: — T— J and taking these ratios in their limit, 

du do . 

-5— = -3— otou^ do. 

ax ax 

If M : V is a constant ratio, that of n : 1, then 
u:v::tt:v::«:l, .'. div.° u— «:v— i?::w:l; 

hence (7. Cor.) du : dv :: n :1. 

When from a function we derive its fluxion, or in other 

words, when we derive the ratio which is the limit of 

u— u - 

— r — from u = ¥x, we are said to differentiate the function. 

The laws of the derivation are regulated solely by thejbrm 
of the function, and it will be seen in the course of the 
chapter, that tbey are wholly independent of the increment 
assigned to its variable. 

We shall now proceed to establish rules for the differen- 
tiation of a function, whatever be its form. 

11. Rule 1. Constant quantities united by tJie signs 
+ or -^ disappear hy differentiation. 

For let M = a? + fl, therefore u = jt ± a + ^, therefore 

r . • , = 1, a constant ratio, and m the limit, -5— = 1, or 

du = dx. 

12. Rule 2. The constant mvUtplier or divisor is to be 
retained. 
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For let li = ax, then u = d • (a? + *)> and — r— = fl, 

wludhin the limit pves -t-- *= ff,or du = odlar, where a may 

be either whole or fractional. 

13. T%eJtuxion of the sum ofa/ny numher &fjunctuyns qf 
the same variable is equal to the sum of their Jlvxions. 
, Or d-(u + ^ — «^ ± Sic.) = du + <fe — dw ± &c» where 
u, Vj W9. Sec. are functions of the same variable or. 

For let the increment of a: be 2^ and the cotemporary 
increments of t/| v, w^ &c. ; /, l, I", &c. respectively : then 
inc. of (tt+v— wHh&c): inewof j?:: Zi-f /' — /^ ± &c. : A 

and taking these ratios in their limit, we have 

a« [u -4- » — tt? ± &cj : or: :--7- + -j j~"±8tc«: 1; 

^^^^^^ ^M^^a^p ^^W^F 

hence d • [« + i? — w ± 8lc.] =z du + dv ^^ dw ± &c. 

Rule 3. Hence, if a Junction is composed of several 
terms into which the variable enters, it is differentiated hf 
differentiating each term and prefixing its proper sign. 

14. Required to differentiate a vtmabU raised to any 
power. 

Let M = d?*, u = (^ + *)• =5: (binomial theor.) a?" + 

iia!*"^A + n» —s—a?'^*A* + &c.; therefore -^T^— = wo?*^* + 

% n 

n^'—^af^^h + &c., h entering into all the succeeding 

terma. 
Now cBminish A without limit, and we have -y- = naf*^\ 

or dtt = n X a^^ x dx. 
Cor. 1. The same demonstratioD holds if n be fractional. 

r 

Or thus. Required to differentiate x^ . 

r 

Let u = x*j therefore x^ = ti% and differentiating as in 
the article, rs^^dr = su^^du, therefore du = 



sur-' 



r af-^^dx r L^^ , 

= — X r= — X J^* X air. 

a ,^j_ s 



8 ON THR FIRST FLUXION OF A, FUNCTION CHAP. I. 

Con 2. Next, let n be negative. 

First, suppose u = ar**"", therefore £2tf = (m — w)a:''*~'*"'dr, 
in which if m = 0, we have d • ar^ = — fwr"**"*dir. 

Cor. 3. Required to differentiate a compound quantity, 
as (a* + 0?^)". 

Let w = a"* + af^, therefore «* = (a* 4- ic*")*, and, dif- 
ferentiating, d- (a*" + sf^y = «ii'*~'du = n X (a*"-f a?^)"^* 

Hence, Rule 4. MulHply hy the index, diminish the 
index by unity, and multiply by thejliuvion of the root. 

Examples to the preceding rules. 

u =z a + bx .\ du =s bdx. 
M = jr' .-. du ss Sx^dx. 

3 I 

u =•- 1^^ ,'. du = x^dx. . 

1 -dx 

M = — = jr~' ••. du = 



tf 



X x^ 

1 , —ndx 



= — =• .•. dtt = 



(a+x)dx 



u = v'^oa? -f x^ .•. cZii = 

^2ax+a^ 

M = (a« + a?»)» .-. dM = 3 . (a* + x^y^dx. 

Or thus, 

M = a« + Sa*x^ + 3a«x* + ^. 

.-. du = So^^rdo: + ISta^x^dx + &p*flte=s6(a«+a:»)ax<ir. 

. ft c ^ , —tbdx tcdx ^dx 
u=^a-\- — -— + — .-. du = ^ , +^ . 

J?^ 0?^ a;* a:^ o:^ x^ 

1 , jrd^ 



a+^ , ^ • --adx 
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•=y 



a+x a+x o+a? 






&c. &c. 

1 1 _ »» 

.•. ti =s (a + a?>+i ••• du = — Ti .(a + x) «+idir. 



:|^ftflte+ca:(Jr 



V'a+ftx+cflc* 



/. dn = I, [a?« + (a« +^«P l"^ J apd:r+ ^^"^ 



xdx ^ 



xdx \xdx 



>/a:« + v'a* + x* (a*+x«)^ a/«* + \^«^ +x« 
Vx - ^» 

dr. 



7' 



x^ J 

15. Hitherto we have considered the fluxion of a function 
which contains but one Variable. When it contains two, 
its increment, and consequently its fluxion, must evidently 
depend upon the increment or decrement of both of them. 

There is a difliculty, however, in the principle of dif- 
ferentiating a fVmction such as m = f(x, y)y which requires 
to be noticed. 

If we have an equation in which x is the only variable 
which enters mixed with constant quantities, the value of x 
is fixed and determined. If the equation contains two va- 
riables, by transposition we may put the whole expression 
K under the form u = f(j;, ^) = 0; and solving this 
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equation with respect to ar, we shall have x ^fy^ which, as 
will be seen in the course of the chapter, can always be dif- 
ferentiated. By this process we obtain a fluxiooal equation 
dx ^d{fv) =0, which, replacing ^s value, must be identical 
with d,F(jv, y) = 0, since x andy are unaltered. The stu- 
dent may take as an example m ?= a:' — 2ai: -f ^* = 0. 

But if we have the itmction f(^, y) without any condition 
annexed, a and y are now independent quantities, and as 
9uch we cunot compare their fluxions. Take the simplest 
function possible, u = a? + ^ ; let A and k be the increments 
of X and ^, then u — w = A + *, and dividing by it 

, = 1 + — ; but -T m the limit doeft sot equal -jz;* 

unless X and y are dependent quantities. If we have an- 
other condition, viz. that u ss x +y =^0, then taking the 

ratios in their limit, we have -3—= 1 + -"7^, and di^, which 

' dx rfr * 

= 0, = (iM + £fy, and ix ^^ dy^ the increment of x being 
equal to the decrement of ^« 

In the following articles in which rules are invest^ted 
for differentiating functions of two or more variables, we 
assume that all the variables may be considered as depend- 
ing upon some one of them. It 13 in the spirit of analysis 
to make any suppositions with respect to hideterminaie 
quantities, which are not at variance with each other. It is 
tnis which enables the Analyst to give to his calculations all 
the generality of which they are capable. When, however, 
he applies these principles to the solution of problems either 
of algebra, geometry, or physics, he has farther to consider 
whether the conditions of the question render such sup- 
positions allowable. It is upon this principle that in the 
equation u = f^^,^), when x scndy are indeterminate, we may 
suppose one 01 the variables as y to be constant. When we 
dinerentiate u on this supposition, the result is called its 
partial fluxiop taken with respect to x. No notation for 
these partial fluxions has been hitherto proposed that is 

umversally adopted. Fontaine represents them by rr'^^ 

-^dy ; the first being the fluxion of u taken with respect 
to x^ and the olher its fluxion taken with respect ioy* 
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du du 

-^ and -^ are called the partial Jltiaional coefficimbs 

of tt. 

Thus, if tt = (a + xY-y^,- 

du ^ du ^ 

--r-dx = %*• (a + x)dx aod --j-djf s S <^ (a 4- *)yd'y. 

This mode of differentiatiiig will be a souroe of embar* 
laBsmeot to the student, unless during the ealculation he 
Qonstantly observes which of the du^s represent the totals 
and which the partial fluxions of u. In practice, a function 
of more than one variable is almost always differentiated 
with respect to one of them ; so that partial fluxions occur 
the moat ftequently ; their form prevents any mistake. AU 
then that is necessary, when they occur together, is to place 
some distin^ishing mark upon the toted fluxion : for my 
own convenience, I generally place a dot over the d. Thus 

du du du du 
the equation -7— = -j— + -7- ir"* shows from its form 
^ dx dx dy^ dx 

not only that u ss F(jr, jr), but that^ is also considered as a 
function of x, and the proposition which it expresses, mul- 
tiplying^ both sides by doe, is this : the total fluxion of » » 
its parUal fluxion taken with req>ect to x + its partial oo< 
efficient taken with respect to y multiplied into tne fluxion 
of y taken with respect to x*. 

If we have two equations between x and ty, we may dif- 
ferentiate both of the equations partially at the same time, 
for by adding F(jr, y) = and /(a?, y) s= 0, we have an 
equation <p(a?, y) = 0, which may be partially differentiated ; 
but we must b^r in mind that the same quantity is to be 
ooDadered constant in each equation, otherwiae the two 
hypotheses will be inconnstent. 

Further, it is obvious, that so lon^ as x and y are inde- 
terminate, we may make any supposition whatever as to the 
relative magnitude of their respective increments, provided 



* Euler^ in order to characterise the partial coefficient, en- 
closes it in brackets ; La Croix and others propose that the total 
fluxion should be inserted in brackets: but as we use the 
brackets to denote the state of the function when a particular 
value is assigned to its variable, either notation would be incen- 
venient, , 
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that the increment of u is not affected by it. Thus we may 
obtain the total fluxion of u, by assuming either that their 
increments are equal, or that they are to each other in any 
assigned ratio ; the only condition beings to recur to our first 
instance, that u — t* = A + fc. 

16. To differeritiate a product of two variables. 

, Let u = ay^ and let u become u in consequence of x be- 
coming a+hy and y becoming y + A ; therefore u=(a?+A)- 
(y + ^) = ;ry + ior + Ay + M, therefore v ^ u = kx -+■ 
hi/ •{■ hk; and to compare the fluxion of » with the fluxion 

of Xj divide by A, and we have —r— = -r- • ^ +y + *> aJ^d. 

taking these quantities in their limit, -7— = ~^j?-fy, there- 
fore du = xdy + ydx. 

The same result would have been obtained, had we found 

du ^ 

•—T" ' nence 
dy 

Rule 6. The fluxion of the product qfji and y fa y muU 
tiplied into the fluxion qfx + x into Hie fluxion ofy* 

The fluxion of xv then consists of two parts, the first of 
which is its partial fluxion taken with respect to x, the other 
its partial fluxion taken with respect to y. 

17. To dijfferentidte a product of any number of va- 
riables. 

d • xyz = yzdx •\' xd^yz — yzdx + a^zdy 4- ydz] 

^yzdx + xzdy + xydz. 
Similarly, d • xyzvw • • • z=z dx • yzvw • • • + df^ • xxvw • • • 
+ dz • xyvw + &c. 

Hence^ Rule 6. Whatever be the number qfjactors^ the 
flaiXAOfn of the product equals the sum of the products of the 
fluxicm of each factor multiplied by aU the other factors. 

Cor, The fluxion of x^ obtained in Art. 14. may also be 
deduced from this, without the aid of the binomial theorem. 

„ d.x^ d(jr'a:«x« •• 'to n terms) dx , dx ^ dx 

For — r-^ -^ : — : — -] 

X x»X'X""to n terms x ^ x ,x 

ndx 
to n terms = , therefore d • a:" = naf^^dx, 

X 

(Saunderson's Fluxions.) 

18. To differentiate a quotient. 

X • , 

Let u = — , and making the same suppositions as in 
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Art 17, we have u — m = — —. = -^ — r-r;* there- 



fore 



k 



Now diminish the increments without limit, and we have 

du ^ dx _ ydx—xdy 

T= 5 > ordtf ='^ -—^. 

ax y yr 

We should have had the same result if we had dif- 
ferentiated — as a product. 

X X 

For — = oeir^^ therefore d = (Art. 17.) y^dx — 

y ^ y ^ 

dv xdy ydx^xdu 

^ ^ y t t ^ 

Hence we may differentiate a quotient by Rule 5. 

X du - dx 

The partial fluxions of -^ are -^ dx = 



y ^ ..y 

- du —xdu 

and -7— "V = T. 

dy ^ 3^ 



Cor. d = i- 

y f 



Examples to Rule 5. 

u = ^y .•. du =y^ X 2.1 dx + ji-^ x 3y«dy. 
u = x^ X t^* +y)^ .'. du =: (a* +y)* X 2rrf.r + 
' X* X (a* +y)^ X 6y%. 



tt = v^fl2 + ar« X ^/6« +y = (a« + a:«)^ x (b^ + y^)^ 



^^ ■ wTTTTS J^^^/ 



.-. d« = ^/62 + V« X -=- + Va« + a«- 

a? J _ ^ a:xdLr_^ da? 

u = 7=—: — i={ -,— T" 1 •'• du = 71 •[ T-- — J X d[ 7"- — J 
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* (iT^)' 



(l+a:)«"{l+a:f+»* 



^ oc ydx^xdy 

a+^ . (b-a)dx 

x+y , dxA-dy {x-^y\&dz 

Z' (dx + dy) — (J7 +f/)Sdz 

-? • 



u = — == = =, multiplying the numerator and 



denommatorby the numerator, rr = ^ ^ 

7iX X 

.-. dtt= — X -f 1 +(1 -x«) 1 -7- 

_ -dr (14-\/l— ^)dr dr(l4-\/l-^«) 

M = a? . (a* +a:2) Va^ - x^ .'. du = (a^ + x^)^a^ - ar^d^ 
+ -/a«-j?*-2^«dr- ^— ! ==-=, by reduction, 
(a*+o«a?«-4a?*)da? 



-v/a«-a;« 



Logarithms* 



19. 2)^. 1. If y = a*, T is the logarithm of y in a 
system whose base is a. 

It is obvious that in different systems the same number 
must have different logarithms, fn the common system the 
base is 10; hence the common logarithms of 1, 10, 1C(6, 
1000, &c. are 0, 1, S, 3, &c. ; the logarithm of a number 
between 1 and 10 lies between and 1, between 10 and 100 
lies between 1 and 2, &c. &c. 



CHAP. I. OONTATNIKa OVE Oft MOftB VABIABlbfeS. 15 

Def. %. Hie mod/iiblua of a system is tbftt number which 
is the logaridim of ^.718S8 • . * m that system. 

Hence if M is the modulus of a system whose base is a, 
2.71828 . . . = «M. 

Cor. 1. In every system the logarithm of unity is equal to 
nothing. 

Cor. %. If any quantities be taken in geometrical pro- 
^iression, a', a% a^^ &c. their logarithms a?, ftx^ 3x^ &c. ai>e 
m arithmeticid progression. 

^0. Ify be taken successively equal to the numbers 1, 9, 
S, &c. the corresponding values of Xf as deduced from the 
equation y = 0*^ are the lomrithms of 1^ % S, &c. : these 
may be calculated for any known base by methods which 
will be given in the following chapter, and when registered, 
they form a table of logarithms. 

Briggs', or the common system, where the base equals 10, 
is the most convenient for arithmetical computation. In 
the Naperian or h^perbolick system, a =s £.718^ •• . for 
which e is common^ substituted, these are principally used* 
in analytical calculations, because the modulus is unity. 
The characteristick for the Naperian most generally adopted 
is /, the common logarithm is denoted by /eg*-, and l is the 
symbol for the logarithm in a system whose base is a. Thus, 
since in every system the logarithm of the base is unity, we 
have 1 = fe = log. 10 = La. 

Also conversely, y =* 10* if or = log, y, or =: e* if r s= /y, 
or = a* if X = Ly. 

The Exponential TJieorem. 

, Aa? A^JT* aV , a*j:* . ^ 
21. «-=! + -1-+ Lf +1X8+1:0:4+ **• 
Fora'= (1 + a - 1)' = (1 + 6)' if 6 = o - 1 

X^l X — 1 07— -S 

=l+/r&+x.-y-4«+j?-^ '"^^^ + *^^- 

which, arranged according to the powers of x 
= 1 4. (6-1^24. J63-.&c.)r+px« + j^T^H- rx' + &c. 

where p, q^ r, &c. are independent of x, 
= 1 + Aa? ■^'pj?' + gar* +rx*, &c., 
ifA==a-l— 4(a-l)*+&c. 

Hence «= = 1 4- A;8r + pz* -f- ?2f* + &c. 
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.'. a* .a^ =z 14- AX + px^ + qs^ + &c. 

+ AZ + A^XZ + ApX^Z + &C. 
+ pZ^-^- ApXZ^ -f &C. 

+ qs? + &c. 
+ &c. 
Buta' . a^=a'+^=l+A(^+^)+p(^ + 5;)*+^(5+5:)* + &c. 
which two series being identical^ the coefficients of corre- 
sponding terms are equal (Alg. 346.) ; hence px^ + a^xz 
+jpz* =p(jr + zYy qx^ + Apx'^z+Apxz^" + JJS* = q{x + «)*, &c. = 
&c. ; therefore a« = 2p, Ap = 8y, &c. = &c. ; hence 

a2 A^ 

P = -g-j ?= g-g* &c. = &c., and 
^ - A a? A*a?* a'j:' 

'^-=^ + r+T:2+o:8 + ^'=- 

Cor. Since (a'Y = a"*, therefore 
c AX a%« ,aV . 7„ ^ nAx w*A^ nVar' 

Ji+t-^t:2''iX3+^} =i^--r^'i:2- -^1:2:3"^ 

22. TA^ g?iaw<iiy A m the above series is equal to the hy^ 
perbolick logarithm of the base* 

For suppose a? = 1, then a = 1 + 'Y'^VJ^^T^^ ^* 

but we wish to obtain a in terms of a ; suppose then a = 1, 

111 
andwehavea = l+y+j-g+j-gg+&c. = 2.71828... = e^ 

f,<?. when a=^, A is=l, hence e'= 1 -f ^ + j^+^^ + &c.; 

a A* 

and, consequently, e^ = 1 + T + Tg + ^^* = a, or a = fa. 

Cor, 1. The modulus (m) is equal to unity divided by 
the hyperbolick logarithm of the base. 

AX A^X^ o , /. A , 1 

For since a» = 1 + -j- + y^ +&c.thereforea = 1 + y + 

-— -f &c. = e, and, consequently, — = m *. 
1.2. ^ -^ A 



&c. 



* Lagrange and other writers make a the modulus of the 
system, or they define the modulus to be that number, the in- 
verse of which is the logarithm of 2.7 ^828 



a-1 

or A = -I- 

a 
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Cor.^. A=(a-l)-i(a-l)« + f(a - l)» + &c.; but 
this series does not converge^ and to express a in a con- 
verging series, we have a = e^, therefore — = e-^, which 

a 

shows, that if we change a into — a, a becomes — f 

a 

which substituted, gives 

/a— ly /a— 1\« 
i-l -^ 1 "^^ A"'a~y ^ ^^' ^ converging 
series. 
Hence /.lO = -9 H- 4 x (-9)* + f x (-9)* + &c. 

= 2-302585098, &c. 
J<53. TTie logarithm of the product of two numbers is equaH 
to the sum op their l(^arithms, ana the logarithm of tJie 
quotient is equcd to the difference of their logarithms. 

"Lety = a' andy = a*', therefore y,. y = a'"*"*' and —• 

= tf*"'', i. e. L .yt/ = a: -f- y = Ly + Ly ; 

and L . -y = X — ai ^\.\/ — Ly. 

24. The logarithm of a number raised to the nth power is 
equal to n times the logarithm of the number. 

For since y = a', ^ = a"* or L.y* = nj? = w.ty* 

25. Tii^ logarithms of the same number in different 
systems are to each other as the moduli of the systems *. 

For let JT and y be the logarithms of the same number z 

in systems whose bases are a and b; then a* = 2; = 6% there- 

11... 
fore xla = ylb and x : y :: -j- : -jTi which is the ratio of 

the moduli of the systems. 

Cor. Hence Ly =■ m x fy, or It/ = A.Ly. 

From this equation, given the logarithm of a number in 
any known system, we can calculate its logarithm in any 
other system. 

* Since O, 1, 12, 3, &c. are the measures of the ratios which 
d^i a^, a% a\ &c. bear to unity^ Cotes considers logarithms as* 
the measures of ratios : the modular ratio is that ratio whose 
measure is the modulus of the system ; and this by Art. IQ, 
Def. 2, is the same in every system, viz. 2.7 1828. 

c 
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In Briggs's system m ^ .434294482, hence log. y = 
.434294482 ...xly.ox iy = 2.302585093 . . . x log. j/i and 
/. 10 = 2.302585093... 

26. To differentiate an exponential of one variable. 
LetM=a', then 

u=a'+*=a''Xfl*, which may be shown as in art. 21. to 
=a'{l-f AA-|-p/** + 5A3+ &c.}, where 

A=a-l-.f(a— 1)"+ &c. 
hence — y- =«'{ A -h ph -|- qK^ -f &c.} ; and diminishing A 

du 
without limit, we have -3— = Aa% or du = A,a'.dx. 

ax 

AX A^X^" A^J^ 

Otherwise. w=a^=(Theor. 21.)1 + Y ^T2 "*"T^^ "^ ^^' ' 

, ^ _ - A*a:dr A^x^dz 

therefore du^Adx^- — = h 4- &c. 

1 X.^ 

A«17 ATX^ 

—Adx\\-¥ -^-f -T-5-+&c.}=:Aa*(ir. 

Hence, Rule 7. Multiply the exponential by the hyper- 
bolicJc logarithm of the base, and also by thejluxion of the 
exponent, 

27. To differentiate a logarithm. 

Let u — 1.x : we cannot in this case, as in art « 21, 
expand w in a series of the form a + bj* + cx^ -h &c., for 
when a: = 0, Lx = CO ; nor can we expand it in a descend- 

B C 

ing series of the form a. -\ { r -f &c., for when ^=1, 

" X x^ 

LOT = ; but since u = lot, a"* = ^ ; let u — ?/ = &, then 

=a"{(]+if-l}, if« = l+6 

=£i»*{AA: + BA;* + rP+ &c. j ; 
therefore 1 =a'*. -7- ^ a + bA: + cA:* + &c. >> which equation ob^ 
tains whatever be the values -of h and Ar; but if we take 
-T- in the limit, it equals -^, hence 1 = a" .-7— . a, there- 



fore du =z — - ^ . — . 

Otherwise. Since a? = a«, differehUdting by lii6 jp're- 
ceding article, we have da^A.a^dM, therrfc^e d«^=M.-^. 

Cor. In th^ Mapef ian systerii il = 1 ; hence if li = &. 

Hence, Rule 8. To differentiate tM hyperbolicJc hga- 
ntJm of any qm%niity, divide thejbumn of the quantity hi 
the quantity itseif. ^ ^ y '9 

^. To differentiate cm exponential of two variables. 

Let w = y% y '^{y-h kr+' = Cy + *)' X (« + A)*, 

oy expanding the one as an exponential and the other as a 
binomial = 

{l + ^ + k)h + l(y 4- *)'-;^+&c.} X 
{iT + anr-^k + *. ^^ .jr-'i* 4- &c, } ; 

therefore v ^ u =z sy-^Jt -h »- ^^ .^^^A;« 4- &c. + 
{% -f k)h + Ay -K *)«. ^+ Ac. J(y + A)*; ' 

therefore -jp = ^^T^^t- H- ^--tt" '^T "^ ^^ + 

{ Uy +*)+ /(.y+Ar.^+&c.{(j/+Jt)'; 

and takhig tfee inct'ementti in their liiAit, 
Sia <fer 

Otherwise. Since w = j/', lu = orfy (24.), and differen- 
tiating (27^ Rule 8.), 

— - ftf fS^ .^ ;^^j;^ and du = x^^dy -r ly ^dx. 

^ y * . 

du 

29. The partial fluxions of i^ are -t— ^ = lyy^da, 

(26, Rule 7.). and -^dy = J^y^'dy (!♦, Rul«F*>, ATtbat 

(ly 

c2 
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it is true also in this case, that the total fluxion of u is 
equal to the sum of its partial fluxions. 

Cor. 1. The fluxion of 
y" = xzy*^^^dy ■\' ly x y'^\xdz + zdx]. 

Cor. 2. The fluxion of 

y* = a;« , y^^^dy V ly x y^\zx''''^dx + Ix af'dz]. 
The partial fluxions of y* are 

du 

-r-dr = lyy*^zdx = /y x uzdx^ 

du uxz 

-^dy = xzy^-'dy = — .dy, 

^dz = lyy-xdz = lyuxdz. 
The partial fluxions of j/'' are 

-— dir = lyuzx'^^dxy 
du J uaf. 

^^ 7 T^' 

-^dz = /ar X lyujfdz, 
30. Examples to Rule 8. 

1. tt = L—j 

± J. 
3 3 x^dx x*dx 
.•.(23)!/ = /.(l -a:^)-/.(l+a?*)/.df*=-|:, j-|- j 

— 3a?*dir 



l-;r« 



y ^ y^b--y* 

S. u = Laf 

na^'^dx . ndx 

,\du = — = — . 

a:* X 

ndx 
Otherwise, u = nix W du = . 

X 



CHAP. I. CONTAINING ONE OR MORE VAEIABLSS. 21 

dx 



5. u =z I. — 

Multiplying the numerator and the denominator by the 
numerator, 

u = /. — = l.(a + v/a* - X*) - Ar 

^^ ^ ^xdx dx -^{idx 



6. « = 2^jr, where /* is the same as LL 

Suf)st]tute v=^ •'• tt=/y .'. rft*= -^= — ;-. 

^ ^ y xlx 



7. tt= -^==J(xv^- 1 +v^l-.ar«). 

( — xdx \ 



.-. dti = 



d^ (v'— 1\/1 — a?*— jr) dx 



(V^-1%/I~;g^— ;r) _ 



31. To differentiate circular funcHons. 
(I.) ti=sin.dr. 
n=sin.a:(a:+A) and 

0— w = sin.(4? + A) — flin.x 

=(Trig. p. 27. )sin.a?cos.A+cos.x8in,A— sin.^ 

=cos.a: 8in.A— (1 --cos.A)sin.a: 

=cos.j: sin.A — VS.A sin.d? ; 

, - v—u cos.^ sin. A— vs. A sin. J? , ^ , , 

tneretore —7— = 7 ; and to find the value 

- /* • n 

of this in the limit, diminish h indefinitely, and vs.7t be- 
comes indefinitely small when compared with inn«A; also 
sin.A : chordA : tan.A : : 1 : 1 : 1 in the limit ; for the op- 
posite angles are supplements to each other, and (Trig. 
E. 27)9 the sides are as the sines of their opposite angles ; 
ence djbrtiori h : «n.A : : 1 : 1, and we have 

du cos.x.h , - , 

-3-= — T — = cos.jr, and au = cos^xdx, 
dx h 



(2.) U = COS.^. 
U - U = C0S.(;I7 + A) — CQ^^y 

= (Tng. p. 28), CQS,xcos.A-*-sin.a7sin.A— cos.;r 
= — sin.j?sm.A— cos.x'(l — cos.A> 
= — 8in.a? sin.A — cos.ar vs*A ; 

therefore ^^-«i°-^"°-^^-co>aP;ia ^ 

dw — sin,a7.A 

— = J — — sin.df, oi' £§^= — siujpajr. 

(3.) t/ = vi^. ;r. 

u— M=vs,(;c + 4)^vs.a::5=l — cos.(a7-f i>-(l-cos.jr) 

:^cos.57 — fCQS^^ cos;«il^— sm.j: shi.A) 
=cos,a:(l — cos.4]^+ sin.,ar sm.& 
=cos.a: vs. A + dli.a; shi.A ; 

A A 

dw idn.a;«A * , . , 

(4.) ««=:tan.;r. 
IT— w=taii.{a: + A)T-to»,a5^ 

= (Tr.g. p. 35>.y3^— ^^tan.* 

_ taihA4-taii.\cta».A Q^tM^^)tan,k 
"^ 1 ^|an.a:taiL& * 1— taii;;r^tan.A 



1— tan J?. tan. A' 



^nd tan,A : A in the limit : : li : k, ^er^fiN^e -^-^ =» «c.*ar, or 




du=6ec.^xdx. 
(6.) w= cottar. 
To deduce this from the [^recedip^^q^ltiiv^ 

•—- — iT j, if— is a quadrant, therefore 
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siiu^sin A 4- co&r(l — cosA) sinxsinA -f coea? v&r 
" cos^cos(^+A) ~" cosa?cos(iJ?-f A) 

therefore -j- = — jr =tan,a: secx and du=^taxuv secxdx, 
ax COS. X 

(7*) u = coseco; 

u =sec.(-^ ^ x\\ therefore <iii=—cotan.^cosec-^wir. 

Hence collecting the formulae, 
(1.) d.siVi.x ^ dxco%,Xy 
(2.) f/.cos.a: = — do; sin .x. 
(3.) A vs. X = dx sin. a:. 
(4.) d.tas.^ = d* 9ec.*d7- 
(5.) d.ootan^? = — da;co8ec.*a7. 

da? sin.o? 

(6.) d.sec.x = r — = da: tan.a; seco:. 

cos. X 

cob«*i« 
(7.) d.coseca7= — dx", — r- = — darcot.arcoseca:. 
^ ' sin. a? 

32. In the preceding article, the sine, cosine, and the 
other trigonometrical lines are considered as functions of the 
arc to which they belong, and the fluxion of the function is 
found in each case in terms of the fluxion of the principal 
variable and of a trigonometrical line which, as will be 
shown Id Chap. % can be expanded in a series of tlmt va- 
riable ; but it is sometimes convenient that tb6 same fornralfle 
should be put under a diflFerent form. Instead of consider- 
mg the arc as the principal variable, and the sine or cosine 
as the function, let us take the inverse of this, and suppose 
the arc to be the function depending upon the value of its 

sine or cosine. 

Mr- Herschell haa proposed a very convenient notation 
for inverse functions^ If « = Far j then the function that 
X is of tt is expressed by ^ == f"-*w. Hence according 
to this notation, if te is the arc, and x its sine, i, e. if 
X = sin.ti, u = sinr'^x : u = tan ."'a: shows that x is the 
tangent of u, or that u = arc, whose tangent = x^ Si- 
milarly u = h^Xf shows that a? is the bypei^tolick logarithm 

of w. 

{1. ) Let u = arc sin. = or^ or m = sinr^x. 
By (1.) of preceding article, 

dx dx 

da?=i:dMGos.«* A «M= ZXTZ"^ 'Jr'^^' 
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(S.) «*=C08.""'j?. 

By (2.) of art 31,* 

—At — dx 
da:= —dusinM .'. an = -; = 



sin.t* v'l -x' 
(3.) w=vs."~'ar. 

By (3.) dx=dusin.u .'- dt*=-; — = — ===., 

(4.) u = tan."~*a:. 

By (4.) dx = du sec^u .•. £&« = 



sec.*w 1 + j:*' 
(6.) u=cotan."*a:. 

By (6.) dar=— dbcosec.*tt /. (C&<= r"="; • 

•^ ^ ^ co8ec.*tt 1+a?* 

(6.) M^sec.-^jr. 

By (6.) dx=!^duiasi.usecM .\ du-= 



tan.2/sec.ti a: v/ ^* — 1 
(7.) M=cosec."*ir. 

By (7.) dx^—dutaii.usec.x ••. du^ 

tan.u sec.u 

—da: 



X -v/ar*— 1 
Collecting these fonnulse and reducing them to radius 
= a (Trig. p. 19), we have 

(1.) dsin.""*j? = 



(2.) J.cos.-*ar = 



—adx 



(8.) d.vsr-^x = 



(4.) d.tan."~*ar = — r ;. 

— a*diF 
(o.)a.ootan.^*d?= — -. 

(6.) d.8ec.~*j? = 



x\^x*—a^ 
(7,)a.coscc.""*a:= ■■ ■ ■ . . r. 
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The fluxions of u in (2), (5) and (7) are negative, because 
as the arc increases, the trigonometrical lines decrease. 

33. Thus, from the definition in Art. 7, rules have been 
established for the difierentiation of any function whatever, 
algebraical or transcendental ; and it has been shown gene- 
rally that ift*=F^, du:=^(pxdx where cpx depends solely upon 
the form of the function fj?, and is wholly independent of 
the increment we assign to ^. 

du 
Since du^fxdx^ we have -t— = ^a?, which, if it contain 

Xy is a variable quantity and may be again differentiated, 

du 
and we have d . -j-^d.<px = \{/«r(£r, and dividing by dj?, 

du 

dx 
— ^ — = '^x. The operation may be continued unless x 

ceases to enter into the function. 

34. If we consider u as consisting of different functions, 
it is manifest that the same rules must obtain ; for since they 
are true for every particular form of each function, thej 
must be universally true. As an example to illustrate this 
portion, suppose v = rx and w =Jy, and let it be required 
to show that d.{vw)sswdv +vdw : take particular functions, 
suppose vssaf^ and w ^ ly, then vtt? = ^x 2y and d{vw) 

= Mr^U,) = l,.^^d.+^.f=«4v+.d.; and thus 

the rule for differentiating a product may be shown to obtain 
in any proposed case. We shall, however, ^ve general de- 
monstrations of these rules in the 3d Chapter, founded upon 
a Theorem which is due to Lagrange. 

JExamples. 



Ex.1. tt=arc.sin.=%A/l — y*; orM=sin.'"*.%/v/X— y«. 

dx 

Substitute or = 2v Vl — y* •'• du= — == ; but dx = dy 

a/1—- a:* 

Sdy 

=1 - 4y» + *y* ••• a/1 ~ a?«=l -2y% hence du = —~— 
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Ex. 2. tt = taEL-*. ^^^. 

X + ff 

Substitute ^=^;^ .-. (88.4) du = ^—75 ; but 
dx^dff {x--y) (dx-i-dff} -"^xdy+^dx 

#/r :zz ' — ■ — ■ z= ■ ■■ — • ■ I 2UMi 

x^y {x+yY {x+yf ' 



«*+r 



Ex. S. ttr^arc. tan. -7^=^:. 



Let^=tan.tt.-.(Trig.p.62)^=j3^.-.d^=j3^,+^j^;:^^ 
2dir 



Ex. 4. 2^=;):. sin."^a; 



Ex. 5. u^(smr^x)' 

dx 
.'. du:=2. sinr'^x. — ':, 

VI — ^. 

35* AMitiomd JExampk^ to all the Rules, 

; — } .'. du = 7 — ; r-. 

8a?y J _ a {fl^^y -^^^ydx —x^dy) 
a— -fl? (a— a?)r 

Vl+a? , ^ 

14 = — : r- .*. du = ^ 



a, ^ 1 -> x^'^^dx 

u.=ii — ) VH-a?"-H — ==> .^<i»= — ' 3.. 
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u = 



x-Vx + l ^ ^ ( a?-f»)d[ay 



a?H->v/a: + l A/a:-hl.(ar+ v^«^-H)»* 



tf = — s — — .*. aw "c — 



Vl -a:* Vl -ha:*. (1 -ar*)** 

3- 



,,=,J^±^ ,^ , ,.{3fl^l+2a:'-a'-9a*^l 



tt = 



a?-t Vx^—y^ 



x\fax-^x^ 
a Vay — j;y 

, Sa^^xdx-\-^j^a^dx--Sy^9^dx—a*x*dff^-\-a*djjf 

^Vax + x*x(ay—x^^ 

a*+a*a?H^*'^ (a*+aV + a?0* * 

, 0? , ^4xi 

u = L — . i n .V au = 



u = tar^*** .% dw =^ -•— ^(1 - a: sin. ar). 

a: 
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__ dx 

u = lAx+ \/l+a?M.'. du = — . 

_/vTT^* + a^i , dx 

u = /.I — — 1 .'. du = — . 

yl — a? ^-idx 

=-- — .•• dtt = — ===^. 

X ^ . , 2a? ,1 

w = sin."*. — ==r =t f 8in>*'. ., . > = cos, *.—===- 

1 — a:* 1 

=.t cos.-"^=-- — - = cot.-*. — =8ec.-*. v^l ^x^ 
1 + or* X 

= tsec. \- = cosec."*. =tcosec.""*.— 3 — 

1 — a?* X XX 

9tX^ dx 

= •§■ V8,~^ , . - . In each case du = =-- — r. 

1 +a?* .1+0/ 

^^ - _ sin. .^ ^^pj^ - . sin. . -^ j^ 

— --=— - = ^ cos.-^ — riiri = cot -\ — ==• 

a a—ox 

ya-^bx* , ■ a-^-bx^ 
— ^— - = t cosec.-* . — ==. 



= t vs.- 



>. =--;• In each case du = — rT~r- 

(Hirsch's Tables.) 
--xdx 



u = a/1 — J?* X sin.-*. a? .-. cb^ = , 8in»""*ur+da?. 

a? sin.-*. a; , , ^^ 1 . dxAnr-^x 

u = +'- Vl — ^ ••• du = J. 
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u = — ■ + l*/ T- — .*. du = T- . 

x/l-o?' V 1+0? (i-^x^)^ 

u = (cot.-^j;)^ /. dM=-r-; — 1 X cot."*.ar. 
^ ' 1 + J?* 

n n n n 

a^ + x^ _ ncL^x^ dx 
u = *.— — ••, aw = 



" a" — jr" 



a* -or* 



l-fO? + J7* 
1+07 

tt = cos-x"^"-' /. dM = do: cos.ar^*"' ' ^ cos.o:Z cos^r '— c 

Garnier's general example is 

1 

x.a* sin.o? COS.07 cos. v'l— o?* - 



Z. Vl -ar* sector ^^^ ^"^* 



tan.- 



< + tan.-' .(1 - ^/l - o:*) . 

86. In differentiating a complicated analytical expression, 
it will be found convenient to substitute, for parts of it ; 
thus let 



(a-o?)-.V**-^ « 



*• la — x OT'-a 

^'J 6+0? 



Substitute f^- ^-7=^= , ?=7r-7i» ^=/ A/ao?-*^ 

V 6 +0? 
/. du^dp-^-dq—dr* 

To find d/?, substitute «=(a-o?)% v=^yF^^y t-x^, w 

= / "^ , so that p = -: — = — by substitution .•. 
V 6+or' ^ tw Q "^ 

d« = —1^ - ^^-4^ where dp = wd« + %dv 



i— 1 



= _ 5/6*—^*. m(a— o?)'^'do!- (a - x)'»,^-(6»- o?*) o^dir, 
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and dd = wdi + tdw ^ (by substitution) x"^ . ksi^^^dx -h 

I. r.(6-ha7)* J 

a?*x"r' C 
-(a-o?)-. VA^-j'^r Ax a-hfe 



a7*x~ 



r Ax g-hfe \ , 



X = r— - , to which add dq and ^ df^aa — 4?* (which last 

cannot be found unless the form of the ftinction is known) 
and J;he result =x du. 

Infinitesimals. 

37. The doctrine of infinitesimals is perfectly distinct from 
that of limiting ratios, and it is by no means necessary 
to introduce it into a treatise on jauxions; yet, as it fre- 
quently enables us to find the limit, and in other respects 
tnrows great light on the subject, we shall here ^ndtavour t6 
establish it upon unobjectionable principles. 

Mr. Locke, in his *' Essay concerning Haman Under- 
standing," has shown that we can have no positive idea of 
an infinite magnitude. " Whether any one has 6r can have 
a positive idea of an actual infinite number, I le^^ him to 
consider, till his infinite number be so great, that he himself 
can add no more to it ; and as long as he can inorcofse ifcy I 
doubt he himself will think the idea he hath of it a little too 
scanty for positive infinity.'' Book 2'. ch. 17. § 16. 

If then we would define infinite magnitude of infinite 
space, we can only define it from its negative property of 
being incapable of increase or decrease by the adaitioil 6r 
subtraction of any portions of matter or space of which the 
mind can form an iaea. 

38. It follows from this definition, that if z represeiit an 
infinite and a a finke quantity^ z zt a =i zifor otherwise ;: 
would admit of increase or decrease by the additiM or sub- 
traction of a. 

The following dettionsttatioA has aAao beet» givm oi the 
same proposition. 



CHAP. I, CONTAINING ONE Oft MORE VARIABLES. '31 

11 

Let — ^ = M, then multiplying by az, a + z = M<iz ; 

I 

suppose z to be increased without limit, then — is dimi- 

... 1 

nished without limit, and when z is infinite, — =0 ; whence 

z 

* MZ 

— = M, and by substitution a + z = = z. 

39. If^ represent a finite cmd x a variable qiuintity, 
which is indejinitely diminished^ and at length vanishes^ 
a -h X = a ultimately. 

This is an axiom, and cannot be demonstrated : but it may 
be shown to agree with the preceding article. 

For take z : a :: a : x^ then as a: decreases, z increases, 
and if z could be increased so as to become infinite, a: would 
vanish ; but comp. z -^ a : z ^ a -h x : a-^ and 2 + a = z, 
therefore a -{- ^ ^ a when 2 = x or a? =: 0. 

notify and x are two variable quantities so dependent 
upon each other thcU^ being gradually diminished^ they vanish 
together^ but in a ratio which is infinite^ the la^t ratio of 
"^ -\- ^ zy is a ratio of equality. 

For take z x a i : y i x where a is a finite constant quan- 
tity, then comp. z -^ a : z :: y -{■ a: : y; but at that point 
of time at whicn y and x vanish, y is infinite when compared 
with cTy and, consequently, z is ultimately an infinite quan- 
tity, and therefore (38.) js + a : 2;, or its equal y + w : y 
is a ratio of equality. 

Ex. As the arc of a circle decreases, and at length vanishes, 
its chord and versed sine gnulually decrease and vanish at 
the same point of time, and since diameter : chord : : chord 
: versed sine, they vanish in an infinite ratio, and, con- 
sequently, chord 4- versed sine : chord is ultimately a ratio 
of equality. 

41. So long as the quantities x and y possess any mag- 
nitude, however small, y -f- ^ : y is not a ratio of equality ; 
for if X possess magnitude, it can be diminished, and, there- 
fore z can be increased, or 2; + a is not = z : they are in 
this ratio only when they vanish *. 



. * Whether the variables ever aetaially attain to this ratio is a 
question which has been much debated^ arisiog* as it shodd seem, 
from the imperfection of language^ which, as Mr. Locke observes^ 
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4S. The last example proves that indefinitely small quan- 
tities may vanish in a finite ratio. 

This axiom is the foundation of the whole science^ and 
it cannot be too frequently illustrated; take the ratio 
3»r + a?« : gar + x", and substitute for x any numbers in 
succession, either whole or fractional, which are in a de- 
creasing series, and it will be seen that the ratio increases, 
and that it is always less than 3:2; hence its ultimate 



rather ' serves for the upholding common conversation and com- 
merce about the ordinary affairs and conveniences of civil life, in 
the societies of men one amongst another,' than ' to express, in 
general propositions, certain and undoubted truths, which the 
mind may rest upon, and be satisfied with, in its search after 
true knowledge.' B. 3. c. 9. § 3. 

When the limit is obtained by increasing the magnitudes inde- 
finitely, the limiting ratio is one to which they can only ap- 
proximate, and which they can never reach ; and the reason is 
sufficiently obvious, for they can never actually become infinite ; 
but when they are gradually diminished and at length vanish, I 
can see no objection to the position, that they do actually possess 
this ratio at the moment of vanishing. 

Sir I. Newton has been thought to hold the contrary opinion 
from the following passage in the Scholium : ' Ultimse rationes 
illse quibuscum quantitates evanescunt, revera non sunt rationes 
quantitatum tdtimarum, sed limites ad quos quantitatum sine 
limite decrescentium rationes semper appropinquant ; et quas 
propius assequi possunt qu^m pro dat^ quavis differentia, nun- 
quam ver6 transgredi, neque prills attingere quam quantitates di- 
minuuntur in infinitum :' bat it is evident from the context, that 
by ' rationes quantitatum ultimarum* he understands the ratios 
of the quantities while possessing a determinate magnitude ^ and, 
in fact, he concludes the Scholium with a similar caution, ' cave 
intelligas quantitates magnitudine determinatas, sed cogita sem- 
per diminuendas sine limite.* Nothing can be more decisive of 
his opinion than the definition which he gives of the ultimate 
ratio. * Per ultimam rationem quantitatum evanescentium, in- 
telligendam esse rationem quantitatum, non antequam evanesciint, 
non postea, sed qudcum eoanescunt* 

If, notwithstanding this high authority, the student should be 
still fearful of committing the soloecism of asserting that mag- 
nitudes bear to each other a certain ratio when they vanish, he 
may avoid the use of the terms prime and uttimate, and may 
define the limiting ratio to be one to which the magnitudes gra- 
dually approximate, which they approach nearer than by any 
assignable difference, but which they never reach. 
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ratio^ which is S : 2, so far from vanishing, is the greatest 
which the magnitudes can bear to each other. 

4B. In order that the ultimate ratio of evanescent quafi* 
tities may he a ratio of equality^ their difference must not 
only vanish, but it must become indefinitely small 'mhen com-- 
pared wUh either of them. 

As an example take a?*— a* and a?*— ax^ which vanish 
together when x => a^ also their difference ax — c^ vanishes 
at the same time, but since it does not vanish when com- 
pared with or*— a^ and or^-— o^r, the ultimate ratio in this 
instance is not a ratio of equality : it is 2 : 1. 

44. Hence arises the necessity of admitting infinitesimals 
ofd^erent orders* 

For since \i xiixix'^ii xhe indefinitely diminished, x 
will be contained in 1 an infinite number of times^ and con- 
sequently x^ is contained in x an infinite number of times, 
or J7^ bemg indefinitely small compared with x is an infini- 
tesimal of the second order. 

For the same reason a;', ar\. .x^ are infinitesimals of the 
^, 4th . • . nth orders. 

Cor» 1. If an infinitesimal is multiplied by a finite mag- 
nitude its order is not changed. 

Cor. 2. Hence, if a function be developed in a series 
ascending by the powers of A, and h be dimmished without 
fimit, all the succeeding terms may be neglected when com- 
pared with any of the preceding. 

45. There are intermediate orders of infinitesimals. 
For let ^^= axy then x being taken an infinitesimal of 

the first, order, y which is not finite cannot be of the first 
order, for then j/^ or cue would be of the second, and is 
therefore of an intermediate order. 

The student should consult the Scholium at the end of 
the first book c^ the Principia, where all this is exemplified 
by the different orders of contact in curves. 

46. The product of two infinitemtuds of the first order 
is an infinitesimal of the second order. 

For let X sxidiy be two infinitesimals of the same order, 
and take \ixiiy iz^ then « ;=i xy\ but when x is inde- 
finitely small compared with 1, ^ is indefinitely small com- 
pared with J/, or is an infinitesimal of the second order. 

Similarly it may be shown that the product of three is of 
the third order, &c. &c. > 

Cor, Hence, if w=:(^ + A) (y + *) ^xy + xk+ yh -f M, 

VOL. I. D 
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and h and k be diminished indeiihitely, fik Aaj bb neglected, 
when compared with xk +j/h^ 

4/T. The principle of limiting nitibte is in itkelf free fVom 
all difficulty. The first knd fast ratibs off the ma^ittsdesare 
as precise ahd definite, and as well adapted in every resoect 
to DC the subject of calculation, as ally of th^ intenneaiate 
ratios. This principle is fi^uehtly represented by forteign 
writers to be different from that Updn which Newton founded 
his system of Fluxions, and they are fond of oon^ering it 
as an improrement due to D'Alembert; But that the 
theories are the same, is sufficiently evident from the second 
Lemma of the second volume of the Principiay without ap- 
pealing to the treatise on fluxions, which is a posthumous 
work. In this Lemnia the theory is fully developed; the 
fluxions are caUed Momenta, becaudb die increments are 
supposed to be generated by material particles. He repeats 
the former caution, " Oive tamen intellexeris partieulas 
finitas C^ and then adds, with respect to the magnitudes of 
the momenta generated, *^ Neque enim spectatur in hoc 
lemmate magmtudo momentorum; sed prima nascefitiuVn 
proporiio f ' and he then proceeds to show that the moirien- 
tum of A*".B* = muA"^^ -h w6b*^* where a and b are the 
momenta of a and b. Newton saw that the ratio of the 
velocities of the fluents is the same as the limiting ratio of 
their increment^ and adopted the former phraseology as 
being less liable to metaphysical objections. 

It has been objected to Newton^ mdde of considering the 
genesis of quantity^ that it includes the idea of motion and 
time, which, it is urged, belong to ph3rsical science, and are 
foi^eign to the spirit of pure analysis* This would be an 
unanswerable objection, if in the principle of fluxions, or in 
its application, we either Jasdumed or even referred to the 
Lawsf of Motion, which are founded upon observiation and 
experiment. The science of Analytical 'Calculation, though 
it renders gr^at assistande to Natural Philosophy, should 
accept of none in return *• But the introduction of the 
simple idea of motion is so far from being an objection, that 



» ■■ 



* There are elementary writers who have not sufficiently 
attended to this distinction. 1 have seen a demonstration, in 
which it is assumed that the motion of the generating point of 
a curve is compounded of two motions in the directions of its 
iio-prdinates* 
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it enters into every system of calculation whidi has hitherto 
been proposed. In Arbogast^s *' Calcul des Derivations 
and Lagrange^s ** Throne des Fonctions Analytiques, 
while certain parts of the function are constant, it is sup- 
posed that the remaining parts change their state or value, 
and all change implies motion ; so that, with respect to this 
objection at kast, the principle of limiting ratios is as purely 
algebraical as the theories of these eminent analysts. 

The doctrine of Infinitesimals, which was admitted both 
by Newton and Leibnitz, is not so easily vindicated. The 
supposition that a quantity may become infinitely smaller 
than another which nafi been already assumed to be infinitely 
small, is obviously absurd or unintelligible*. To avoid this 
inconsistency, we must be careful to copsider an infinitesimal, 
not as representing an absolute quantity, however small, but 
as representing a ratio which is either infinitely great or in- 
finitdy small m tl^e limit, according as we compare it with 
an infinitesimal of a lower or of a higher order than itself. 

Influenced partly by objections such as these, and partly, 
I fear, by a spirit of jealousy, many writers of the last cen- 
tury looked out for some other principle of calculation than 
that upon which Sir I. Newton has founded his doctrine of 
Fluxions. As my object is not only to teach the elements 
of the science, but also to induce the reader to study the 
writings of those who have unquestionably greatly enlarged 
its boundaries, I shall ^ve, in the third Chapter, the prin- 
ciple upon which Lagrange rests his Theory, which the 
reader will perceive is independent of the doctrine of limits. 
The great difficulty, however, is to establish the truth of 
the proposition contained in (44. Cor. S.) which follows so 
immediately from the doctrine of infinitesimals. We shall 
insert Lagrange'^s demonstration of this proposition in his 
own worc^: tne student will then be enabled to form an 
opinion of the relative merit of the two systems. 



Xf^ 
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CHAPTER II. 



On Integration. 



1. Having estatblished in the preceding chapter rules for 
the differentiation of quantity both algebraick and transcen- 
dental, we shall now consider the inverse problem ; or the 
method of finding the fluent of a given fluxion. 

If it were required to give a definition of the fluent of a 
proposed fluxion, we must suppose that two fluxions are 
under consideration, and their nuents may be defined to be 
two magnitudes, the limiting ratio of whose cotemporary 
mcrements is the ratio of the proposed fluxions. 

The act of deriving the fluent from its fluxion is called 
Integration*, 

In this chapter we chall 'only investigate the general rules 
and methods of integration, and apply them to such ex- 
amples as occur the most frequently ; reserving the canon- 
ical forms and the remainder of the subject for the second 
volume. 

2. Whatever be the form of the fluent, its fluxion may be 
found; but the inverse problem cannot be solved in all 
cases, as the proposed fluxion may be of such a form as 
cannot arise from the differentiation of any fluent. 

3. The symbol adopted to denote the operation of taking 
the fluent is Jl 



* I use the terms Integration and Differentiation, which pro- 
perly belong to the Calculus of Differences, because they are 
adopted into the language^ and I know no other that will answer 
my purpose. No confusion cai) arise from this phraseology, as 
tbe two sciences of Fluxions and of Increments possess each a 
peculiar notation and algorithm. Some of our writers, in imi- 
tation of the French, even call the science of Fluxions the Differ- 
ential Calculus; but, surely, the differential calculus, if the 
analogy of language is to be observed, means the calculus of 
difference^. 
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It was shown (Ch. I. 33.) that the same function admits of 
successive differentiations ; hence a fluxion which is the result 
of n differentiations may be integrated n times. Symbols 
for these double^ triple fluents are^yj jyyi &c. 

Since the two symbols d andy* denote reverse operations, 
whenever they occur together they destroy each ottier, thus, 
djpdx = p J«r. 

4. The fluent may sometimes be determined at oncejrom 
inspection. 

The fluxion oix^ being ^x ^dx^ th e fluent of Sofidx must 

be x^. Also, since d.j?^+* = w -h 1 . af^dx^ thereforey?mTT 

x"*djr = 0?"+*. Upon the same principle jr(yAr •\'Xdtf)^xj^^ 

vdx — xdu X 
f^ 5 — - = — QXxAfKa'dx = o'. 

y \ y . 

It is evident that, in general, if the form of the proposed 
fluxion is derivable from its fluent by any of the preceding 
rules, we have only to invert that rule in order to find the 
fluent. We shall begin with Art 11. Rule 1. 

6. In Integration we may have to add or to suAtract a 
constafit quantity. 

For (Art. 11.) d{x±a) = dx^ therefore the fluent of dr 
maybe either ^ or or + a, where a is some constant quantity. 

This quantity a, called the correction^ or the constant j is . 
to be determined from the conditions of the question. 

6. If any two corresponding values of the variables be 
hwwnj we may either ehminate the constant or determine its 
value. 

Ex. Let du = m + \. af^dx .*. u = ar'"+' + c and when 
tt=r let j? = 6/.we have r = fe"*"*"^ -f c 

y _. 

Also c =r — 6'"+^ 

7. By this correction we can find the value of the fluent 
included between two known values of its principal variable. 

For let it be required to &nd fx^dx between the values of 

x^b andx = a; we have m= — rv- ^"*'*''+ c, and ti^o 

wi + i 

1 

when J? = 6, therefore o = — r-q. 6"*+* + c, 
' m+1 



hence u = — —r. {a:'"+ ' — 6'"+'), and 
m + 1 ^ 

substituting a for jr, we have (m)= — t^- {«'"*' — *'"+')• 



•>• 



^ I 
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8. A Definite Integral is one that has been corrected, 

and its symbol isjl The function may be enclosed in 
brackets, if the fluent has been corrected, and a particular 
value assigned to the variable. 

9. T?i€ constant multiplier or divisor may be removed 
Jrom under the symbol J*. 

For (Art. 12.) d.ax=ada:, therefore fadx=-qfdr. 

1 x"*'*** 

Hencey5?*dr = |*y^ + !• x*"dlr = — -j--^ + c. 

Also Jifdaf = — . a'. 

We shall, in general, omit the correction ; it being un- 
derstood that it is to be taken into consideration when the 
form is applied to particular examples. 

10. Thejluent of the sum or difference of any number of 
fluxions is the sum or difference of their fluents. 

For (Art. 13.) {/(w-h w— w ± &c.) = du+dv — dw ± &c. 
therefore y^du ^-dv —dw± &c.) ^Jdu -{-jTdv —Jdw + 8cc. 
-}-c, where c is the -result of the corrections of all the 
fluents. 

11. It appears (Art. 14.) thatyma^'*~^da?=iZ?^; and from 
Art. 14. Cfor. 3. thatyn.(a"^ +ar'")'^* w»^'»-'da7=(a'*+af)'» : 
hence, to integrate a compound quantity of the above form, 
where the part without tne vinculum is of the form of the 
fluxion of the part within, adopt the following : 

Rule 1. Increase the index by unity ^ divide by the index 
so increased^ and also by thefluwion cftJie root. 

Examples, 

1. y(a"* + jp'*)r^^a;"*""'dr = — fn. {aT'-^'X^y^^maf^^ix 

1 

mn ^ \ 

2. f{a + xYdoD = t (a^+ x)\ 

%.f{a^ + s^ xdx = ^ (a* + x^y. 
*• /(«*+ oi^^yocdx = \ (a«+a:«)5 = n. 
Or thus, (a« + :r«)«fl7<ir=a*^(Ja7+2aV(ir+aryx .% (2.10.) 

5. naf^'^x^'y X %x^dx = 1^ . ia> -ar^K 
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12. ffihejhucion be a Junction of two variables^ the satne 
rule obtains, provided that the part mthout the vineubitn is 
of the form of the fluxion of the part within. 

1 
Ex. f^wdy +ydx + Zydy) {ay +3/«)"= ^jqij-C^i/ +yT+'. 

13. Fluxions which do not appear under the proper form 
for integration may sometimes be reduced to it. • 

adtV • •, n 3 

Ex. 1. Let rfw= —■ , required to find u. 

4?\/2a47— J?* 

_— _ ««__ adx 

= aar^dx. {pxar^ — 1)~t, which is of the proper fornii 

X 

adx adx ^ 3 

Ex. 2. d« = (^5^:^)1 = a;3.(a.4r-?+lf ' 

3 (a«ar-»+l)"^. ajr-»d!ar 

= (d**-' + 1)-'. ax^dx .'. u = ■ ^ ^ -ga'or'dr 

1 « 



~a.(a»jr-»+l)^ «v^^aMj^ 

dx%/a^+x^ * • -. ^' ' ■ - ^ 
Similarly, dw= "^ . = «-»Ac Va*«-«+ 1 •% 

<ir d ig 
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CHAP. IK 



I 



a' 

X 



dx dx 

Ex. 4. aii 






n 

na^xT 



adx A/a'+a* 
Thus, /- ■ — =s 



l^. In the application of the preceding Rule, tJiere is o/ne 
case in which it appears to Jail. 

•J?"*^^ dx 
faf^dx = — -"Y + c, let 7» = — 1, and we havey 

= -Tr- + c=oo ; and if, in order to avoid the difficulty, we 
correct the fluent and suppose x^h when t^ = 0, we have 



a;«+ 



1 



WI + 1 
fW + l 

in which expression, if we substitute m = — 1, the result is 
u = -jr-. This will be explained Chap. 5. 

15. Rule 2. Ifthejbrm qf the fluxion is such tJiat tJie 
numerator is the fluxion of the denominatory its fluent is 
the hyberbolich l(^arithm of the denominator* 



/ 
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Let -^^ represent the form of the fluxion ; let x = (y, 
therefore e'^y and differentiating (1.S6.) ^dx^dify or 
dx = -^= -^; hencey^ = a? = Zy. 

If we would express the fluent by a logarithm of any 
other system than the Naperian, let jr^Ly, then 0* = ^, 

andy ^ = A^ = i^. 

The same conclusion may be deduced from Chap. 1. 25 ; 
for it is there shown that the logarithms of the same number 
in different systems are as the moduli of the systems. 

1 

In Briggs's system, = 2.30258509S. or 

m=.434294481 . . . hence/^ = 2.302686093. x log.y. 

dx 
Ex. 1. y ^p- =?(«+«), or =2.302686098. x log.(«±o). 

<pW— 1 /T<|" J. 

Ex. 2. f ^rjrj.= J. i(«» + :c") = l^iP^ + ^r. 
Ex. 8. y — --^-= -T-.j = r-^-(-r + ^ J; 

•j + X 

a bdx a 
dx 

Hence the fluent of r , to the value of ar=l, is equal 

to /2= 2.302686093. x log. 2 = 2.eS02685093. x .3010300.... 

=.69314 ; to the value of j: = 4, the fluent =/6 = 

1.6094379..., and thus, by means of a table of common 
logarithms, the fluent can lie computed for all values of the 
variable. 

There is a very useful table of hyperbolicJc Logarithms at 
the end of the second volume of T. Simpson^s Fluxions. 
There is also a table ^ven in Hutton^s Logarithms, for con- 
verting common Ic^arithms into hyperbolick. 
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16. If in the preceding article we had supposed jr=Z. —y^ 

-^ du 
i¥eshouldhavehad,e'=: — yanddir= — ^, which, according 

dy 
to the common principles of algebra^ = ~^ ; are we then 

to infer thaty— = l±y^ 

%f 

To expbdn this it may be observed^ that it follows from 
the nature of logarithms that positive and negative numbers 
cannot both belong to the same system ; thus, if we have 
the qyantities a*, a% a*, a*, cfi, ar^^ ar\ &c. which decrease 
in geometrick progres^on, they can never become negative, 
though their logarithms may. In the same manner, no 
term of the negative series, ^--a"^, —a""*, —at**, —1, —a, 
— a*—, &c. can ever become positive. It appears then that 
we cannot change the signs both of the numerator and de- 
nominator of the fraction without changing the system. 

dy ' '^du 

Thus, dx = -^^ belongs to the positive, and dx =-3— 

to the system of negative numbers. 

dy 
As a further illustration take dx =■ — ^, therefore 

1 ' 

0?= -^/(a— y) = Z. , wbich belongs to thi positive 

system, and x is negative because the number is a frac- 
tion. But if we change the fiigns both of the numerator 

— dy 
and denominator, we have dx^:^ ^ and a?= — ftv— «)= 

1 . . . 

I , which is a different number from the forioer, which 

shows that if the signs be changed the system is also 
chtoged. 

17. Fluxions laohich do not appear under logarpihmick 
Jbrms rnfiy in some, eases be made to assume them. 

^/x^±a^ 
For let x^ ± <»* = w* •*• xdx = vdv ^\ xivixdv: dx and 

0? + v : » : : eir + rfi; : dir •% — . which = — — ■ > 

v' ^x^ ± a« 
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da: 



i%\ f = lAx + a + VA^± «w?.) 

dx rf^ dx-\rdv 

x±a^v:v:'.dx+dvidx.'.-ox-^^=^^j^^^ 



dx 



For- := — : -— ^ •*•/"; — H:^/(tf i-x) — ^a— «> 



a^x* 



Zadx , a:— a 

_ Sacfcr dj: dx ^ ^adx x-a 

For = • • 'J a ' a =* ^' — T" • 



adx ,a— >v/a«-x« 






Let a» - a?* = 3/* .'. x* = o* - ^ •••, 
adx axdx __ -y^y _ ..^i'. whose 

fluent by form (3.) i« - i /.^ =*'-^ "^^^?^ 



= Z.— ^ 2=1. > I M 



or 



Let a^ + a^ = j/* • • a' == 3^ - ^* •'- 






I 
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rad. = r, cos. = -^ ; for c = if we correct from y ^ r • 
and to find the whole value of u between jf^r and y = 0, 

T 

we have tt = — x quadrant, rad. = r. 

Ex. 4. To compute the value of/* — -^ — ^^ when a?= -j^. 

The fluent is an arc whose sine is i= t radius, and is 
therefore an arc of 30® to rad, = a : but an arc of 30® to 

rad. 1 = .6236 •. (u) » a x .6«36 . . . But the com- 

putation is usually carried on by means of logarithms; 
thus, 

JEr. 5. To computey ^nr^ when a: = 7. 

u = tan."-'7 .*. tab. tan.M = 10*® x 7 .•. log. tan. w = 10 + 

log. 7 = 10.84509 •. from the tables, u = 81® 52', or to 

(obtain u in terms of radius 1, we have 360® : 81' 62" : : 2»'= 
6. 28.. 1.42... which, therefore, is the required value of 

19. We may correct a logarithmiclc fluent by a logarithm 
mick constant ; 



xdx 



f ^ ■ t= Ma* + ^) + ilc* = Icx^a^ -f ^, in which 

ilx"^ is to be determined from the particular case for which 
the fluent is to be integrated. • 

If we suppose the origin of this fluent to be a? = 0, then 

c IS determmed, and we have / -v; — ^ = *. . 

•^ a^+.r* a 

20. So long as the fluent i& indetetminate^ the correction 
c is called the arbitrary ^onstanty because yre may assign to 
it any value we please : but when we appljr the fluent to a 
particular «ase, and correct for that case, 4 ceased to be an 
arbitrary quantity. 

diC -i. • VI ^ •^^ o "t 

Thus =,by division, dxi +— r "" 8^c. (, 

a -fa: -^ C a a^ a^ J 

therefore/ -- = -^2^+3^ - &c. + c, in which c 
may be any constant quantity whatever ; for if we dif- 
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ferentiate, the conditboB of the equation are satisfied : but 
if we puty — -- under the form of l(a + ar), we have 

l{a -f- or) = Q^"*"iE^ "" &c. + c, in which c must =fti, 

otherwise the equation would not hold good for all the 

dx . ' 

values of ^; hence, when /* takes the definite form of 

*^ a-YX 

X ai^ 
«i + 5^ + &c the correctbh can be nb I<Miger con- 
sidered as an arbitrary constant. 

Hence also it appears that the series la + « =-; + &c. 

is only one out of the infinite number of values which may 

be assigned toj*——. 

SI. In giving a definite form to the fluent, we are not at 
liberty to assign any corresponding values we please to the 
variable and the correction ; we are restricted by the con- 
ditions of the question^ and must select values which are not 

dx 
inconsistent with those conditions; for instance,^?— -^, 

JL "r*r 

11 1 

which = tan.""'i7, =, by diviaon, *^"qI3 ""^ISr + ^^* 

+ c, in which if we suppose or = 0, we have s oo + c, 

1 1 

and, consequently, tan.""^j: =oo "^qIa — &c. whatever 

be the vklde of Xj whifeh is an labsurd result. But if we 
suppose X :=Q0 , Mre have ^ = c, where ^ is a quadrantal 

1 , * 1 1 1 ^ 
arc, and, consequently, tan.-'a? = -^ "^sS""^ "*" ^^* 

dx 
which therefore is the required value of/-z — —. 

92. When corresponding values of the fluent and its 
variable are not given, it is usual to correct the fluent by 
finding jts value as in the preceding article, when x sz 0,ov 
when X = 00 ; but there are cases m which neither of these 



n 
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nsuppofiitions will enable us to ^ve a definite form, to the 
fluent. £x. gr. 

d i __ da:/ 1 \— i 



Va:^ 



drC 1 1 1 o 7 

dv 111 

- r — /y^J-w -- J. ^ V -- -L 3 5 w &c . 



cir 



buty— ====(17form(l)),also=/.(j:+ v'ar^-l): therefore 



/. (^+ v'x* — 1) = ir — t X 5~5 — &c. -h c : in which, if 

we suppose ar = or a? = oo , the value of c cannot be ob- 
taified ; but if we suppose jr = 1, we have 

28. It may be here observed, in reference to, the ex- 
pansion of , s^ into a series, that it follows from the na- 
ture of symbolical language that the two symbols j % 

1 

and -TTi> though numerically equal, are not identical; 

for they point to difierent operations. If these operations 
are performed, there will result two series which are dis- 
similar in every respect, and which are not even numerically 
equal, except for certain values of x. 

24. Required to expand l(1 + t/). 

It was shown (1.27) that hy cannot be expanded 
either in an ascending or a descending series of y ; but the 
same objections are not applicable to the expansion of 

Let then tt=L(l H-y), therefore du=-j-x ^~^=, by di- 

dy . ^ . 

viidon, -j— ( 1 — y + ^ —y^ -f &c.), therefore, integrating, 

1 
u = l(1 + y) = "^(y — iy* 4 ly' — &c.), where no cor- 
rection is necessary. 
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Cor. 1. 1(1 4-.y) =;.y - i(f* + iy* - &c. 

Cor. 2. Hence fo=(I -^) - i{l -y)*+ ^1 ^yy^ &c. 

24. The lo^aritnm of a number may be expressed in a 
series containing positive and negative powers of that 
number. 

For y = ^rr-f therefore 

y 

Ly = 1.(1 + y) - l(i + -) 

If ) 

This is a more useless series for the purpose of com> 
puting logarithms even than the last, as it aoes not converge 
in any case. 

For Art. 23, l(1 -h ») = m| 2 - t^ + jz^ - &c. | 

.-. l(1 - 5r) = - m| z -f t2* + fz* -I- &c.} 

Substitute 1 — « = — .*. z = - — , and we have 

Since L:: = 2m? ^ + f «' -h iar^ -f 8cc. > , if we substitute 

, — = 7JOTZ = ^~-^, there results 
1-a -^ y4-l 



c- 



Cor. The sum of either series 1 + i 4- i -f &c. or 
1 + J + t 4- &c. ad infinitum is infinite. 

For if we suppose y to be infinite in the above series, jAf 
is infinite ; and the numerators of the fractions are in the 
limit equal to the denominators, and, consequently, the sum 
rfthe series is in either case infinite. 

VOL. I. % 
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For it has been shown that I =-^ = 2(z + fz* +i«* + &c.) ; 

1-4- i5 n w.(l— ^) 
substitute ^-^ = 1+ — , therefore z==-z+ — > or 

22 + — = - or z = TT-^ ; hence, by substitution, U 1 + — )' 
which = /(y +w) - /y> 

Cor. 1-Z (3^+1) 

Cor. 8. If y + w be a large number, such that n being 
small, y 5= a"*, a convenient series for computing its log- 

where n may be either positive or negative. 

These hyperbolick logarithms may be converted into 
tabular, by multiplying both sides of the equation by 

TTft = .43429448 . . (1. 25.) 

The series deduced in this and the preceding article are 
among the most useful for the computation of logarithms, 
the latter being required when we would compute the 
logarithm of the larger number, knowing that of the 

27. The following are examples of the application of these 
formulae to all numbers from 2 to 10. 
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Required / 8. 



12 



=^^§+8T»+5i+^''( 



Required / 3. 
Herey=3aadf^;=^... 



1 

5 = .3833 3833. 



^-5 



I 



= .0123 4567. 
= .0008 8304. 
= .0000 6532. 
= .0000 0564. 

11 311 = 0000 0051. 

_1 .0000 0004 

13.8'» "" .3465 7855* 

.-. / 2 = .6981 4710, which 
is accurate to 6 places; tod 
more terms computed give 

12 = .6931 4718 06. 



8.3» 

1 
5.3« 

1 
7.3' 

1 
9.89 

1 



1 

8.2» 
1 



= .0416 6666 66. 



6.2* 
1 

7.2T 
1 



r = .0062 5000 00. 



= .0011 1607 14. 
g 29 = .0002 1701 38. 

i 

jj^i = .0000 4438 92. 

i 

Yg^, = .0000 0939 00. 

i 

jg^ = .0000 0203 45. 

i 



17.21'^ 
1 



= .0000 0044 87. 
jQ 2,9 = .0000 0010 03. 

gj^ = .0000 0002 27. 

i .0000 0000 50 
23.2«»~.5493 0614 22" 
/8 = 1.0986 12,.. 



Required 1 4. 

^4 = 2. 72 = 1.3862 94-.. 
Required 15. 

/5 = /4+/(l + -!-).•. 

/6 = M + 2{i-+gL+A. + &e.} 

= 1.6094 37 • . . 
Required 1 6, 

l6=zl2 + lS = 1.7917 59... 



e2 
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Required / 7. 

7 = 8-1=8(1-1) 



= 1-9459 10 • . • 
Required 1 8. 

/8 = 3/2 = 2.0794 41... 

Required 1 9- 

/9 = 2Z3 = 2.1972 24 • • • 
Required 1 10. 

n0 = /5 + ?2= L6094 37 

.6931 47 



2.3025 8 . . . 



28. Briggs' method cf computing logarithms. 

^y = M{(y - 1) - t(y - 1)^ + '\Ky ~ D^ - &c. I. «"^ 

in order to make this series converge, substitute y" for ij^ 
and we have 

L/or-iLy=M{(2^^~l)-i(/-iy + t(/~l)^- 

orLy=nM) (j^"-l)-i(2^-ir+i(2^-l)'- &c. |. 
Hence, if the square root or the cube or any other root 

of y be repeatedly extracted till y~ — 1 becomes a decimal 
with a great many zeros, the series converges, and we obtain 
an approximate value of lv. 

The process is not so tedious as it may appear to be, from 

the circumstance that y** - 1 decreases much faster than n 

* increases. . . , . /. .i. 

Since the second term of the series is the square ot tne 

first, it is a decimal which contains at least twice as many 
zeros as the first ; hence, if we repeat the operation of ex- 
tracting the root a sufficient number of times, it is manifest 
that we may neglect all the terms of the series after the first. 
The approximate value thus obtained is obviously greater 
than the true value. 
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29. If we substitute y " for y, the series becomes 

in which all the terms are positive and converge if ^ be 

greater than 1 ; for then y" is greater than 1, and, conse- 

1 

quently, 1 is greater than — j. 

yn 

If the operation of extracting the root be performed as 
in the precedinig article, we shall obtain another approxi- 
mate value of jjffy and this is evidently le^s than the true 
value. 

If then we calculate both values corresponding to the 
same number n, we shall know to how many places of deci- 
mals the result is true. 

Cor. The difference between the two approximate values 

isnM \ (y"— 1)— (l i) ? =nM. ^^ — , which there- 

fore diminishes as n increases. 

30. Bordd's or Delambre's method. 

It has been shown that /. =-— =2 \ z +yZ^-|-|«*+ &c. r 

Assume for 1 + z and 1 — » cubicles o^ + jt + r and 
*^ + yj7 — r, whose factors are known ; let 

l-x=:(a?+a)(ii7+6)(d7-a-i)5 V=^ ab.{a^b) \ 

r 

1 -h 



But = =s --TT' = Z — 9 therefore we have 

oc^-^-qx 
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or l{x-a) -{■l(x-b) +/(r + a-fft)— i(.r +a)-/{j7-f-6) — 

«(x-a-ft)=«[^+^^l^,+^^.^3-^,+ &c.}. 

From which equation l{x ■\* a + b) can be computed, if 
we know the logarithms of the five preceding numbers, 

ar — a — 6, a? — a, 0? — ft, A' + 6, a? -f a* 
Thus, if we assume 

1 + « = (a? — 1)(^ - l)(x + «) = a?» - Sa? + 2, 
1 - » = (a: + ])(a? 4- 1)(^ - 2) = ar» - Sa? - 2, 
we have Z.(a? - 1)* -h /(a? -I- 2) — Z.(jr + 1)« - /(ar - 2) 
^ f 2 _ 2» 

In which equation if jt = 5, /7 can be found in terms of 
I6j /4, and IS; i* e, in terms of Z2 and IS. 

Or if the logarithms of 2 and 3 have not been previously 
computed, substitute for x the numbers 5, 6, 7, 8, suc- 
cessively, and there will result four equations containing the 
unknown quantities Z2, /3, Z5, and/ 7, which^ therefore, 
may be determined by elimination. 

31. Haros* method. 

This consists in substituting biquadraticks for 1 -f- z and 
1 - z. 

Assumel+2=(j:+3)(x-3)(j7 + 4)(jr-4)=x*-25a:«-fi44) 
1-2;= a?2.(jrH-5)(4?-5)=a7*-25a;« J 



1 - 



r 



1^^ ^._y^e ^^+^ 

therefore =— - =s -r ~— = ' 

\+z x^—qx^ + r r 

1 + 



^ r 
or — yar* + 



2 

therefore 91x + /(ar + 5) + l(x — 5) ? 

~/(a:+3) - l(pc - 3) - /(a: + 4) ^ '{^ - *) 3 

^^ 72 / 

~^(a;*-25a;H72+^''-V 
For these and other scries which converge even with 
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greater rapidity, see La Croix's Introduction Calcid. JDiffi 
p. 50. The reader may also consult his Sd volume for me 
method of computing logarithms by interpolation. 

32. It may be here Observed, that logarithms enable us 
to generalize the demonstration of the binomial theorem. At 
least, they enable us to show, that if (1 + x)" is developed 
in a series of the form 1 + ax + Ba:« -f &c. by any analy- 

tical process whatever, a shall =n, B=:n.— 3— ,&c.=&c.even 

in the cases where n is either a fraction or an imaginary 
quantity. 

For since (1 + .r)" = 1 + aj? + Ba?^ -f cx^ -h &c., therefore 
n./(l4-ar)=/{l -f jr(A + Ba?+ &c.)}, and by developement, 






=a<A + B* + 8lc) 'VA B>r+ c.) ^ ^^^ 



and equating like terms ( Alg. 346), 

A = n, B = n . — — , &c. = &c. 

When 71 is a positive integer, the binomial theorem is 
strictly demonstrable either by the method of induction, or 
by the method of combinations given in the Algebra (Art. 
^2), the latter of which is stnctly analytical, because it 
does not assume that the law of the series is known. When 
n is not a poative integer, the proof given in this article 
seems quite unexceptionable, since, as La Croix observes, 
in the devdopement of 2(1 + x) we do not assume the ex- 
pansion of the binomial when n is fractional 

33. Imaginary functiads. 

'^ 

Ima^nary functions are the links which connect circular 
functions with the exponential and the logarithmick, and as 
they are of great use in analytical science, we shall consider 
them in this place. 

It appears by induction that every algebraick function of 

a quantity of the form a ifc J >/ — 1 is of the same form. It 
wiU be shown that all transcendentals may likewise be ex- 
pressed in terms of a/ — 1$ and that they possess the same 
property as the algebraick functions. 
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They are not to be regarded as representing the nume- 
rical value of quantity^ but merely as analytical symbols, 
which show that by an extension of the common rules of 
algebra certain quantities may be made to assume certain 
analytical forms. 

It we are sufficiently cautious not to extend these rules 
beyond what the circumstances of the case will allow, our 
results will be as accurate and as much to be depended upon 
as those which are obtained by any other analytical process. 
We have already seen one instance (Art. 16.) where it was 
necessary to observe this caution. John Bernoulli contended 
that because (— a)* = d^ therefore l.( — aY = l.(o)« and 
2l(— a) = 2L(a) and l(— a) = l(4- «) ; in which he errs 
at the very first step from not sufficiently attending to the 
nature of logarithms. 

In Art. Z^. the developement of sin.x and cos.a? into series 
in terms of x will be there assumed ; for these series are most 
conveniently demonstrated by the theorems of the fourth 
chapter. 

In the management of irrational and imaginary functions, 
it will be generally found convenient to reduce the former 
to the form of the latter, and we shall then only have to 
c onside r the rules for the involution and the evolution of 



34. Bezo ufs d emonstration of the proposition that 



\/ — a X V— «= Vfl*, and generally Va^ is ± « ; but 
the a* in this case has arisen from multiplying —a and not 
+ a into itself, so that -{-a is excluded by the nature of the 
case. 

O therwise, (c — h)a = (c — b)a^ therefore vc — v"^ 

:= >v/(c — 6)a, which are numerically equal so long as c is 

gr eater than b ; but s uppose 6 = c + 1» th en we have 

aJ —\ . a/o =■ aJ — a^ and therefore V — a x a/ — a = 

( ^/'^=^[ • JaY = - a- See also Alg. (242.). 

Cor. 1 . a/ — a X a/— ^ = — A,/ab. 

For ^^2?= Ja.s/ ~i, and a/'^= Jb^/ ^, therefore 
V— a. V— 6~ \/« b >/— 1 y — 1 = — ^ab. 

Cor* % \ ax s/'-b=- y,naJb. v' — l. 
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Car. 3, ^^= /4.. 






Cor. 4. 



^a 1 fa — - fa 



35. Involution. 



I 

But if any integral number be divided by 4, the re- 
mainder is either 0, 1, 2, or 3; the four quantities 4w, 
4» + 1, 4» + 2, 4w + 3, by a nroper assumption of n may 
be made to represent the integral numbers. 

The following four forms then include all the possible 
cases : 

h^/-ir+*=+ V-1) (^/-lr+»=^V'^J• 

With respe ct to the evolution of ^/— 1 ; by substituting 

« for V — 1 it will appear that its square root = + ^— 1 ; 

j its cube root = the three cube roots .of — 1, one of which 

is possible and = — 1 ; its biquadratick roots are all im- 

possible. Sec. &c. 

=^ v^a6 X ( — 1) J which has three values, one of which is 
possible and = — %/ab. 

86. The trigonometrical lines may all be expressed in 
term of V — 1. 

I rj/* /pft <p3 ^4 

For. since .'= 1 + _+_+^^+^_- 

Tj2^T> + &c., for X substitute ir-v/ — 1, therefore we have 
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e 

-^+ i 0~ 1.2.8 ^1.3.3.4 ^1.2.^4.6 

~^~ 1.2 ■'"1.2.8.4 1.2.8.4.6.6"^®* 

=cosur-H a/— 1 skuar. Vid. ch. 4, 8. Ex. 4. 

Similarly ^""*'^"* = cos.a? - >/-rsin.ar; therefore, add- 
ing and subtracting, _^ 

cos.^ = ■- > andsin.<r=— 



Otherwise^ 

Let 3^ = cos.a?, therefore (1. 32.) ^ = — r-j— ; » and 

J _ dy • 

— — . which = V— 1 .dx, =—=?==•, therefore xV—l 

— l(y 4- ^y« — 1), which requires no correction ; hence 
"^^^^ y + ^y«- 1, and e _~2e y = -1, and 



^ 



2^ 



Also, sin.j? = Vl— cos.«a; = 



e —e 



Since all the trigonometrical lines may be expressed in 
terms of sine and cosine, they may be expressed in terms of 

sm.a? 1 e —e 

Thus tan.a: = ^^-;= ' ,^— -x^— i 

i_ f j::;! 



V 
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Ex. 1. To show that Ssin^cos*ir = sin.Sa?. 

For multiplying the symbols into each other, we have 

sio.jrcos.a?= • 

4a/— 1 

.•. 2 sin.a: cos.ar = = ^n.ix. 

2a/— 1 

t^ t^ f^ 
Ex, 2. To show that ^=^— -a" + "5" — 7" + *^' ^^ere 

t = tan.a?. 



ajv"— 1 



For si nce e " = cos.a? + \/ — 1 an.d:, therefore 
a? >v /— 1 = l(cos.x + a/--^ sin.d?) ; and similarly 
- ^y^ — 1 =Z(cos.j? — a/'--T sin.a;), 

therefore 2aV — 1 = ' * 



=?. 



cos.a? — /v/ — 1 sin.jr 
1+ a/— 1 tan.a? 



1— V— 1 tan.^r 

2{ a/"^! tan.a?H-J-(v^^tan.ir)3+|(v''^^tan.ar)* + &c.} 
therefore x = tan.a? — 4. tan.^^r -f ^ tan.^o; — &c. 



It 



Cor. Hence — =l-|4--f-&c. 

T, « rw, , * , ^ siri.j? sin.Sa? , sin.ar 
£4:. 3. To show that ■o-=-j 2" "^""3 

For (24.) Zy = { (y - r") -4r(y*-y"*) + Ky' ~3r') - &c. { 

in which substitute e for y, and thejre results ^^ 



07 



therefore -3- — sin.or — ^sin.2o: + ^sin.3^ — &c. 

£^, 4. The series of art. 24. also leads to a remarkable 
analytical expression for the quadrant of a circle, which was 

AT 

first ^ven by John Bernoulli ;(>/—!) =^e ^ ). 
For substitute y = •— Ij^ and there results 
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—^ C 1 —1 It 



>•-!- "T 



and(^/-ir =^ 
Otherwise, 



nr 



Since a: >•— 1 = /(cos.a?+ >/ — Isin-a?), suppose ^ = "g 
or cos.^ = 0, and there results-^ V — 1 = /. v^ —1 .•• V —l 

=c'^'^' /.(^"^)"'"' = e « = . 20789... 



J 



87. De Moivre's Formula. 

(cos.a; + V'—l sin.ir)*=cos.na? + ^—\ %m,nw \ 
(cos.jr— \/ —1 sin.a?)*=cos.wa:— ^ —\ mt.nx'S 



af-v^— 1 

For COS.X + v/ — 1 sin.^ = e (art. 36.), thereforie 

. «a?^— I r- . *^ 

cos.i2^ + a/ — 1 sin.7M7=e =(cos.^4- \/ — 1 sm.^j . 

And since the possible parts of this equation are equal^ 
and also the impossible parts, we have cos.?w? — -v/ -- 1 sin.»j: 
= (cosjc - A/'^HTsin.^)". (Alg. 256 and 267.) 

Ccyr. Substitute a = c , therefore — =e , hence 



ancecos.j?-l- a/— lsinjp= a ^ ^ 

— . 1 >, therefore 2cos.a:= a + — ^ 

andcos,^— ^/— lsin.ar=— \ a 

... nx^~ -^nxj — I , , 1 

therefore 2cos.wj, which =e +^ ,=« ^ — -. 

88. Required to deoelope the sine and cosine of the mul- 
tiple arc in terms of the powers of the sine and cosine of the 
simple arc* 
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(De Moivre^s formula). 

COS.IW + v' — 1 sib.nx = (oosut; + V— l8in.j:)* = by de- 
velopement, 

— — n. 1 

cos.»a?+n>v/ — lco8,"-'a:8in.x— w.— 5-cos."^aran.«ar — &c. 

therefore (Alg. 258.) 

/ \ n — 1 

(a) cos.na? = cos."^ — w. -3— oos."-»j: sin.^a? 

n— 1 n— 2 n— 3 

+'*-""ar~ • ~s~ • -T~cos.""^a?sm.*a7 — &c. 
» 3 4 

and dividing by V — 1, 

(i3)sinnj:=wcos.'*-*jrsin.a:— w.— ^ 5-cos.'*"»i:sin.'ar-&c. 

This series terminates whenever n is a positive integer. 
Cor. Hence tan.nx may be developed. 

^ siu.nx 

For tan.nar = 

cos.nir 

, . 7i~l n-2 

wcos.""'^ sin.o? — w.— ^ • — 5-cos.""'jrsin.^jr+&c. 

cos.";c — n. - w- cos."^jr sin.^a? + &c. 

n-1 n-2 , 

ntan.o; — w. — 7^— • — Tr-tan.'a: 4- &c. 
.2 8 

~ , w— 1 ^ _ 

1 — n . —77- tan.'j: + &c. 

39. The series for sin.no? and cos.ftx deduced in the pre- 
ceding article would be more commodious if they did not 
contain combinations of sin.^ and cos.^. 

Now sin.o? may always be eliminated from the series (a) 
hy substituting 1 — cos.% for sin.^a; ; and since sin.^: is in 
each term raised to an even power, the expression for cos-nor 
is in all cases rational. But if we e liminate cos.ar from (/3) by 

substituting co$.ar = Vl — sin.«j:, it is rational only when n 
is an odd number. 

Euler has given the following series for the sine and cosine 
ofa multiple arc. 

Let p = Scos.ar^ then 
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(y) icos.nx 

- P« _ ^^^.. ^'(^-8) -^ n.(n~4)(n-5) 
--P TP ^ 1.2 ^^ 1.2.3 ^ 

n.(n~5)0i>6)(n-7) ^ 
+ 1.2.3.4 P^ ^''• 

(^) sin.na? 
. C , »-2 _ (n-3)(«-4) _^ 

(/i-4)(n~5)(n~ 6) (n-5)(n-6)(n-7)(n>8) 

1.2.3 ""P^ ■*" 1.2.3.4 ^ 

— &c. 5; 

of which the first shall be demonstrated in the fourth chapter, 
and the second may be deduced by differentiating the first 
and dividing by 9^x, For other series, see the Trigono- 
metry, App. pp. 241. 

40. Given the cosine of an arc to a certain radms^ required 
the cosine of an arc of the same magnitude to any other 
radius. ^ 

Let A® and af^ be the two angles which an arc of the same 
magnitude subtends, having the radii b and r respectively ; 

then, since Z. x — r- oc , in this case, — j— , therefore 

rad. rad. ' 

A K 

J? = -^, or 07 is a multiple of A, and, consequently, its 

trigonometrical cosine may be found in terms of cos.a by 
means of De Moivre's formula, and we have (cos.a+ v' — 1 

sin.A)*' = COS.X -f // — 1 sin.ar, or eos.a7 + V^cos-^or — 1 

=(cos.A-f- //cos.'^a— !)»• = — ^.(r.cos.a+ Vb*cos.*a — r')'', 

eT 

from which equation cos.;?? may be had in terms of r cos.a ,* 
let cos..f = g . R cos.a, then we have r cos.d; =^ rq •"& cos. Aj 
which is the required cosine in terms of the given cosine. 

41. The logarithm of an imaginary quantity may have 
an infinite number of analytical values. 

For let a ± ft v' — 1 be the quantity; take a ^r cos.ar, 
6 = r sin.or, and, consequently, a* + 6* = r^ ; then 
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L(a ± 6v — 1) =F !•»• + l(c o8.jc ± >•— 1 sinur), 

= Lf + a: V — If (art. 86.) 

In this equation we may suppose x to become either 
2* + or, 4ir H- ar • • • • or 2iV -f Xj where i is any integer, 
which will not alter the values of a, by and r, and, con- 
sequently, we may have 

L(a ± b v/""^^) = Lr ± J? V — I> 

or = Lr + (2t + a?) >v / -- 1, 

or = Lr ± (4w + J?) V — 1, 
or = 8cc. 

= Lr ± (2iir -{- x) ^/ — 1. 

42. 7^^ logmithmofa quantity which is not imaginary ^ 
possesses an infinite nnmher of analytical values^ only one 
of which is real. 

For in the preceding formula, suppose a? = 0, then 
i = and a = rcos.^? = r, and the general form becomes 

La = La + 2iir >v^ — 1 where i may be any integer what- 
ever, which shows that tm may be put under an infinite 
number of forms, all of which are imaginary, except the one 
that arises from supposing i = 0. 

For the sake of convenience {Va" is frequently considered 
to be the same as a multiplied into the n roots of unity ; 
upon the same principle of convenience, if we suppose 

Lfl = L(a + 1) = La + l1 we may consider 0, 2^^/ — 1, 

4flr >/ — 15 &c. as the logantbms of unity, or L.l =2tir >v/ — 1. 
And in order to distinguish the analytical value of ta 
firom its real or numerical value, place a dash over the latter, 
and we shall have La = L'a + l1. 

48. The sum of any two of the analytical values of the 
logarithms of two quantities is equal to an analytical value 
of tlie logarithm of their product. 

For let La = L'a + 2iit * / — 1 , 
l6 = lib -f 2i'ir v'"^^, 



therefore La -f l6 = L'a -f lib + 2(i + i') V- 1. 
Also L(a6) = L'(a6) + 21" a /-~ 1 
= L'a + l'A -f 2i" ^/— 1. 

Hence, whichever of the values of La and of l& be taken^ 
even if they are not corresponding values, their sum is equal 
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to 6ne of the values of L(ad}, which value may be found by 
taking z" = i + i. 

In the same manner it may be shown that the difference 
of any two values of La ana of lJ is equal to one of the 

values of l . -i— 

o 

44. AH the values of the logarithm of a negative number 
in a positive system are imagi/nary, , 

For since (41.) L(a ± b V^^l) = Lr ± (2i*+a:) V — l; 
substitute x = 180" = ir, and, consequently, 6=0 and 

a = — 1 and r = Va* + 6" = (34.) — a = — 1, hence 

we have l( — 1) = l'( — 1) ± (2iV -|- 1) v— 1, which must 
be imaginary, whatever be the value of i. 

Negative numbers then can find no place in a system of 
positive numbers, and vice versa. 

45. It was seen (art. 86.) that the sineSj cosvaes, 4*c. of 
real arcs may be put under imagina/ry forms. It is true 
also of the inverse Junctions^ that the arcs of real sines and 
cosines may be maae to take imaginary ^^ms. 

For let the p ropos ed function be sin. (a ± 6 >v/ — 1). 

Then sin.{a±b >/ — l)=sin.a cos.6 v^--l±co8.a sin.6 >/ — 1; 

e -\- e 
but cos.a: = , and 

e —e 

sm.A:= — • ^, 

2^-1 _^ 

in which, if we substitute a?=ftv'— lorarV— 1 = — i, 



we have cos.fi v' — 1 = — 7i — and 

2 

. , — r r^— e* — - ^—e-* 

sm.fi v' — 1 = — === = >/ — 1 . — 7, — s 

2V-1 2 

and, consequently, sin. (a ± fi V — 1) 

^ + e*^ . — - &-«r^ 

= — Q — sm.a ± V — 1. — - — .cos.a. 

Similarly cos.(a.± 6 a/ — 1) 

e'^We-^ ^ -— e*-r^ . 

= — g — . cos.a -F aZ — I — 5 — sm.a. 

In the same manner analytical expressions may be de- 
duced for all the other circular functions of </ ± 6 /— 1. 
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Now in these expressions suppose cos.a=09 or a= -^ or 
= "3~or == &c. =(2i4-l)-5-; then sin.a= ±1, and we have 

«in-((^ +1) -J ± A ^^^) = ± "^-^^ 

orsin-».(±^^^) =(2i +1)^ ± h J^\. 

In the same man ner an arc whose cosine or tangent does 
not contain v^— 1 may in some cases be expressed by a 
formula which necessarily includes y— 1. 

Since — - — = is always greater than 1 so long 

as b is finite^ we see the reason why sin.~' — - — and 

cos.~* — - — prove to be impossible for all values off. 

For further details on this curious and interesting sul^ect. 
La Croix refers to Euler's Memoir published in the A^ovi 
Commentarii Academue Petrop. which I have not had an 
opportunity of consulting. 

45. Fluents may sometimes be integrated by Division, 

Ex. 1. du = . 

a—x 

x^dx a^djc 

(hi = =, by division. -- x^dx ^axdx —a^dx -\ 

— ar-l-a •' o— jt 

X^ O/X*^ 

.\tt.= a«,r — aH{a — x). 

x^dx 

Generally, if dtf = where^ is a positive integer, the 

X "Y a 

series will always terminate, and the fluent may be integrated ; 
and when the denominator is a: -f- o, the signs of the terms 
will be alternately -I- and — . 
_ ^ , a^dx 

^'- ^- '^^ = JT3?- 

By division, 
du= -^1 a^-^dx-^ ^xT^^dx -H ^a^^^'^dx — &c. ^ 
VOL. I. F ' 
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This series will not terminate unless p + 1 is a posidve 
multiple of n, in which case du may be always reduced to 

07"" 'da? 
the form of/* — rr-i. 

dx 

Ex. S. du = — r-r- -r ;. 

_ ar-^da: , ,. . . ,, Stadx^-xdx 
du = rva — : — "• => hy division, ar^dx— ^ . ^ ; — r- 



PRAXIS. 



.r^cfcr 0:2 



^ ^x^dx a^ 

3. / =-7r -f flw: + a%x — a). 

^ a^—x^ 2n c ^ 3 

4S. If in a binomial fluent the index of the variable 
withotit the vinculum increased by unity is a positive mul- 
tiple of the index qf the variable under the vinculum^ the in- 
tegration can be effected. 

For let {a 4- bjf')'^x''*'^^dx be the proposed form; first 
suppose m to be a positive integer, then the binomial may 
be expanded in finite terms, each of which can be integrated, 
whatever be the value of r ; but if m is not a positive in- 

] 

teger, substitute^ = a + bx^ .\ af* = -T"(y. — a) •*• 

1 1 

^^= -y(V - «y •'• ^"^^'dx^^^iy^ay-'dy .\ 
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1 









7i6^\f?H-r m+r-1 "*" 1.2(m + r-2) **"/* 

Since r is a positive integer, the series arising from the 
expansion of (y — a)*^^ will terminate, and the fliient there- 
fore can be integrated whatever be the values of m and n. 

In the case in which m is a negative integer equal to or 
less than r, one of the terms of the series will be a logarithm, 
and the fluent cannot be obtained in algebraick terms. 

Cor. 1. du may be put under the form 

(fljr^4-5)*"^<"»+*'^'*~*dF, and if this be transformed as in the 
article, it will appear that du may likewise be integrated 
when the sum of m and r make up a negative integer. 

Cor. 2. If r is a negative integer, or if ?» + r is a positive 
integer^ in either case the fluent is integrable by a method 
which will be given in art. 55. 

Cor. 3. If all the preceding conditions of integrability 
fail, the binomial may be expanded in an infinite series; 
and if it converges, an approximation may be made to the 
value of the fluent 

xdx 
Ex. 1. du = :. 



{a-\-xY 
Here r = 2 and M = j.(a + xY{2x - 4a). 



Ex.2. 


du = 


J?*" ^CLX 


^/a -h hx^ 


• 


'. tt = 


(a + hxy^ 


Ex.^. 


du = 


a?dx 



X (ei^or*" - 8abx^ -f I6fl«). 



f2 
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Here r = 4 and w = — 3, and u = a? — a + 3aZ(a? —a) 
3a» a' 



;F-a 2.(a?— a)* 



Ex. 4. fltt = -g • 

Here m + r,= - 2, and m = Tdb^ 

Ex. 5. du =ia- 6ar«)^ . jr-T"^Ar 



^ 



(a-6a*)* .(30a« + ^iabx" + 166%*"). 






PRAXIS. 






««ar 



2. y _^^f^=:/-5.^^, where m + r =- 4. 



3 

105a*V 



iC* •lAK«3/«'a 



4. Jx^dx yfa -\- X 

47. There are other substitidions which frequently ftuili- 
tote the integration. 

X (IX 

Ex. 1. du = -- I, n • 

a +^ 

Substitute a* = 6^ and x" = 3/* /. ^ ^^ = ~% •'. 
A. . ^ — £1— ,«. t^ = — --tan. "if* 
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= Atan-- • (^)f (18 form (3) ). 



Ea. % du = 



X dx 



2 (b/ 
By the same substitutions, du = — • .^ ^ .*. 



n n 



(17 form (8) ) M = -r-/ . ^=: — —I . — -, 



Ex. 8. du = 



X dx 



^cr-^x 



Here €?« = — . ^^ .-. (17 form (1) ) 



«r dx * 
jEj?. 4. dtt = — - 

Herecb = ^ — 



2 y 

.-. u = — sin.""^ . -^ . = &C. (18 form (1) ). 



Ex. 5. du = 



n ' ' b 

dx 
aa^d:bX'\-e 



du = — X r ; substitute y = x + -zr- 

a c ^ "^ 2a 

x^± — X + — 
a a 

b c . c A« ^ . 4ac-6« 

*\jfi-\- — X H = V H T-o = V^ + ■ . o =» by 

- a a ^ a 4a«'^' 4a* '-^ 

substitution, i/* ±Jc^ according as the roots of the equation 
ax^ ± A^ + c a are impossiUe or possible : whence 

du= — • -^?Y^> which is either a tangential or a loga- 
rithmick form. 
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-.dy 
Substitute y = x* .-.du = ^ gH-fa/4- ' ^^^^^ ^* integrated 
in the preceding example. 

Ex. 7. du = — — 

^ax^±-ox-\-c 

Substitute y:=.x±'x-.\du = —=x —====, where 

Ar* = ' .^ ' 9 which are elementary forms. 

'X**^^dx 
Ex. 8. du = 



Substitute y = x* .'.du= , —. , which has been 

•^ ^/ay^+i^ + e 

integrated. 

x'^dx 
Ex.9.du^^^f^^^^. 

Substitute y = a:± ^ .'. du = — ^STHi* ' *"^ *^^ 

is a positive integer, the expansion dl\y T —J will ter- 

minate, and each term may be integrated by division. . 

x^dx 

Ex. 10. du = ^.^^l^^n^ - c - 

*±1 - 1 2±L-i 

Substitute y = x» .". a>P+»=y « ••. ofidx ^ —y "" 4y» 

1 d2-i, 

.*. du = — s — ; ^ which can be integrated when — - is 

flj/^+fty + c ^ w 

a positive integer. 

ax^^dx + ^x^*"'^dx + yaH»»-»cir -f- ^ i:*"-'^ 

JEfU7. 11. du = / I JL « I 9n\n """"""^ 



• 



r 
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may be integrated by the same method as the preceding ex- 
ample ; the trinomial being reduce^ to a binomial by taking 
away its second term (Alg. 384). 

ctxdx-\-bdx 
Ex. 12. du = -r ; — . 

Substitute^ =:a:--^ •'•^=J/+"o" ^^^ dx =^ dy .•. 
i^ J'y^y^^if ^ where r= ^ + 6 and *« = g- ^, 

••«'=-|'%* ± *^) + ^f'lp^^* * tangential or a loga- 

rithmick form according as the roots of the equation 
x^ — px -{- q = o are impossible or possible. 

dx 
Ex* 13. du = : . V 

Substitute y=v/ a 4- ^—\/aM^.*- a« 4 ^^ = (a + x)« 
- %«.(a -i- ^) + y* .-. = ^ax — 2ay - ary« + y* 

2(y«-a) ^ ^ (y*-a)« 

=y^y -^ (y9^a)2 ••• dw = % -^ (i^^^* '''' can be m. 

tegrated by the method of indeterminate coefficients which 
will be given in art. 55. 



PBAXIS. 



, ^ xdx . , a?^ 

1. / ■ = isin.*"'-^. 



;r^a; 



2. /•—==:=/>•««+ -•^4-a*. 
« ^ «diF 1 , «* 

^ x dx _ 1 j X^—a' 

*/ mW /,« » n « 

fwr x^ + a* 
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^-1 



6>/ 1= 7.cos.-^f — F 



"^a—bx* nb 

^ ^ dx 1 .{JoTbx^-^/aY , . • , 

7. / = I. T-' which, when a 

x*/a^bx^ na^ 

is negative, contains V— 1. 

^ x^dx 2 . ^ / bx^\i 

9./ — =— -sm.-^ \—r- ) • 

x/a—bx^ 35T \ « / 

,_ ^axdx-\-bdx „ . ac + 6 

11./—; ^TT— = a/(a:— c) . 

^ (a:— c)« ^ ' x—c 

axdx-Sax^dx^ 3ax^+a 






%adx 2 (A/fl^-f-^^— «^)^ 

da? V^l + a?^— 1 
16./ — =^===4/.—=-^^ ^. 

48. W^ftf/i ^A^ variables without the radical are prvrtr- 
dpally in the denomvnator^ we sJiould suistittUe Jbr some 
function of their reciprocals. 

X'^dx 

Substitute «/ = — .*. dw = JC . — r, which is of the 
^ X a±by-{^cyr 

same form as 47. Ex. 9. 
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dx 



Ex. 2. da ;= 



x.(a« f a?*)' 



Substitute y =. 1 ... d« = -—^ = ^ 

^, . ^ dx,(a^+x^) ^. xdx 

X x.{a^+x^) a^^x^ 

Ex. 3. du = 



Substitute y = — .-. ^dy ^— .•. Jm = "^ ^ 

=^;i+T =' by division, _^ + ^^^j~ = __ 
^^y -y 1 



y*+.« 



a" 



— 1 \ a 

-—- +— vtan"* — 
a^x or X 



dx dxAa^-\-x^) , dx 

Otherwise. — = „ ' , ./ = a^dw + tt—o •'• &c. 

iir. 4. du = 



ofi^a^-^-aP- 



a^ '-^tsdv ;. 

Substitute v = — /• du = — ^ ' /. w = — Va^+ y^ 



-a^/a^-^x^ 



X 

xdx 



Ex. 5. du = 



(a + x)^ \^a^ + «ar +• ^r^ 
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Substitute y = -^^ .-. du = ^^^^t^Lj. which may 

be reduced as Art. 47. Ex. 7. 

(1 -^2) dx 



Ex. 6. dw = 



(1 -a^)da 






Substitute y 
y -« Ltf! ; also y2 - 2 = — + a?2 ; tence we have u 



= r — ■■ ^"^y = (17 form 6)-^ 



1 

y 1 ^ ^ 



-1 



When a is less than 2, w = ^3^ arc. rad. = ^/2 — a. 

1 „ y _ ^ 

PRAXIS. 



sec.~^ — ' _ '■'^ ' 



da? _ 2 /a + x 



X ^ax-^-s^ 



dx ,, v-i^ 1 . 2-Vl -^ 
dx _ r Sa + ^ ][_ ; «-f*r \ 
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4 r ^ 

6./ — ^=^ 1 

(ar -a)« ^a^ ~ ** l may be reduced to the fonn 47 

dx \ Ex.7. 

6./ 

7. / ^ - ^ ^J^, (a + x)W 
ir.(a+a;)* a{a + x)^ cP x^ 

dx _ 1 /2a — a? 1 ia-^x^k 



49. If more radicals orJhcUyrs than one enter into the 
expressions svbstitutejbr mat radical which wiU render the 
fyrm the simplest possible. 

Ex. \. du^ ■ . . 



(l-hxF-(l+j?)^ 
Substitute y^=l+j .•. jrssy^— 1, and dx=6y^dy .*. xdx 

=6y'dy (/-I), and (1 + ^)^-(l 4- x)^ = y« - y .% du 
= - 6y^rfy, ^_ = (by division) - 6y%Jy + y* + y' 

, xdx\/b^ + x^ 
Ex. 2. aw = . 

Vcf^—x^ 



Substitute y= V^— a:* •'• a^^c^^t^ and ard!ff= —ydy .'• 



^—dy ^a^—y\ where fl^=ft*+c^, which will be shown 
to be a circular area form, Ch. 9. 

Ex. 3. du = — \ f . 
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Substitute y=(2^-l)*« .'.jT = 2a?»- 1 - JT*""' dy = 
x»-id^; alsoar»=^^-^, and 1~^'=- / •'• ^m = 

cte 

Ex. 4. du = r* 

(l-d?)".(2a"-l)'2^ 

1 

/g^ \\ 2n j^^^*dy 

Substitute^= ^^ — and there results du^yZy^* 

dx 
Ex, 6. dw = 



Substitute^ = (a?-l)^ .•.y^=x-l .'. ^ + l=y^ + 2 ••. 



t£ 



=-(>+^-*)*=-e^iy- 



PUAXIS. 



s^^'-^dx 
2./- 



(a^+a»)(a?« + ft'»y 



If a be less than 6, the fluent is a logarithm. 

60. If two radicals or factors enter into the expression^ 
and the variable in ea^ch has the same exponent^ and is of 
the form of the, fiueid of the part withotU^ it is sometimes 
itseful to svbstUvjtefor the quotient of the factors. 
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Ex. 1. du = 



Substitute y = ^^ • - ^ . -.j ^ _ ^ - « 



i .\ anj''Oy= x—a and a: = -^^^ r 

07 — 6 *7 ;f J/— 1 

. . a:'-a= -- — ^ and a? — 6 = =- ; also dx = — ^ 

can be expanded and integrated. 
£r. 2. d« = f!^ - 

Substitute y = ^±4 ... .3 = ^^S^' ,. 

(l+y)2 ••««- 3(a3-f63) ••*'^ a' ^ js 
1 a/^T^ 

-Ear. 3. rfw = 



(1 - aa?2) vl — ^- 



... 1 - ^2 = ^^"" 7 and l-a^ = ^J" . . Also 
^y2 — 1 ay2 __ 1 

■: ;; j- / - — r — j- = == • — , which 18 a lo- 
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garithmick or a circular form according as a is greater or less 

than 1. 

ocdx a?a*F 
Ex. 4. du 1 = 7 i* 

Substitute y = (^Z^f •** "^^^ *" "^'^^ = «« 4- ^ .% 
^^"•V^ /' ^., ^2^ ^« -:_-£- anda«-a72=-^; and 

^«^ - (y2+i)2\ 2a2y2 J '\Qa^ J ^'^ • • 

JBar. 6. aw = * 

(1 -^) a/1 + ar* 

Substitute 3^ = j-^^ a y-y«^ = 1 + a^ .-. a:« = ^^ 
and 1 +x*=l +^^^^, - ^-(^^Tl?- 

Au„«=(|z.;y....=^_i>y.^... 

PRAXIS. 

dor 1 f fZ* 4- /^Zf 1 



• • • • 
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Examples 2, 3, 4, 7, 8, of Praxis 48 may be integrated 
by this method. 

51. The foUowirig examples are to be integrated hy par- 
iiadar arises of calculation, 

„ , , x^dx xdx 

Ex, 1. du = 



^/2a — X \^2ax—j^ 
adx adx — xdx 



X 



du = — — === .*. u^avs,"^ — — ^2ad?-J?*, 

V^x — x^ V^x —aP' « 



Ex, 2. du = rf;r>v/a2-f ir«. 

Multiply and divide by x s/c^-^x?- .*. 

o^xdx-^x^dx ^{a'^xdx -^ 2x^dx) \€fixdx 

du = . ■■ ■' =>' ' .... 4. — 3-5— 5^5— ;5t 



2 



£?ar 



Ex. '6. du- — .^^-^aP. 



X 



Multiply the numerator and the denominator by V«^ + ^S 

af^dx a^dx xdx a,ar^dx 

.'. du = ■ H -^ = h 






.-. (117 (7) ) M = A/a2 4- 4?2 + aZ. 



ax 



= ^/a« -h a?* 4- a/. 



Ex. 4. du^—\. ^a^ -f ^*- 
dx a^dx 






ft 



v^a*+ X 



^ + a»5r-»da7(a«a:-«-f 1) 
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CHAP. II. 



.•• u=^l (07+ Va*+^*)-(fl*^** + ^y 



=zl{x+ v'a^-fo?*)- 



\/a* + ^* 



X 



u = /— i v'a* — JP^ contains a circular form. 



PRAXIS. 






+ Z, ^/x + yTTl^ - i sin.-^o:. 
62. Integration by parts^ or the method of Continuation^ 

Since d.xy = j^do? + xdy, therefore fydx = xy —fxdy. 

X dx xdy , ^ 
In the same manner, since d. — = — -^, therefore 

y y y 

^xdy _ ^dx _ x^ 

•^ j^ " y y* 

These formulae, particularly the first, frequently enable 
us to reduce the fluxion by successive integrations to a 
simpler form; hence this method is sometimes called the 
method of Continuation or of Reduction. 

A more general formula of reduction isJ*xYdx = xjrdx 
—fdmfxdx^ where x and y are any functions whatever of o*. 

63. In addition to the elementary forms which have been 
already investigated, Articles 17 and 18, we shall assume 
those which will be demonstrated in Ch. 9; viz. that 

(l.)yary^2ao7-07» = cir. area, rad. = at, v.s, = x. 

(2.) J3x ^/ air — x^ — cir, area, rad. = fl, distance from 

centre = x. 

(3.) fdx s^9iax H- a:* = rectangular hyperbolick area, 4^ axis 

= a and abscissa = x. 
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(4.) fix v^x* — a* = the same area, if the abscissa is reck- 
oned from the centre. 

54. Ex. 1. du = ■ 

i 

xdx - ■ I 

Let du = X. .-. w= X. ^ofi -f a« -Jdx ^oi^-^a^ \ 

Is/ 3^ + C(^ i 



= XA/^2-|-a«-/ 



= ;r>/^* + a2-M— y* 



a^dx 



>v/.r*+a« 



which reduces the intecration of ■ to that of 

da: 
y — , which is a known form. 

Let r — " = A, and we have 



iu=:x >v/a?* + a* — a*A, and taking a* either positive or nega- 



tive,/— %==r = 4^ a? -v/ X* ± a* -f ^ A, where a =/ * '^^ ■ 



Let the result be / — === = b. 



A/a*-cr» 



xdx .. 

which is a circular area form (Ch. 9) : or it maybe reduced 
toadrcular arc form; for 

a*dx — x^dx 



tf = — . ^ ^a*—x* 4- y 



'• — /*•• 



2m = — a: ^a^—x? + y 



a^dx 



VOL. I. 
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a.ndu = - i a'^/o*-j^+ -|- a, where a = sin.-' — • 

Let the result be/ . = b, so that the general 

<v/a*— IT* 

form may be/-;^== 
JEj7. 3. du = — ==i- 



= B. 












a^dx 
Ex. ^. du — 



y^a* — x^ 



S 



x^dx 
Let / ■- = c. 






.-. 4tt = it* >v/^*+fl* — 3»*B. 



(-2 T-V 



• f/ as ■ — 
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Ex- 6. du = 






= - ^' Va^-ar* + 3a«/ . - 3m 

3a2 

4 

3a« a« 

= -- ia:3 Va*-J7« + __ (« ^^ Va«-ar2+ —a) 

V^±a« 
similarly — % — — .... — ===, where p 

is a positive integer may be integrated by continued re- 
duction. 



56. Ex. 1. du = dx a/^?* ± a*. 



Multiply and divide by Vs^-k-a% and we have 

x^dx a^dx 

du = — — -h — ■■ ; hence by the precedins: *r- 

Vx'^+a^ A/a:«4-a« J r 5 

tide (Ex. 1.) 



a« 



li = \W A/a7* + a* ;;- A + a*A 

2 2 



a»A 



^\:XVx^^a^+^. 

Also yda: y/cfl—a^ is a known form. 
Let/da: JW±^ = a' 
£a;. 2. dn = ir»da? JoF±c?. 

x.{af^^a^)^ ^{x^^a^)^ . 
u^ g^ "f—l dx 
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3 

" 8 ¥ "8" 

xAaf^ + a«)^ a«A' 
•••^ = 4 4- 

Ex. 3. Jm = x^dxVa^—x'^. 



x.(a^ - a:«)^ ^ (a* - ^r^) 
u=: -g + / 3— 



3 
dx 



3 
_ a<fl^ — j?^)^ a* a' _^ ji^ 

4 4 

Let fx^dx V^* ± a* = b' 
E^. 4. rfu = x^dx Vx'^ ± a\ 

x'( x^-\-a^)^ ^ (£+fl«)J 
^ 8 ^* 5 

I- / x'^ 2a* \ 

= ^'' + «'> (t-it) 

Or fa^dx^x^ ± a« = (a?« ± a^Y f -y T -jg- ]• 
Ex. 5. dii = a^dxVa^-^oi^' 

3_ 

« = - ^^-^ ^ + ^/{a^ - af'Yxdx 



8 



3 5 



- 8 ^ 6 



CHAP. If. BY THE METHOD OF CONTINUATION. 85 



Ij^ifx^dx ^/x« ± a« = a 



Ex. 6. du = aH^dx ^/i?^ ± a\ 
tt = — ^—^ /(«« + a«)^x«d«r 

tt = ^—5 ^ M — a'fi' 



3 



^ /x(x^ + g^)"^ tfV\ 



Orfx^dx >v/.r»±a^ = (;r* ± a«)^ ^-g- + -^J + -|- a'. 

EiT. 7. du ^ X *dj?\/i»2— a7«, 
It may be shown that 






3 
3 3 



"" 6 "^ 2 \ 4 ■*" T/ 

= -(«'-'') U^X) + -8- 

And ihusj'x'^dx^x^ ± a^ may be reduced in the same 

x^dx , . ... 

manner asy* — , provided that^ is a positive integer.. 

^ X Jm ol 

The results a, b, c, Sic.^ and a'« b', c^, &c. show that 
when the index p is odd, the fluent may be obtained in 
Algebraick terms ; but that when it is even, the integration 
depends upon the quadrature of the circle or of the nyper- 
bola. 

When p is odd the forms are integraUe by the method 
of Art. 46. 

stpdx 
66. All fuenU of the Jbmn f — i cmd 

Jsfida v^a?^±Saa?,. where p is u positive integer, may be 
reduced to the above forms. 
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For substitute y = a; ± a, and the forms are reduced to 



ar 



- Ay rt aYdy , ^, . v -^r-^ — -« , i.i . 

f ^ — - andy (y ± ay \/y ±a* ay, which, since ^ is 

a positive integer, will terminate when expanded, and each 
term may be integrated as in the preceding articles. 

57. Integral Tables. 

Meyer Hirsch, a German mathematician, has published 
a collection of Tables, in which are registered those Integral 
Formulas which occur the most frequently in calculation. 
This work, which has been lately translated, is doubtless a 
useful book of reference, but yet the student should not 
rest satisfied with a knowledge of the methods of Inte- 
gration, but should be able himself to integrate the Formulae 
without referring to the tables. 

In these tables, at pages 119 and 130 (English transla- 

x^dx , 

tion) / — axidj^x^dv ^x^±a'^ are calculated from 

^/x^-±a^ 

p = 1 to p = 11 or 12 ; and it is obvious that if all of the 
first form nad been alone calculated, they would have en- 
abled us to integrate the latter form, which is the same as 

^ x^-^^dx ^ xPdx 

f + a^r — ■ - . 

^/a;'' ± a^ " Vx' ± a^ - 

68. The process of reducing du to the forms . . . dc, Jb, 
cZa is, in general, rendered more simple by assuming certain 
rectangles . . . p, q, &, such that dv may contain du and Jc, 
do, may contain dc and ds, and Jr may contain ds and Ja. 

The rules for the assumption of the rectangles will be 
given in the second volume ; but we shall show the method 
by applying it to the forms of Articles 54 and 65, when p 
is a negative integer. 

Ex. 1. Requiredy* . „. : , , where a and b may be 

X v fit ~t~ OX 

either positive or negative. 

dx 
Let ^A = 



dB = 



dc :=: 



Va + bx'^ 
dx 



x^ ^a + baf^ 
dx 



on^Va-^bx- 



Assume p z:ar^ Va + ia?* .•. 



= - Sac—SidB 
p 2bB 






Sa Sa 
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Assume a = a:""' Va+baf^ .-. 

do, = ~^ — + bdx 



0, — Va-hbxf^ 

n — adh /. B = = — 

a ax 



» • • 



C = :;; — :: 1-- — STTI = V^+a 



^\ Sax^^Sa^x/ 



The value of b might have been obtained from Art. 13. 
Ex.2. Required y 

dx 



dx 
x^ Va + ftjT* 



= c. 



Let (fA= 



dB = 



dx 



x^y/a -^ bx'- 



Assume v:=.xr^^/a+bx^ .•. 



—^x^a-^-ba^ , , 

rfp = z h odu 

x^ 

=: - 4jrfc— 8Wb 

-p 3iB 



.-. c = 



4a 



4a 



Assume a == ar^ Va + 6ar* /. 



rfa = ■ -z + bdA 

x^ 

QL bK- 



/. c = ; — I 4- 



4ajr* 



8a 



3 



- + -:r-T- A. 



= ^a-{^bx^ 



\ 4a. 



+ 



36 



4aj?* 8a*^^ 



) 



+ 



8a* 
8a« "^^ 



cfar 



dx 



which reduces/-— ---======== toy* — > 

known transcendental form. 

Ex\ 8. Required far^dx Va^-bx^ zz c 
Let dA=dx Va+bx^ 



which is a 



dB =zx^^dx A/a + 6x* 



Assume p =:ar-».(a 4- bx^) 



X* 



= --Sadc .•. CSS 



(a+Jx*y 

• • 

8aar» 
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Ex. 4. Required /ar-*rfa?V'« + 6ir* = u* 

bdx 



Assunfe p= JP"*v^a +6j?* .•. rfp =s — 4dM 4- 



jr^Va + fcr* 



^dxy/a^-bx'^ ^ bdx 



Assume q=^** A/«+i^.". rfa= -i H — r — 

—Zadx bdx 



x^A/a + bx^ xVa-^bx^ 



^ dx ^ ^/a-hbx'^ b dx 



Va+bx^ b^oTb^ 6* ^ dor 



= — //a 



4x* 8ajr« 8a •^ a: Va + 6** 






8a *^ x^a + bx^ 
x^dx 



^» 



By idmilar assumptionsy* — === and fsPdx a/ a + bx^ 

where ^ is an integer, either positive or negative, may 
always be reduced and integrated. 

It may be observed, that by these assumptions p is in- 
creased or diminished each time by 2. By proper assump- 
tions, in all cases of a binomial fluent, the index of x without 
the vinculum may be increased or diminished by its index 
under the vinculum. 

doa 

dx 4sd?*d!lr 

da;— 3**</ar — 3(ar« + l)dr 4dr 



•'•"-4 ■'"^•^(««+l)«" 

- . ,, . , da? 2x*dx dx—a^dx 
Assume a=x(x« + l^^^da=J;^-p^,=■^JJ:p^ 

, j; So: 

*»*"** " = 4(^+'l)«-^ 8(^+1) + rtan-'^. 
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PRAXIS. 

1. f z^x^-^dx where dz zz (a + fta?")* dx. 
xdx — 2jj — 4a 

^/a + X o 

59. 7%^ method of Indetermmate Coefficients. 

This method is to be used when the fluent is a rational 
fraction. The denominator of the fraction is to be treated 
as an equation, and its roots or factors are to be ascertained 
from the theory of equations; indeterminate coefiicients of 
the factors are then assumed, which are to be determined 
from the conditions of the question, and the fluent is de- 
composed into others of a simpler form. 

„ 2adx 

Ex, 1. du = — ; ". 

fli — a?^ 

fl^— ar* = when decomposed is (a+j?) (a— a:)=0; assume 

, ^ 2a A B (A + B)fl — (a — b)j: 

therefore— - = — — + = ^ ^ \ V ^ .• 

dx 
A + B = 2 and a— b = .*. a = 1 and b = 1, or rftt = 



a . 



,dx a+x 

+ , and M = / . 

a—x* a—x 

dx 
Ex. 2. du ^ 



a + X 



x^'-Bx+e' 
.^-.5^^6=0=(.;-3)(^-2); assume ^^-J^-j^=-A^ 

+^=Wz5^----^ + B=0and2A + 8B=-l 

.'. B=— 1 and A= +1 .\du = 5 ^andus=t- — ^> 

x—o x^x x—2 

««-6^ + 8=0=(a:-2) (^— 4); assume 



• • • 



= ~^ + ^^ = (A+ b)*- (4a + 2b) .'. a + b = 3 and 
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4a + 2b =s 5 .'. by elimination, » = t ^"^ a = — i .*, 

du = — ^H r •'• w=7. Z<v/a:— 4— /-v/^— 2- 

a:—» a:— 4 ^ 

£d7. 4. rfi* = —z r-dr. 

o*a? — or 

a«j?— a?'=0.— a?(a- a:) (a+a?); assume— ^ — '""Is = J" 

B C Aa^ — A«* + BflM? + BJT^+CflWr— c«* 

H — : — = 2 z .*. Afl* = a* 



orA=a; — a+b— c=6 or B~c = 6 + a; andBa + ca = 

or b +c=0, whence b = and c = ^ ; and by 

- . . i_ • «^ «+6 ^ a-\-b dx 
substitution, we have ffw= h 



X 2 a — x 2 a+x 



.-. u^alx'-ia+b) IVa^-x^. 

xdx 



Ex. 6. du = 



j?« + 4aa?— ^2' 



a?«+4aj;-62=0 = (jr + 2a-f A/4a2 + />«) (x4-2a- v'4a«4-ft«) 



= , by substitution, (.t+k) (j: + l); assume 



x 



a?2 + 4oa?— i* 



A b (A+B)a: + AL-f bk 

+ — — = — . v>. V .*. A-f b=1 and al + 



x-\-K a?+L (jr+K)(jj-|-L) 
bk =0, .-. A= and b = .•. u = lix + %) 

I (a? + L), in which k and l are to be replaced by 



K— L 



their values, 9>a+ V4^^+i^ and 2a— ^^a'^J^b^. 

It will be shown in the second volume that every rational 
fraction may be integrated either algebraically or by re- 
ducing it to a transcendental form. 

60. The assumptions of the preceding article will always 
enable us to integrate a rational fluent, provided that the 
roots of the equation are unequal and real. If the equation 
contains either equal or imaginary roots, these assumptions 
fail to answer the purpose, and others must be adopted. 

First, suppose all the roots unequal and real, and let 

(va? + Q** + EOT 4- s)(/a? 

dw = 7^ w rw w jf^j ^hen if we assume . . . 

[x —a) (a:— 6) (a? - c) (ar— rf>' 
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P:r' + oar* -f &^ + 8 A B C 



(ar-a)(ar-i) (x^-c) {x-d)''x-a'^ {x -by (x - c) 
J~j9 and, reducing the fractions to a common denomi- 
nator, equate like terms, it is manifest that we shall have as 
many equations as there are indeterminate coefficients, and 
the fluent may be integrated. , 

But if we suppose that two of the roots are equal, or that 

, (fx^ + ax^ + rx ^ s)dx . • , 

«w = -z rr- r-p ^--~, and make the same assump* 

{x-^ay (x-c) (X'-d) '^ 

. , ^ , Tx^ + nx^ + KX + s A-f B . 
tions as petore, we have -, tt-, r--; rr = h 

—^ T -J, from which we can obtain only three equa^ 

tions, and consequently the coefficients cannot be deter- 
mined. (Alg. 145.) 

If three or more roots are equal, the number of inde- 
pendent equations will be still further diminished. These 
results show that the proposed iraction cannot be analyti- 
cally expressed under the required form, and we must look 
out for some other form that will enable us to effect the in- 
tegration. 

Now when two roots are equal, if we assume 

Vx^ -f Qo:^ -f-Rar-l-s a + bo; c d . , 

:j\=7 cH 1- 19 and reduce 

\jp-'aY(x-'C){x—a) {^ — ap jp—c x — d 

these fractions as before, it is obvious that we shall have 
four independent equations, and that the coefficients may be 
determined. But we shall now have to integrate a fluent 

(a 4" 'Bx)dx 
of the form -7 rz- : for which purpose assume 

A + B^ a' a'' a' — A"a^-A".r ,., , 

+ = — 7 — , which determines 



jJ and A^ in terms of a and b, and consequently shows that 

we may assume du ^ < r- -\ 1 1- 3 > d^, 

•^ ({a — ay x-^a * a»—c x--d} 

all of which are of the logarithmick form, except the first, 
which can be integrated by Rule 1. 

Next let three roots be equal. 

. VJf^ -{- QJg^ + RX +s A -f B^ + cr'\ D ^ 
Assume 7 r^z -r — = z r;j , from 
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which, as before, the coefficients may be determined, and 
we shall have to inteerate ; rr • 

A -f BO? -f C^« a' a" a'" 
Assume ^ r^; = ; r-, + 7 r-H 

A'-flA"+a2A'^+(A''-2aA"')4f + a'"^ 

z;:z '■ III I ■ • ■ ' > 

from which a', a", a'" may be found in terms of a, b, and c» 

a' a" 
and consequently du may be assumed = 7 r? + 7 r^ 

jc — a x—ff 

It is evident that the same method may be applied to any 
number of equal roots. 

If the equation contains more than one equal root, similar 
assumptions must be made for each of them. 

dx 
Thus, if dtt = ^^,i).(^^i)3 > assume 

1 ^A_ jv/_ B lal B^ 

(a?-I)^ (a: + l)»~(x-l)*"*"ar- 1 '^(ar-.l)»'^(j:-l)»"^ar-l* 

We have supposed the exponent of x in the numerator to 
be less by unity than its exponent in the denominator. If 
it should be greater, the fluent may always be reduced to 
this assumed form bv division, and the monomials integrated 
by the preceding rules. 

Thus f^^ du =f.\.d. + bd. +L-^_i_| 

61. Next suppose that the denominator contains imagi' 
nary roots. 

It is shown in the Algebra, Art. ^7, that imaginary 

roots enter equations by pairs. If ± g + j3 >/ — 1 is one 
root, its conjugate is ± a — j3 V — 1, and consequently 
the product of two conjugate factors takes the form of 
afi + 2aa? + a* + ^\ which = (a? q: a)* + i3«. 

^^^ "" "" (or -a) (ar2 + 2aar -h a« -h /S^) * 

P^ + Qjr 4- » A Ma?4-N 
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from which we obtain three independent equations for de- 
termining A, M^ and N, and the integration of du is in con- 

j J /. (m« + N)rfx 
sequence reduced to / ; , - — r-. 

are transcendental forms ; whence 



N— Ma ,a:+a 



tt = Al(x — a) 4- mZ >v/(^ + «)« + j3« + -^ — tan ~^ —^ 
If there are more than one pair of conjugate roots, we 

du A Mor+N . m'ot + n' „ 

must assume j-= +7—; — xS"rs:+/ — : — rrTT;+ &c., 

and having determined the coefficients a^ m, m', &c. n, vfj 
&c, each term may be integrated as before. 

If there are e^ml conjugate roots, and their number be p, 
we must assume 

which reduces the integration of </ti to one of the form 
fji \2 — Si^' which by substitution, = mJ* ^ ^f 



+ (n — M«)y , g if/aa\ji > o^ which the first is a If nown form, 

and the second may be reduced by the method of continua- 

dy 
tion to y a<^ * tangential form. 



PRAXIS. 



1 r^^fl—^iJL^ 



due \ 

. - ^« /(j-g) /(ar-ft) 

•^ (a:-o)(x-i)(*-c) (a-6)(o-c)"*"(a-6) (c-6) 
Z(j;— c) 
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/it* 

aH(x + a) aH(x — a) 

ija'^bx)dx a + b,. ,^ + 6, 



+ — =r-tan.-* — =-. 

xdx \ 1 

1 , X 

+ 7r-tan.~' — . 
2a a 

Jix^+9a^-\-^x^+S)dx 7a:»-ar2+9j:'-4 16 
l^./^_ar*+ar»+6T«-6x+6~7x61 A3 +'^''" / 

92 w ,v *V3 ,ar-l 
+ gjtan.-(x-l)-gj-tan.->— =-. 

Leybourn's Math. Rep. vol. j. p. 74. 

62. IntegrtUion by Infinite Series. 

If the proposed fluent is not integrable by substitution, as 
in Art. 29, nor by either of the methods of continuation 
and of indeterminate coefficients, and if it cannot be reduced 
to a known form by any artifice of calculation, it may always 
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be expanded into an infinite series, each term of which may 
be integrated. 

The developement of a function into a series is also of great 
importance in other branches of the subject. The 
object, in the developeme&t, i» to obtain series which will 
converge, wkb tiie greatest rapidity. If a larke integral 
trine IS to be assi^ed to the variable, we shall require a 
descending series; if it is to be a small fraction^ an asemd- 
ing series; andinestber cnewe 11117 obtain ^'^ approximate 
vjuue of tbe fluent. 

It may be observed in this place^ that when the series 
does not terminate, the symbol =, which connects the 
fiiBction and its developement, does not necessarily repre- 
sent numerical equality ; for if the series does not converge, 
it is the symbol of a quantity of which the mind can form 
no precise idea, and even if it does converge, it may only 
represent an approximate value. In these cases, all that 
the symbol = aenotes, is, that the two functions are con- 
vertible into each other by division, evolution, or some 
other analytical process. Vid. Woodhouse's " Principles of 
Analytical Calculation,'* p. 3. 

63. Transcendental Fluents. 

These are, in general, to be integrated by the same 
methods as the algebraick. By transformation they may 
always be converted into algebraick fluents; but it fre- 
quently requires great analytical skill to reduce them to 
elementary forms. 

When the fluent is partly algebraick and partly trans- 
cendental, integration by parts will almost always be found 
to be the method which should be adopted. 

In all cases, they, as well as algebraick fluents, may 
be expanded into series, and an approximate value may he 
obtained. 

64. Exponential and Logarithfnick Fluents. 

Ex. 1. dtt = 3?a*dx. 
Integrating by parts, 

la •^ la 
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al'x^ Scfa^ 2.3 



la la* 



+ 



2.D r xaf a' i 






It is evident that the fovxxkjjif'a'dx^ where n is a positive 
integer, may be reduced and integrated by t|)^ same me- 
thod. 

Q*dx 

Ex, % du — —r- = ar^a'dx. 



LetdA=«?~Vdr 
dB^ar^(fdx 



Assume p=a:~'a* .-. 

p la 
dp=s -^du-^ladB .*. **="""o"+'o' '^^ 

Assume a=sir**a' .•. da=s —dB + ladA .'. b= — Q+/a . a. 



•*. w 



— p /a.a /«* —a* /oo* ij* a'dx 



2 2 "*■ 2'^'"2a?»"" 



*-^/ 



2 • 2-- « 

Hence it is manifest that the form Jar^<fdx^ where n 

o^dx 
is an integer, may be reduced toy* , an elementary form 

X 

which has hitherto bafSed the skill of the most eminent 
analysts, and which can be integrated only by develope- 
ment. 

c^dji 
Ex. 3. du = — T- = Qi?€r'dx 



^ac^a' 



/. w= 



la 



+ r%- . ^x'dx 
^ la 



=-fa — foi~to" "'Z^-?^-*^^^! 

—x^cr' Sx'^cr* 8.2 f jg-"* ^g"* ^ > 
"" fo' ""feU la "^l^^S 



la 






^'-h 



3d?* 3.2a: 3.2.1 > 



la^ h^ 



Ex. 4. d^ = 



dx 
afx^' 



JjetdAszW^dx 
dBz=xr-^ar'dx 



Assume p = x~^a^^ .'. dp = — 9du — fade 
_ p fa.c 

•'•''"■ "2 ""¥"• 

Assume Q=jr"^a"^ .*. dQ^^^dc^ladB 



I 
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•\ — c=Q— fo . B. But a similar assumption will not give 

^ , , p to.a /a* 

B in terms of a ; hence we have u = -^H — s" + "5"^ 

/8 SS 28 

These four examples might have been integrated by sub- 
stituting ^ = a'. 

Ex. 5. au = TT"; — ri- 

(l+a?)« 

AssumeP=e'.(l+^r^^rfp=Yq:^-(i+;)i=(^^^ 



.'. US5P = 



1+^* 



> 

. £<r. 6. du =: e^'^xdr. 

Substitute^* =a? /. ^ = a?* and 2y^dy=xdx .*. dt^ = 2€^t/^dj/ 
/. (Ex. 1.) w = a^^'fy — 3y* + 2.Sy - 2.3} 

=2^^{ JT^- 3x4-2.3^^-2.3 }. 
£a:. 7. du ==la^. a^dx. 
_ a?* ^a?* -_ dx 
4 "^ 4 a? 



4 \** « +8.4/' 

hp^dx 
Ex, 8. Jtt = — r-. 

x' 

Assume p=/ar«.ar-* .-. dp= — 2rfw + 2ar*& — 

X 

P P /x^-' . jxr^ dx 

_ lx^.x^ Ix.xr^ x"^ 
2 "" 2 "" 2.2 

VOL. I. H 



I 
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r' c. he I 



=-VJ^-f+o} 



Er. 9. *•=—-,. 

ftdx 
Assume p = te"*.a:"* .*. dv ss^^du" 



dx 
.% M = — hr^.sT^— y\ — 5, which may be integrated by de- 

velopement. 

a-Vx 



Ex. 10. du = vxdx where « = Z . 



a—x 



vs=/(a+ar)-/(a-a7) /. do = — —■!-;-— ;= . . 
^ ^ , a-\-x a— «i? ar^x^ 



vj:* 



■--/"^l-^+Si^} 



JBj?. 11. d« = — .irZ^jr*. 
du^^xdxdix /. fi=r^.-s--y-Tr" • T" 



2 4 

a'dx 



,A ?^ 1 ? 



JEar. 12. du = 



^l + a*^ 



Substitute 3. = a- ... d.= j-Jg===., an algebraick form, 
which may be developed and integrated. 



* It may be necessary to remind the reader that l^x denotes 
the logarithm of the logarithm of *, Ix^ the square of the loga- 
rithm of Xy and l^ the logarithm of the square of <r. 
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Ex. 13. du = dxfdxfdxfdx - - ad inf, 

du = dx.u *\ dx =z — and x = lu and u = e\ 

u 

Ex. 14. du = dxfdxfdx • • • to n terms. 

x^ 
Since — z=,fxdx -ffdxdx, 

x^ af^dx 

TzJ'^^^TJ' -Sf^^dx zzzfffdxdxdx, 

^ ^a?dx a^dxdx 

&c. = &c. 

•^•fdxfdxjdx • • • tow terms = 



1.^.3 . , .ih 



64, Circular arc ^uents. 



1. du = — 



sm.a; 



J dx.sm.x — d.cos.4r , A/l--cos.jr 

sin.^o? 1— cos.«a? ^/\^co&.x 

= / . tan.4^ (Trig. p. 40). 

2. du = .'. 

COStd? 



dxcos.x dsm.x >v/l+sm.«j? /<»• \ 



d[r 
3. dw = -r 



sin.^cos.^ 



^^, . J die sin.a: d.tan.^ 

Otherwise. du= --i =— .-. M=Z.tan,a:. 

008.^07 COS.T tan.^ 

4i. du = -: — T- . 

sm.^x 
Assume^p = sin.a?""^ x x := cot.a? x x 

h2 
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* xdx 
.-. dp = coiadx — ;nr^» 

_cos.xda: . 

6. du = dorsin.'a?. 

dw = sin.«x X — dcos.a? = (cos.^^ - l)dcos.x. 
,\ u = ^os.^x — co8.a:. 
6. du = do: sin.*a:. 

du—— sin.^jrdcos.j 7 =, by substit ution, - dy.(l -y^H 
... du = -dy.(l -y«) ^/l -^2= -dy VI -t^tiy ^/1 -3^" 

Assume p=y .(l-j^)* .'. rfp= -du-Sy'^dy Vl—y\ 



= -T^ir. area, arc = a* — t" • cos.^ sin.^x. 

7. dw = cos,^xsm,^xdx. 

du = — cos.^a? sin.2a:dco6.a;= ~cos.«ar(l — cos.2^)dcos.j:, 

1 5 1 3 

... t^ == — cos.^a? — -grco8.'a;. 

8. du = ar^dir sin.~*a:. 
dw = -5-.sin.-*a: — y^-g-d. sin. 'x 



g .Dill. -/— y g 



3 ^"^ Vl-^* 

Assume p =i»® a/1 -^ ••• dp=ardir v^l - x^ 



x^d: 



Vl—x 



2 



jT^d^ 



.^ w= g "^"a"- (^ + 2) a/1 - ^'. 

P* ** == a:3^^ — ^^ greater than 6). 
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1 1 - 

Substitute v= — rr .•. a + bcos,x=, — and co&.x 

^ o+ocos.df y 

by 



c- 



¥T J 1-1 "dcos.x du 

Hence ax, which = — r , = — ^ 

sin.a7 ^^/-(a^— 62)y2 4-2ay-l 

.'. du = — . ■ which is of the same form 

V-{a^-6-)y«+2ay-l 

as Art. 47. Ex. 7. 

Assume therefore 

2ay 1 6« 

1 -<fe 



\/-± 

V a* — 62 ' 






— — ;; — dz 
1 6 



yi-^ 



V«*-6* A (a'^-h^Yz^' 



.*. U = C OS. 



62 



= -L_ co8.-'P.>'-^>y? 

^ya^-^b^ t b by 

1 C a o*-6« > 

i«— 6« * C b b(a + bcos.x)S 



1 , b+acoBut 

" • " ' ~ ~ cos 4, ■ 

^a^m^b^ * ^ + ft cos.a?' 



I 
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MISCILLANEOUS PRAXIftr 






2-/ 



— =-^- . an. a*. 

Vl + a' 
dxhc 



3. / -=~= «>-- £ / ( VI + «- + !)• 



4. / = ^x\ 

. a?cto<x _ ^a» + ^.(te - 1) - oZ. . 

/•£r» 3^ 3.2ic 3.2.1 •) 

dxlx xlx J _1__ 
'''• J (\-xy~l~x '\-x' 

9.y«Va:, where w=Z(arf V«^ + jr^),=»V-2t;^a» + ^ + 2x. 

11. /da;J(l +x)'=(l +a?)(/(l +a:)'-2Z(l +ar) +2). 
12./ i may be reduced to/ --^r-. 

I 

xV* *"~^ 1 — ** 

dx J?* V •*' 

16./d^//^/2^i:^=-2-«^-'^+(^--l)/(2--4"-3^. 

16. fdx sin.*a? = cir. area, coarc = x. 
n.fdxcos.^x = siiiMT — |sm.3^. 
18./iiccosec. ap = i^tan.iT. 
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19. /. = iw2r. 

. ^ , , sin.^,r sinJx 
20.ysin.*a? cos.^xax = —= =— . 

21.ftanr^xdx = tan -*^.a? - /.(1 4-^)*. 



wdx 






dr . x,%mr^x 



23./ jsin-^a? = -^=:= -f /. Vl - «*. 

24j./tan.-'a?* . ar(ir = 4:tan ->a?«.(a:* + 1) — tan.-*x.a; 
rfa? ^ , 1 + tan.a? 

•^ (1— ar)* 1 — 0? 



l+ar» 



x^ a* 1— a;' 



29./ _ 

I^L > may be developed. 
30./ ii^^ 



^ {a-'xY a^x a 



+ oZ. — 



a— ^ 



88./ ^^!±i . ^ , when « is greater than 2, 
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isec. 



— 1. 



a«-l 



34./ ^ — (fc = - -— + -—^x — -+arff-.6r^ 

l+ajT * 7 5 

I 

dx 



35./ 



a?(l+a?)*(l+a?+a?«) 



? . — ., ■ .^ h (1 +^)"^ =tan."-^ — =-. 

^/3 V3 



dx 



x+\ 
+1. — ^tan-^'j;. 

X * 
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CHAPTER III. 

On finding the Jirsi Fluxions of any Combinaiiofi of 

Ftmctions. 

1. Theor. If u = (k, the general form of a series 
which is the developement of v = f (x + h), where h is 
independent of Xy must Ae u = u + ph + <jh« + rh^ + 4-c., 
where the first term is f x or u, the succeeding terms contain 
the ascending positive a/nd integral powers ofh^ and the 
coefficients p, q, r,.4'C. are functions qfx independent qfh» 

The axiom upon which the demonstration rests is this; 
that y* (ar-f*^) when, expanded possesses . the same general. 
properties as before expansion. 

Hence the first term must be /<r, because one property 
of/(jp + A) is, that when As^O, it becomesyor. 

From the same prindple it follows that the sum of the 
remaining terms is a multiple of h ; where h cannot be 
fractional, for then/ (^+ A) would be infinite when A=0. 

Nor can A be a radical quantity ; for, if possible, let there 

be a term of the form b x AV or b VA"** 

It is evident, that so long as x is indeterminate, there will 
be the same radicals and under the same form iny*(ir+A) 
as m/a? (See Note 1) ; hence /rand/ (a? +^) naust have the 
same number of values, viz. as many as there are units in 
the denominator of the radical exponent (Note 2). If then 

mte\. Ufx=:xif{x + h)=.f(x+h)^; iffx=^x\f(x+h) 
M^+h)^; if/r = 6a^-|-^,/(x+A)=:6.(x +A)*+ L=±, 

,Jx a/X +« 

&c. &c, 

1 I ^ 1 

Note 2. :If/r ==j;S each has two, for i/ a? = ± o?^; iifxszaP' 
each has three, viz. the cube root of ^ x the three cube roots of 
unity. Alg. Part ii. Art. 266. 
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we suppose that there is a tenn of the form b x X/k^ ^ 
./^(^~h^) ^s irrational, and has n different values; hence it 
follows that J^x must also have n different values, and by 



m 



their combination the series yi +i^* + ?^* + • • • + B/i« + 
&c. will have more than n values, or the developed function 
possesses more values than when undeveloped, which is con- 
trary to the axiom (Note 3). 

Assume then v^u-\-Th^v being a function both of x and 
h ; then for the same reason that we may assume u =t^ + pA, 
we may likewise assume p=p + aA, provided that p is the 
value of p when A=0, and consequently a sole function of .r, 
and Q a function both of x and h. Similarly it may be 
assumed that a:=9 + RA, where q^o, when h =0 and r= 
(p{Xy ft) ; 8sc. Hence we have 

u=t^+pA^ therefore u=u+A.{^ + QA}=tt+/?A-f oft* 
p=p + aA =MH-jpft+A®.{y+iiA} 

Q=j+ rA > =w+pA-h5fA«+A'{r+ sA} 

R =r + sA =a+j?A+ jA« +rA^ -1- M^+ &c. 

&c. = &c. J 

In this Theorem the variable x is supposed to be inde- 
terminate : if we assign a particular value to it, it may cause 
a radical to disappear in the function which remains in the 
developement, and consequently the reasoning of this article 

ceases to be applicable* Thus let /i? = ca^ + (.:p + 6) Vx—Of 
then if we suppose x=^a,f(x+n) contains a radical, viz. 
(a + 5) v'A, which disappears inyi. 

Cor. It follows, from the doctrine of limits, that if 

du 
u:=: TXj F(a?+ A) = ^^+T' * + ?** + ^ 'i'^ + &c, where 

qy r, Sec. are functions of x independent of A. 



- Note 3. Let the series, if possible, contain b x v^ A, and let the 
cube roots of unity be p, q, r, then 

f{x+h)=fx+ph'\'qh*+ . . . +bA^X p+&c. 

=f^+ph+gh^'i' . . . +bA*'^xo+&c. 

zzjx+ph+qh^+ . . . +bA^x b+&c., 
But since f(x+h) contains a cube root, Jx also contains a cube 
root, and has three values^ which, substituted in these equations, 
will produce nine different series to express a function which has 
only, three values. 
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U — Vf 

For —J-- = p+q Ti + &c., therefore, taking the limiting 

ratio, -T- may be substituted (or p. 

% The igiuintity h may be always assumed so small that 
any term of the deoelopement m^oe greater than the sum of 
its succeeding terms ; and the same will continue to be truCy 
ifh be taken any magnitude whatever less than the assumed 
magfiitt^e. 

Let it be required to prove this of the term qh^. 

'^ Since the sum of the remaining terms Rh^ is a function 
of %, we may consider it as an ordinate of a curve cor- 
responding to the abscissa h ; and since it becomes = 
when A = 0, it follows that this curve must cut the axis at 
the origin of the abscissa; and unless there is a singular 
point at the origin*, which can only take place for par- 
ticular values of x, the curve must be continuous up to that 
point, and consequently must ^adually approach' the axis, 
and will approach it by a distance less than any given 

Siantity, so that we can always assume an abscissa h such 
at its ordinate nh^, without being =0, shall be less than 
any given quantity, and if we take any other abscissa less than 
hf since the curve approaches the axis, its ordinate must be 
less than the ordinate of h, and consequently less than any 
given quandty. The quantity h then may be assumed so 
small that qh^ may be greater than bA', and the same will 
continue to be true if h be in any degree diminished.'" — 
Theorie Fonct. Anal. p. 14. 

The truth of this proposition, which will be frequently 
referred to in the following chapters, m^y be established at 
once by the doctrine of limits, if the function be expanded 
in a series composed of ascending powers of //. 

For u=w-f-/?A+A2| q^^sJi |, in which, if A be indefinitely 

diminbhed, rA in the limit becomes less than qyiyt q greater 
than rA; and consequently ^A^. becomes grealer man bA' 
the sum of the remaining terms. 

3. If there be three series of the form 
A, + Bi A-fCi A*4-&c. l*wc/t that the, value of the second 
Aj + B, A + Ca A^ -h &c. yalways lies between the values of ilie 
A3 + B, A-hCg A^-h&c. 3^r5< and third, and if a^ be made 
equal to Ai, A2 sliall also be equal to Aj or a^. 

* This will be explained in the 12th Chapter. 
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For take h so small that the second term may be greater 
than the sum of the remaining terms ; and suppose the 
series to become Ai+ s^ 

Aj+S^ 

A, -h S' 

If when Aj becomes eq^al to Aj, a^ is not ecjual to As or 
A„ let A, = Aj + d or = A| + d ; and subtracting the third 
from the second, and also the second from the first, we have 

{ and - 5 + s' - s" 5 ' "^^^""^ ^^"^ ^^P*^ "^ necessanly 
both positive; but h may be assumed so small that s'' — s"' 
and s* — s'' may be less than J, so long as (2 is a finite mag- 
nitude ; and making this assumption, we have — d+ s'"— s' 
negative and +d + s'^ — s"' positive, which is contrary to 
the supposition ; hence d cannot be finite, and A^ :s Ai or a^. 

This also follows immediately from the principle of limits; 
for the last ratio of the three series, when h is indefinitely 
diminished, is Ai : A2 : a, ; and if A| is made equal to Aa9 1^ 
is manifest that A^, which is between them, must be equal 
to either of them. 

4. Required to investigate the Iww by which the coefficients 
of* the expanded binomial are derived Jirom the coefficient of 
its second term, 

Tuei fx become y(a?+A-|-/i:), where h and Tc are inde- 
pendent quantities, then the developement of this is the 
same whetner we suppose it to arise from x in ^fx becoming 
x-\-{h-^k) or from x mJ^{x-\-h) becoming jr-f Ar. 

On the first supposition y(ar + (A + A) ^ =^ +p-(A + fc) 

+ J. (A + ky + r. (h H- A;)* + &c. and to find the developement 

on the secoiid hypothesis, we havey*(^+7A)=/ar+j?A+g'A^ 

-f rh^ + &c., in which, if we suppose x to become x-\-1c^ each 

term of the series will admit of a developement, 

/a: becomes j^ +2? Tc-\-q Jc^-\-r A:^-i-&c.1 
let JE> become p+p'Jc-hp'k^+p'"k^-}-&c, hence the last 
q — 5'+g^*4-g''*®-|-?'"A3 + &c. J- equation be- 
r — ■' r+pA: + r'A:2-i-r'"&3-f-&c. comes 
&c. — -f &c. J 

f(x-^h + k)=:fx+p k+'qk^+ r fc^+&c. 

+h \ p+f/ fc+p" A;2-|-&c. \ 

+h^\q^^ *+&c. I 
+A^{r+&c.| 

4-&C. 
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which is to equal yir+j9.(A+^) + &c. and equating terms 
which include like powers of A and ft, (Alg.-346), we have 

r{A+Ar)'^; &c. hence }y=2j; 5^=3r; r'=4s; &c. 

Lagrange calls p the Jirst derived function of /^, and de- 
notes it hyf^x; hence //, j*, r', &c. are the first derived 
functions of /?, j, r, &c. ; and thus p^ may be considered 
with reference to fx as its second derived function; it is 
denoted by f^Xy u e. if p =y'ar, in this notation, pi shall 

Similarly denote the first derived function off^x^ which may 
be called the third derived function o(fx hyf^x ; then, since 

J = -^ =*^o"> it follows that g'= ^^^~ ; and therefore 
r = ^ Q . In the same manner it may be shown that 
8 = 1 q<itA. 9 &c. &c. ; hence lye have 

/(a: + h) =fx +f'w.^ +/''*-^ +-^"'*-tS3 + ^*'- 

Ex. Let ^ = — , then/(a7-j-*) == ■ . = u, therefore 
u-« 1 f 1 1 ) 1 . - 

=('')' = -^5 therefore q = x{^T^~i' (*•••• 
Similarly r = — -j> &c. &c., and we have 
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which is the 
same result as 
^that obtained 
by actual divi- 
sion. 
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6.. Lagrange's notation explained. 

When u^x{^yy) or is a function of two independent 
variables, we may suppose the changes to take place sepa- 
rately ; and Lagrange acnotes, as before, the 1st, 2d, 3d, &c. 
derived functions which arise from the change of x by 
F'(jr,2^), F"(^,2f), F'''(^,y), &c. The Ist, 2d, 3d, &e. derived 
functions arising from the change of y, he denotes by vf^x^y\ 
F/^(^,y), 'Pii^cc^y)y &c. i. e. if ^ in 'e(x^) becomes y-\'Tc, we 

shall have F(a:,y + &) = F(a7, j/) + T^ix.y)^ + F/X^j^) j-g 

F'y(x, y) denotes a function which has been derived twice, 
the first from ib{x^ y)^ on the supposition that x alone varies, 
and the second derived from ¥^(x,y) on the supposition that 
y alone varies. 

f/'(j, y) is a function which has been derived twice suc- 
cessively from F(<r^) on the supposition that x alone varies, 
and then derived a third time from ¥"{x^y) on the supposi- 
tion that y alone varies, &c. &c. 

We shall occasionally make use of this notation, 

6. Required to investigate the series which is the deoe- 
lopement of a Junction of two independent variables. 

Let M=F(a?,y), and let x and y become x-{-h, and y-^k 
where A and k are independent quantities. 

The first term of the series is manifestly i^{x^y) or u^ and 
the remaining terms are certain derived functions of ^r and^ 
multiplied into A, A, A*, Afc, k^y h\ &c. &c. 

Then, since x and y are independent quantities, we may 
suppose their changes to take place separately. 

1st Let X become a:+A, then' (Art. 4.) . 
F{x + h,y) = u +w'y + w"— + tt^'j^^g-g + &c. 

Next, in this equation, suppose y to become y+k^ then 
each term will receive a change, 
F(a7+ A, y) becomes F(a7 4- A, y + k) 

k k^ k^ , 

u becomes M+«/y + n^ y% + ^</' fYS ^ 

w' — w' + tt/y + uj Yg- -f &c. 
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k 

«/! becomes vP + «/" -t" + &c. 

&c. — &c. 

Hence F(a7 4A, y+fc) 

k k^ k^ 

TSi{"" +■ "»• } 
+ &c. 

The terminus generalis is T-5 r-5 h v^ {x, y). 

This investigation may be extended to a function of three 

or more yariables. ■ 

Cor. Since it may be shown by the doctrine of limits that 

du . du 
v= -j-and tt,=3 ^ we have F(a? + A,y+A;) 

du du 
~**'^5^*"^d"*"*"^ .2(tt^A* + w/2AAr + u^^) -f &c. 

Similarly it may be shown that ifu=^T(x, y, x) 

du du du , 

7. Lagrange's Theory of Functions » 

The preceding articles contain the prindples of Lagrange^s 
Theory of Functions. It was his object to establish a system 
of calculation independent of the doctrine both of limits and 
of infinitely small quantities. Having demonstrated the 
general theorem, that any simple function as F(jr+A)^ what- 
ever be its nature, algebraick or transcendental, is develope- 
able in a series of the form FA?+pA -f- jA* -h kc, he then 



lis ON THE FIRST FLUXIONS OF CHAP. III. 

shows that the coefBcicnts 9, r, &c. may be all successively 
obtained by a certain law from p^ the coefficient of the 
second term ; so that if we can find p^ all the other derived 
functions may be deduced from it. 

It has already appeared (Art. 1. Cor.) that the quantity 
p is the same function of the variable as that which we re- 

present by jp, and in the following chapter all the coeffi- 
cients will be represented in the fluxional notation. If 
then p can be obtained from its function in all cases by 
an algebraick process, the necessity of introducing into the 
science the doctrine of limits is superseded^ and the science 
itself is thus brought back to what are termed the ordinary 
operations of algebra, multiplication, division, involution and 
evolution. 

Now all simple functions are included in one of the fol- 
lowing forms, X*, a', lj?, sin .or, cos. or, &c., omitting the in- 
verse functions l""*j7, sin.~"^^, &c. as being easily oeducible 
from LOT, sin.aT, &c. 

Of these forms the three first present no difficulty ; for 
(a? + A)*=ar'' + «a:''**.A + &c. ; o^"*"'^=a'+ /a.a'. A + &c; and 

1 1 A" 

L(a?+A) = L47+r| — . h — y — ST^"^^^*> ^"^ consequently 

their first derived functions are nx^"^. /a.a','and 7 ; but 

la.x 

with respect to circular functions, though the fluxional 

calculus enables us to show that 

h . h^ 
sin.(ar -\-h) = sin.x-|- cos-ar-r* — sin.J7 s-^ — &c. 

/ . Tx , h A^ o 

cos.(47+ A) = cos.a: — sin.a:-= cos.a:r-^ + &c. 

(Ch. 4. Taylor's Theor. Ex. 2.), yet is there no direct me- 
thod of expanding these functions which is strictly alge- 

braical. Lagran&^e assumes that and 

_ _ ^a/-1 

e +^ 

— are the proper analytical symbols of 

sin.o? and cos.a7 (vid. Ch. % Art. 36.), and expanding these 
as exponentials, he finds the first derived functions of ^n.x 
and of cos.^ to be cos,a: and — sin.ar respectively. 
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Other writers, not understanding how the introduction 
of ima^nary symbols can contribute to the rigour of the 
demonstration, have deduced the same results from the well 
known series for the sine and the cosine in terms of the arc ; 

thus 



hence. 



jfi X* >(4.4 Ex.4.); 

1.58 ^ 1.2.8.4 ** J 
an.(x+A), which = sin.x cos.A+co8.x sin.A, 

+ C08.X ^ A - j-g-g + J^^~^ _&c. J 

= Mn.a: + cos.j?.A— &c. 
and cos.(a: + A) may be developed by the same means. But 
the process of expanding algebraically the sine and the 
cosine in terms o\ the arc is far from being satisfactory. 
Vid. Theor. Fonct. Anal. p. 24. La Croix, Calc. Diff. and 
Inteff. torn. i. p. 159. 

The reader will find some important objections to La- 
grange's Theory of Functions in Woodhmiae's Principles of 
AnalyUcal Calculation^ preface, pp. 18 — 25. 

It IS with respect to circular functions that the doctrine 
of limits possesses such peculiar advantages. 

We first show (1.31) that Y-^J^^'^^^'f^-^^^h^n.x 

by a simple algebruck process ; and if the use of infinitesi- 
mals be considered objectionable, we must divide the ex- 



u— tt 



pression for ~^ into two, and find the ultimate value of 
each. 

Now the ultimate value of — y^ may be shown = 1, either 

as in (1.81), or from the axiom that an arc is greater than 
its sme and less than its tangent, and consequently 8in.A^ A, 

tan.A or — ■= are in the order of their magnitudes ; but ul- 
timately co8.7^=l, therefore in the limit A. is between shi.ft 

and sm.Ai and the limit of -V- = 1 and is finite. 

h 

VOL. I. I 
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^nd to find the ultimate value of -jr-, we have, sinof 

chovd h is less than A, — ^ less than , \ , , or, from si- 

.,.,,, chord h . , . , chord A ^ 
nulartnangles,less tha!\ ^—-j: — , but u(timatply — t; =0, 

therefore —7— =0 ; and the limit of -rr-f or -3- ■= cos.«* 
h ^ n ax 

8. Of three ouatUiiie^ (hejivst is an eacfduM function of 
the 'second, anaihei secant an e^fptidt function of the ihira; 
required to find the Jhtxion of the first in terms of the 
fluxion oftne thifd. 

Let M^T^ and jif=»/a:, then 3hall ^fi = ;p ^ ^** 

For let a: become x+h 

yi — y+ArJ-, th^nu-««=F(y+*)-Fy 



icome x+hl 



(Theor.l. Cor.), and dividing by A,^== ^ j + X ^*^' 

and taking these ratios in their Hmit, fbr u and x are neces- 
sarily dependent quantities, we have 

du ^dudy Aj — ^^ ^^ ^ 
dx^ dydx ^ dy^ * 

Otherwise, Since y is a sole functioq pf ;r, ^ 4^ ?= dy^ 

therefore 'T"¥'^ "^ 'T' ^Vi which = du because « is a sole 
function of y. 

JBr. 1. u^y^mAy^a-bb^^-^cx^^-iLG. 

•*• ^ " ^tT^^y ^^^ ^^^^ 2ci;*+ &c. 
,«. du = my^^{ 6-j-2cj?+8ec. \dx 

= ?w.(fl+6;r+car«+&c.)*»~*{6+3cj?-h&c.}dt. 



J 
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Ex. 2. tfs^v'a^-y^andys: ^/a*— a:« ; 
.•• ;r; = v^a« - 3/« r#==5 = — =% = » and 

.•• ae^ = X ■ = X ax 



= > which is the same result as if we had first 



substituted Va*— -r* for y in the equation ii=y-v/a*— y% 
aoiA tb^n differentiated. 

• 
9. Of three quantities the Jvrst is an implicit function of 
the second amaihird^ and thB second is an expUdi function 
ff the third ; required thejkmon oftkefnrst in tewms of the 
fluxion of the third. 

Lett43;7(«^y), andj^=r/a;; then $hall 

, du ^ dudy . 

du = -j-dx + -y -T" dx. 
dx 4]^ax 

^ /du du \ 

For (Art. 6. Cor.) u = w -h ( ^ A + t- A J + &c. 

, ^ u— tt du duk 

therefore ■ , ■ =:»- + -?- t + &c. : 
h dx dyh 

and diminishing k and k without limit, we have 

du da dudy _^^ j dudy j 

dx" dx dof dx^ ""df dy^ 

The du in the first member of this equation represents 
the totdli fluxion of Uy because it arises from taking the whole 
increment of the fUnctien. 

The advantage which we derive from this and the pre- 
ceding expresiton for du is, that they enable us to fina du 
in terms of dx without first eliminating y. ^^^y ^^ ^<bo of 
oonsiderilble use in differeDtiating complieatied functionsi in 
which it fi«c}uentlY facilitates the calculation tp substitute 
simple quantities &r different parts of the function, as in 
Giu 1. Art. 26. 

The connexion between the two theorems will be best 
seen by applying them to the same example. Take Ebe* £• 
which we must now have under the form 
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Ex. u = Va'^ — a^- \^d^ — y% and y = ^/a* — ad^, 

or w = yXf and ^ = ^a^ — a:* ; 

dw - _ ^. du dtj . — a:dr , , 

.'. j-Ar = ydir. Also ^-x ■:r-ar= Jr x — === ••. by the 
aj7 ^ ay dj? v^a^—o^ 

theorem dw = ydx — — .- .= ^/a^ — x^dx — 



JB^. 2. Let a:*+y^=ax ; and let it be required to com- 
paro the fluxion of a function, as x^ + axy + j^ with the 
fluxion of X. 

In this example we do not know the form of the function 
y =yi7, nor can we find it ; but the truth of the theorem is 
not affected by this, and we have w = ^ -f cwry -f y^, and 

consequently -T-dr=>(3x^+ay)drand -7- = ^ar-fSy*. 

dy 
Also to find ^dx, we have 9adx + 9ydy 

y_ y 

ila.Ox ^ 7 , , , n dy 2x^'\'la*cuy 
= j — - - gy^dy, and therefore ^= — j ^; 

^ la.a^x^Siahf 

y 

and dM = (34?«+oy)dx+ p ^ • (aa?-h8y)da:. 

,10. Ifu-=^ T{p9 r, 8f &c.) KjA^e p, r, 5, &c. arejimctions 

du dp _ dt^ dr dw ds , 
o/*m^ *ame variable x, du=^- -r-dx+j- t^x+t- -j-dx 
r dp dx ^ dr dx ds dx 

+ &c. 

For let ity ^, (T, &c. be the increments of jp, r, *, 8cc. cor- 
responding to h the increment of a? ; then (6. Cor.). 

(dw du du \ . . 

■^ + -T-^ "^ T~^ + ^^' ) + ^*^* ^® remaining 

terms containing functions of if, f , o*, &c. which are at least 
of two dimensions; 
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, « u— w du t du du <r ^ „ - 

therefore — r— =-t- -7-+ jT "t-+ — t- + &c, + &c. : and 
h dp h dr h s h 

taking these ratios in the limit, 

du__du dp du dr du ds 

dx" dp dx dr dx ds dx 

du dp . du dr ^ du ds . , _ 
or rftt = -7- -T-o^+T i'dx+-j- -j-dx ^- &c. 
dp dx dr dx ds dx 

Or the total fluxion of u is equal to the sum of its fluxions 
taken jiartially with respect to/?, r, s, &c. 

du du dr 
Cor.l. If p=?d:, du =JZ^+X^ Sp ' ^ ^" art. 9. 

Cor. 2. If tt instead of being a function of x and r is 
expressed in terms of r, solely ; i. e. if « = ft and r =^, 

^, ^ J J du dr J . ^ o 
T-rfj? = 0, and dtf = 5- ^-oa:, as in art. 8. 
dx dr ax 

11. T%^ fluxions of two equal functions of different 
variables are equal. 

This follows immediately from the definition, Ch. I. 

Art. 7 ; and it may also be proved thus ; 

Let u = Fx, V = t(x ^ h)\ where h and Jc must be so 

Z) =fy, V =y(y+ k) /assumed, that 

f(x + h)=f{y + *). 

. ^ dw- , 

By Theor. Art. 1. Cor., u = m + ^A + qh^ -h &c. 

v=t' + -7-A; + a'/c^ + &c. 

therefore, diminishing the increments indefinitely, 
du^ dv^ ,du dv Jc dv dy ...^^^ 
l^-TJ" ^^^ di=^ • -h^Ty dr' ^^^.^"^^^^^^ 

rftt= $^ $rf:r = (3. 8.) dv. 
dy dx 

In this last step we assume that y either is or may be 

conddered to be a function of x. 

12. The fluxion of the sum of any number of Junctions of 
different dependent variables is eqiud to tJie sum of their 
jkxions. 

Let u=t'\-v+w + kc., where t=¥x, v=/y, w=:^^, &c.; 
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suppose u to become u in consequence of ^ becoming ^+ A, 

y y+*> 

z «+/> 

&C. • • • • 8rc. 9 

then u=F(T-hA)+/(y + A)+<p(t+0+8tc. 
=¥x+Jy + (pz + &C. (tt) 



rfx? 

+^*+9* + 8cc. 



Where the coefficients of 
the increments are in- 

^ dependent of the incte-^ 
ments. 



dw 

+ &C. 

Subtract Uj divide by h atid take the ratios in their limit ; 
- du ^ dt dvdjf ^^ ^^ ,c^ 
dx'^ dx dy dx dz dx * ' 

therefore dii=j-da?+ ■j--r-dx + -T'-j-dx4- &c. 

dx dydx dz dx \ 

s: dt + dv+'dxio + &c. 

13. Required to differentiate the prodaict of two Junct 
of the same variable. 

Lettt=:F^, u±=F(a?+A)l , Cu = tt+jpA+jA*+&c. 
v=:fx, y:=f(x+h)r lvz=t;+p'A+y'A*+&c. 

therefore uv=Mw-|-/?i;A+y«77**+&c. 

+g'ttA«+&c. 
+ &c. ; 

, ^ UV — MX? , ^ 

theretore — r-^ =pw +p w + jw f 

^ and diminishing k indefinitely, v/e have 

cf.ttv du dv 

— — =zpv'{-pu:=:-j-v -fr -7- ti, or d.uv = roi/ + udv, which 

contains the same precept as Ch. 1. Art. 16. 

14. Required to differentiate the quotient of two functions 
of the same variable. 
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„ . ^ u V u tt + pA -f- oA* + &c. u 

Here mere* of — = « — ,*jl . Iilo . o, = 

V y V v+//A+j'A« + 8cc v 

(neglecting the higher powers of A) " . ^»v » therefore 

u .u . u 

inc. — p ^ p — a. — 

V V .... . . V 

— T — = — ,, ; and diminishing A indefinitely, , ■ 

= = , therefore o. — = r as "^ 

Ch. 1. 18. 

15. Required to diffWenticUe a product of two fimictions 
^different variables. 

Let tt=FJ?, u=F(ar+A) > ♦u^.^^^^y u=tf +©A + yA* +&c. 

and u V = «c + j»»A + ycA^ + &c. 

+//tA+jM/A* + &c. 

+ g'tti^ + &c. 

+ &c; 

therefore — ^ — sspv +j/u'r- +qvh 4- &c. 

+ /ip'*+&c. 
+ytt-T- + «c. 

+&C.; 

and assuming that x and y may be considered as dependent 
quantities, and taking the ratios in their limit, we have 

dMv , dy du dvdy ^ ^ 

-— — ^po-^-pu-f- =»-j- + tt T~ :r^' therefore 
dx ^ ^ dx dx dydx 

du dv dy 

d.MtJ = V j-dx + «-r -T-dxzzvdu+udv. 
ax ay ax 

16. Required to differentiate the quotient of two functions 
of different varuMes. 

u V u u 4-pA + q h^ +8cc. u pvh—flvk 
+ &c. 
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u , k 

mc. — pv — pu-j- 

therefore —^=-^-^-^, 

u du dv dy 

' V ^ dx dy dx* 

, tt \ du . u dv dy ^ 
or ff. — = — J- ao;— —i* -r-r-dx 
V V ax V* ay dx 

du udv 

17. The demoTistratiofi of these rvies may easily be ex- 
tended to any number of functions containing any number 
of variables. 

Thus let u=v(x, y) > and let it be required to show that 
t;=/x 5 d,uv=^udv+vdu. 

u = F(ar + A, y-hAr) 7 then C v=u+ph +p'k + &c. \ 
v=zf(z + l) 3(Arts.6&l)iv = i;4i/'7+&c. 3 

uv — uv h I 

therefore — r — = «p + ^-P'x "*" "-P't + ^^- » ^^^^ 

d.uv _ ^^1^ ^** ^y ^^ ^^ ^ 
dx ^ dx dy dx dz dx* 

, f d*' , du dy ^ ^ dv dz , 

d.uv =v< -T'dx-^'-j- -rdx c -f m j- -r-dx 
Lax dy dx y dz dx 

?=(Arts. 9 and 8) vdu^udv. 
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CHAPTER IV. 

On the different orders of Fluxions ; tfie devehpement of 
Functions into series ; and successive differentiations. 

1. If a variable increases uniformly, its increment being 
a constant quantity, admits not of a fluxion (1.9) ; but if it 
mcreases with an accelerated or a diininished velocity, its 
increment is not constant, and it must have a fluxion which 
is to be calculated upon the same principles and by the same 
rules as the fluxion of the variable itself. If the increment 
of the increment be not constant there will be a third 
fluxion; and thus there arise difierent orders of fluxions, 
which should be represented by appropriate notation. 

The principal variable is in general supposed to flow uni- 
formly, and the fluxions of the function are calculated on 
that^supposition. Thus take x\ the function of a;; then if 
a: increase by the numbers 1, 3, 5, 7, • * * •, its increment 
b^og constant, it cannot have a second fluxion ; but ^ in- 
cieases according to the numbers 1, 9, ^9 49, • * • *, and its 
successive increments are 8, 16, 24,,- • • •, and consequently. 
^ has a second fluxion which is positive (1.9). Since on the 
same supposition the increment of the increment of x^ is a 
constant quantity, it does not admit of a third fluxion. 

2. Thejluxional coefficients of a function of one variable. 
Let u^fx^ then it has been shown (1.33) 

that -r- = <^r=, by substitution, jp. 

Now,|7 containing the variable <r, it may be diflerentiated ; 
let rfp = qdx where y is a function of x ; hence, we have 

d.j~^dp^ qdx, or if da? be supposed a constant quantity,, 

dividing by dr, we have -p^ =5. By differentiating suc- 
cessively on the same supposition, and dividing by rfj, wc 
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d*d.du d.d,d,du 
shall have , 3 = r, — ^-j — =«, &c. = &c. where r, 5, &c. 

• 

are functions of x. The operation may be condnued till w 
ceases to enter into the function. 

According to the notation explained in Ch. 1. S., d,du, or 
the second fluxion of u^ is denoted by ^i ; the thirds fourth, 
• • • • nth fluxions of u are denoted by dh^ d^u • • • • d^u. 
These must be distinguished from du\ du^^ du* • • • • du% 
which represent difierent powers of du. 

We must also distinguish between dx*^ and dx^, the latter 
of which = »«**"* dx ; so also d^ jf- and d*. v* are different, 
the first being the square of the second mudon, and the 
other the seoodd fluxion of the square. 

In Newton^s notation, which till within these few yeivs 

has been adopted by all the Ebglish mathematicians, die gd, 

• • • 

3d, 4th • • • • fluxions are denoted by ti, u, t/, • • • or by u^\ 

v?'^ u^* • . . 4 u** ; and the difierent powers of the first fluxion 

by M'% tt*^, u** . - . . u^. 

X dii d'^u 
The quantities jp, q, r, &c. or their equals -j~^ -r-^i 

d^ u d^tt 

—J- . • • • -r;^ are called the 1st, 2d, 3d • • • • «th Jluxional 

ddefjUAents of the function u =^fx. 

If fi is a function of more than one variable, its different 
fluxional coeffidents will depend upon the suppositions that 
artel tnislde Ivith respect to the variables. 

jfcj. 1. Let u = cur** ; 

du 

dx 



then pzs -J- = nax"^"^ 



dHi d^p da ^ ,.* «, ..^ 

Sec. = &c. 
or the fluxional coefllcients of u are equal to wa^r"""*, n.{n — 1 ) 

If n is a positive integer, this example admits of only n 
fluxions, for the «th coeflicient is -7-5 =i n.{n — 1) (w - 2)- • • • 
3.2.1 X a, which is a constant quantity. 
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Er. 2. Required the nth fluxion of pq^ p and ; being 
function^ of the same variable it. 

Let u sapq /• du = pig + qdp .'• 

du da dp 

^ = p T^ + J ^ .•. difiVrentiating and dividing by dir, 

d«w __ d^ 2dp dq qd^p 

ai^"^ dx^^'^ d:iTx^li^^^ 

dHL = pdl^q ^ %dp dq-^qd^.p. 

Similarly it may be shown that d^usspd^q + Sd^q dp + 

S^ dq-\'qdh)i and by the method of induction it may be 

detaonstratea that 

ri-1 
iii = pd^'q -^ nd'^^q dp + »*--^ d^^q d^ + &c. 

Ex, 3. di =^ydx — xdy 
.\ tNt ^dxdy +yd^x — dxdy - x#^ 

z^yd^x—xd^j/^ —xdy if dx be supposed constant; 
or =^cPjr if dj/ be constant. 

Ex.i. U = ^ 

ay 

ifd^x ydxd^v 
,\ du = dx 4- ^2-= , ^ . 

3. 

£ar. 6. Reduired to differentiate ^^ t ' » =^2*/. 

^ -^dxdry 

Here we may not suppose dy constant, because d^ enters 
into the function ; and making dx constant, we have 

d. The paHial flwcitmal 0^^ 
sum ^too varidbM dre eqUal to one imoth^. 

- Y.r . * , , « A* ^w d*** ^ (Pu dhi 

Let « =/(x+^). then shall 5;;=^. ^=^ ^=^ 

ic. = &c. 

For in the expansion o{jj=f{x+y + h)f it can make lio 
££feren«e in the result whether we suppose A to be the in- 
crement of 4^ or of ^, hence the coefficient of the second tcn» 

1 . . du du 

IS the same on either supposition, or -7- s -j-. 
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Again, since -3- and -r- are equal functions of (x+^), it 
follows as before that their partial fluxional coefficients 
are equal, or ^ =^. 8fc. = &c. 

Taylor's Theorem. 

For (Ch. 8. Theor. l.)/(a7 4-A)=:tf +pA + 9M+rA^+ &c. 
where p, 9, t*, • • - • &c. are functions of x independent of h \ 

but (Art. 3.)^^^^ = -^^^ i- e. differentiating, 

du _ do do dr 

J- 4- '*^+ A2^+ A-^^ + &c.=p+2yA+3rA« + 4*A* + &c. 

& equating terms which contain the same powers of A, ( Alg. 346) 

*""^di""^d;^' ^""^di^L^^s^ ^- 1.2.3.4 d^ » 

1 ^, ,v dw A d^tt A* ^ ^ 

&c. = &c. and/(^+A) = u +^. y + 572 [^ + &<^- * 

For the sake of conciseness, we shall frequently substitute 
j9, ^9 ^^ &c. for the 1st, ^, 3d, .... fluxional coefficients of 
the function. 

5. -f- Taylor's The<yrem may be deduced from first prin- 
ciples without the aid of Theor. 1. Ch. 3. 

-* The demonstration of Theor. 1. Ch. 3. upon which this de- 
pends has been improved by Poisson^ who shows that the esipo-, 
nents of A must ascend by the numbers 1, 2> 3, &c. 

^t It appears from Vol. 2. Prop. 10, of the Principia, that Sir 
I. Newton was aware that the increment of a function may be 
expanded in a series of the ascending powers of the increment of 
its variable. It is probable that his own binomial theorem led 
him to this conclusion^ for it is by means of that theorem that he 
has obtained the value of the coefficients in several examples. 
But it is by no means certain that he was aware of the law by- 
which they can be derived from each other in succession ; and as 
this was first published by Dr. Brook Taylor^ in his Methodus In^ 
crementorum, the Theorem has been always called Taylor's. 
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For, since u is a function of jt, we may assume 
fx or v=a4-6^+ c.r" + &C. where a, A, c, &c. are constant 
quantities; therefore 

+ {mbx^**"^ -f nc a?*~* + &c.) -=- 



1.8 
+ &c. 

. du h d^u A« 

Cor. 1. Let A be negative, and denote the preceding value 
of u by j« ; then by the theorem we have 

Cor. 2. Since dx may be assumed of any value ( 1 .7), 
suppose da:=h^ then 

yi[a;+A)orr=«+y + ^+3;g;g- + &c 

, J, J. > which senes 

du d^u dti - 

are therefore functions of x + inc. x and of a? — inc. a? re- 
spectively. 

6. MaclaurirCs Theorem. 



X 



X 



fi 



du d^u d^u 
j?y &c. represent the values of «, ^, ^-^ -^, l^c. wlien 

Letj^ = a -f ia: -r cx'^+ca^ + &c., then we have 

or 



fx = A + 6a? + ca?« -f- car* + &c. 
/'a? = 6 +8c*+8i?a?*-l-&c. 

/''a: = 2c+2.8^a? + &c. 

S^x = 2.3^ + &c. 
Sec. = &c. 



&c.=&c. 









nf 



&C»=:&C« 
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Maclaurin's fluxions, VqI* ii. Ch. 2. Art,748. 
7. Required to deduce MadauritCs Theoremfirom Taylors. 

» 

^du h dHi A« d^u A» „ 
/(^ + *) = u+^. y+^,. j;2+5^. j;^+ &c. 

or/(^+A)=/ar+/'«. Y+y^^.j^ +/^J?. |-g-g +&C. 

where x and A are any indeterminate quantiti^. 
Suppose ar=0, and the equation beoomes 

or, replacing A by at, ' 

As this demonstration contains aJaUacia suppositumiSy we 
shall subjoin 

8. Lagnmge^s Demonstraticn. 

In Taylor^s Theorem diniinish x by A* thea we have 

/* =yiT- A) +/'(*-*). Y +/»(«- A). ^. + &c. 

Substitute h^xz where jr may be ^ny quajptity whatever, 
Ulld lire hi^v^ 

h h^ 

fx^f(x- ««>+/'(a?:TTiaw)y + /V-^^)j[;;^+ &C. 

Suppose 2;=1 or A=^, and there results 

fx =/ + y// + j-§/* + &c- (Fonct. Anal. Ch. 6.) 

Cor, If any of the coefficients are infinite, the funcdon 
cannot be devieloped in i^ series ascending by the positive 
integral powers of x. 

' 1 1 

ThMS, if /r sir, /'a?=f — , /"a? = -, 8ic. = &c. 

X X 

and^ssoo , /*=oo , &c. 5= &€• and Ix cannot be developed 
in a series of the form a + nx + cx^ -{- &c. 
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m 



Examples. 

(1.) Required to deduce the binomial theoreiii from 
Madaurin's. 



fx =:n.(l +«)*^* 

/"a?=n.(»-l)(l+a:) 

/''x=n.(n-l)(n-8)(l+x)«-* 




(8.) To expand a*. 






=Aa* 

=aW 

=aV 

=&c. 



&c. 




X 



l+y. A+^A« + &0. 



(3.) To expand ;(a+ dp). 

&c. = &c. 

a; 



^. -2.8 

&c.=8ic 



a?« 



ar^ 



a?^ 



therefore /(a + a?) = to + — -^5-, +-5:3-- X;;+&c. 



a 



2a«^ 8a' 4a^ 



If m this function we suppose a=0, we have 
ip = — oo+-jr — ■rjr- + &c., or the series &ils when we 
assign this particular value to a. 
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(4.) Required the sine in terms of its arc. 



/ ar=:sin.ar 
/' a?=cos.x 
jf"a:= — sin.a? 
f^^xss — cos.ar 
yi^a: = sin,^ 
&c. =&c. 




a: 



Similarly it may be shown that 



X 



COS.a?=l— TTL + = 



a;" 



1.2 ' 1.2.3.4 



-&c. 



and tan.a:=^ + 



ar' 



+ 



16a!' 



x^ x^ 



sin.*-Y-j-g;3+j23 4 5 

— &c. 



1.2.3 ^ 1.2.3.4.5 



- &c. 



(5.) The developement of tan .a? in the last example does 
not give the law of the iseries ; let it be required then to 
investigate this law. 



X 



x" 



+ 



cfi 



Tan.a: = 



sm.o; 
cos.x 



1 1.2.3 ' 1.2.8.4.5 



- &c. 



1 -4'+r^r^r^ - &C. 



2 ' 1.2.3.4 

Assume therefore 
tan.^ = A,a? ^a^-^a^-V .. . + A^n+i ^""^ ' + &c. ; hence 



X 



3 



X — 



+ 



x^ 



- &c. 



1.2.8 ' 1.2.3.4.6 

= Ai^+ Aaa:» + Af^X^-h + A^n+i X^"""^^ + 



T2 1.2 

+ Aia^ 
1.2,3.4 



.... 



1.2 



sn+i 



+ -h 



^2n^3 



^n+ 



1.2.3.4 
r2^.4.5.6 



.... 



"t" . • . • 



+ &C. 
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Hence, equating the coeflScients of like terms (Alg. 846), 
we have 



A, 1 

L2 



A,-r^ = 



A, A, 



1.2.3 
1 



1.2 1.2.8.4~1.2.3.4.5 

&C. = &c. 



A, =1 

A.=A- 



s 



• l.« 1.8 J~ 1.2.8 
A. 1 



A. 
A. =r-s- 



t: + 



* 1.2 1^^:4^1.2.8.4.6 
16 



1.2.3.4.5 

&C.S&C 



•Ajn— 1 



±A, 



1 

"^ 1.2 (2« + iy 

Since all the trigonometrical Unes may be expressed in 
terms of the sine and of the cosine, it is obvious that they 
all may be developed in terms of the are by means of this 
method of indeterminate coefficients ; thus, take for the next 
example 

(6.) »=cot.a:. 

In this case both Maclaurin's and Taylor's Theorems fail 
to give the required developement ; for the first term and 
the coefficients of all the succeeding terms become infinite. 



<D ^ » COS.A7 

Hut smce coto? = -: = 

sm.tT 






X 



x^ x^ 



I 1.2.3^1.2.8.4.5 



; assume 

-&c. 



X 

cot.^= — + A2-r + A4a?'-f -|-A2„^*^* -f &c. .'. 

X 



1-S+ 



^^ 



— &c. 



2 1.2.S.4 

=1 + iL^ + A4a?* ^ + A2« a?2» + &c. 



X 



2 



1.2.3 " 1.2.8 



• . . • . 



A2n-2 J?^ ' 

1.2.3 



-&c. 



+ 



X' 



iSn 



1.2.3.4.6 



+ ....+ 



1.2.3.4.5 
1.2.3.4.6.6.7 



-f &c. 



VOL. I. 



190 



THE DIFFBREUT ORDBB8 OF FLUXIONS. CHAP. IV. 



-f- 



Hence 
1 



= A 



= A4 



* 1.2.3 
Ag 



A2 =5 - 



3 



1.2.3.4" ** 1.2;3 ^ 1.2.3.4.5 
&c.=&c. 

A2A-. A^«4 



A4 = - 



1 



3^.5 



and generaUy a^ = j;^* 1.2^3.4,5 + • •;• ±1.2...(2n-l) 

1 

"^ 1.2....(2ii—l).(2« + lV 
(7.) M=8in.""*a:. 

/'a: = (1-0:0""^ 

8lc. =&c. 

12. x^ \\ 32. aP 



3 

T 



£ 

2 



AT 



'. sm.—^a? = -r- + 



i.2.3"^ 1.2.3.4.6 ■'^^^' 



sin.^M 3siD.% 
or w = sm.w + ^^ - + ^ ^ .^ -h &c. 



2.3 



2.4.5 



Similarly cos.-^^ =_ _ (^_ _ ^^ +^^ _ &c.^ 

, a^ X? a? 

and tan."'^a? = ^ — -^r +-= sr + &c. 

3 5 7 

Cor. Suppose u = 80**, then sin.w = \ .*. 

It 113 

6" = ^ + f X 2:3+32X g^ + &c.; from which an ap 

proximate value of y may be obtained. 

(8.) Required the terminus generalis of the developement 
of tt = sin."~'ar. 

1 3 n--l , 
= 1 H + + +...+ h&c- 



1 13,136^ 

2 52 2 2"2'2 



1 



1.2 



1.2.8 



1.2.. . .n 
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=^ + 2;'^ +81^ +2Ar" + - • • - 2.4.6... « ^ -^^^- 
where n is necessarily an even number. Assume then 

du 

^ = 1 + A^2^Ba:*+ . . . Na?" + Mj:"+*+&c, where 

1.3.5.. .. (»— 1) 

2A.6 .... 71 

dHi ^ 

^=2a^ + 4b^ H- + nNj"-i + («+«)m^+' + &c- 

^=2A+3.4ftr» + ...+«.(n-l)Na:"-* + (« + l)(n+2)Mx* 



•fJM. 



^^=«.(ii-l)....2.lN+(ri4-2)(n+l)....8.8ilJ!»-f&c. 

••• ( j-;;^ J=:».(n— 1) .... 2.1. N, and consequently the ter- 
minus generalis, which by the Theorem 



1.B.6 . . • . fi — 1 






2.4.6 ii.(n + l) 

It may be observed that the fluxional coefficients of the 

even powers vanish as they ought when a? = 0. (Lacroix, 

tome 1, p. 253.) 
Similarly we may find the terminus generalis of u=cos.~~'jr, 

ttrztan.^'o:, &c. 

(9.) Required to develope sin.a: by means of Taylor's 
Theorem.' 
u = sin.ar .% u = sin.(ar+A) .•. 
p = cos.^ 

?= - 
r 



' = COS.^ N 

' = — sin.a7 f 

■ =r — COS.X >.'. sin.(ar4-A) = 

^ sin.jr 1 
5.= &c. ^ 



s 

&C.ZZ 

A . A"- A» , « 

sm.a: + cos.;rrj sin^arr-^ — cos.a: - ^^ + «c. ; 

m which| suppose ;r =0 and replace A by j?, and there results 

^r^.x = x-^-^ + jj^^-kc. asin Ex. 4. 

s2 
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Similarly cos.(x+h)::zcos.x — 8in.4?-=-- cos-j:*-!-^ + 



• • • 



A* 



X' 



sin.<r 



1.2.3 



— &c.; and cos.x =^1 — :r-^ + 



ar* 



1.2 ■ 1.2.3.4 



— &c. 



(10.) To expand a multinomial of the form (a + &^ + cr^ 

fx =(a+6a:+ca?«+&c.)'» 

fx =w.(a + 6a7+ca7«+&c.)"-*J6+2cj; + 3^ar2-f &c.} 
/''x=sw.(»-l)(a + 6x+car« + &c.)'»-»{6 + 2cr4-&c.}« . . . 
4- n.(a + hx + &c.)'^* 1 2c + 2.S^j: -f &c. | 

+2w.(n-l)(a + Ax + &c.)"-2(6+2ca! + &c.) 

|2c+S<?x + &c.} +n.(w-l) (a + Jj? + &c.)'»'-» . . . 

|2c+2.3ea? + &c.}|ft4-2carf &C.I 

+w.(a +6x + &c.)'^' \ 2.3c -f &c. \ 
&c. = &c ; hence we have 
/. =a- 

/.'" =«.(n-l)(w-2)a'»-3i3 + 4n.(w-l)a«-»Ac. ...... 

+ 2M.(n — 1 ) a»-* Jc + 2.3«a"-» c 

&c. = &c. ; hence by the theorem 

n 
fx^ a'* -f- ^a**-^ 6;r 

w.(w— 1) 



+ 



w . r w.(n — 1) 






This expansion is De Moivre's. For the method of ob- 
taining the terminus generalis see his works, and Lagrange^s 
Calcui des Fonctions, Le^on 4ieme. 



CHAP* IT. DETELOPEKENT OF FUNCTIONS. ISS 

Similarly it may be shown that 

and sin. ( a -h i^ + ca?* + ^o?' -f &c. ) 

= 8in.a + 4 cos.a. x—(b sin. a — 2c cos.a) — — &c. 

(11.) Let mj^—xy^^mi required to develope ^ in a series 
ascending by the powers of x. 

y 

p 2.3 my^p—y _y^9 vnx^p'^xp 

* ^'6fny^-x i^y^ -xf "" i^my"^ -xf 
&c. = &c. 

But when i=0,j^ = l; .-. (2^)==1, (p)=^,(5f)=0, 

•••2^=^+£~8b+"^~^' ' which is one of 

the three values of y in terms of x. (Alg. 266.) 

9. The cases in which MadaurvrCs Theorem fails may 
frequently he solved by substituting u =x^z, k being assumed 

(dz\ /d^z\ 
J- V ( T-^ )j ^^w*y ^w^ be infinite. 

Ex. \. u-=- cot.jr 

- . cot.a^ 

Assume cot.x^xrz or g= j^ . 

In this case A: may not be a positive number, for ^ = 
would make 2 = x ; assume then A; = — I, or 

^■""2^+1:2:31 ""*'''• 



_^ cos.:r 

*• ^" X. COtcvl^ ^— X.~~i 



sm.a? ^ ^ 

1 — ^ 4- . ■■ ^ . >, — &c. 



1.2.3^1.2.3.4.5 



IM 
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By differentiating successively we have 









a_ J or x' 2«* x' 



*i\ » 

&c.=&c. 

JBa?. 2. Let w^y*— o?^^ — »w;^=0 ; required to develope y 
in a series ascending by the powers of x» 

Substitute yzzaf^z^ .*. m:? a?'* - ara*"'"' — mas^ = 0, and di- 
viding by 01^ that the last term may be a number, we have, 
WUK* ar**7^ — »a?* — m = 0. 

Assume Ar= 1, then the equation becomes »i«*—srx—m=0, 
and consequently (8. Ex. 11) 

X 



-h TT. — : &c. 



• • 



3m 8*OT^ S^m* 

__ _ x^ x"^ ofi 



— &C. 



£07. 3. In the preceding example, require^ to develope 
y in a series ascending by the powers of m. 

In this case we must consiaer a: as a constant quantity ; 

then by the theorem, i( p^ q^r, .... represent -—f ^— ^» 
rj, ; since ^:=0 when i«=0, we have 



P = - 



y 



'-ar« 



Smy^^x^ •'• ^P^ ^ ^ 



"^^ 3m^— ^» (3wy«~:r3)« 

&%» a?^2.8. 3p« 6 18 

'*' ^*' ~ "" 8wy2-a?' (3??^- ^)« "" "" ^ 2'^" 
&c.=&c. 

Hence, since {y) =0, the required series i^ 



(?)=o 



34 



X' 



3 



12 



{%= — w-^- m* --s »»' - -3 



«» 



af 



ir9 



m 



10 
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10. By assuming different values for k, y may be deve- 
toped into series 'which are frequently very dissimilar in 
theirjbrm. 

For Ex» 1. take Ex. 2. of the preceding article, which 
after substitution becomes Jiw^ar**"*— jra?*— 7»=0. (a). 

Ist Assume A:=0, then mz^x^—z — m = ; substitute 
u^ar* and there results i»«'w— z— m=0. 

To develope z in terms of u, we have 

(2)= — iw 

?— 3««««-l+ (3i»«^-l)* ••(?)--6«' 
&c.=&c. .*. »=— wi~m*ii— Sm'^'u* — &c.; 
and replacing 2; and u by their values ^ and JT^, there results 

(j3) y = — wi -5 -g &c, which is the same series 

as that deduced 9. Ex. 3. 
Next, since(a) may be reduced to mz^^^zx^^ — mo?*""** =sO, 

assume ^=|:, then (a) becomes mx^ — z-^nu; "^^=0; sub- 

stltute u=x ^ and there results mz^—z—mu^O. 
Now, to develope z in terms of u in this case, we have one 

value of (2) = / — ^ = :t — -. 
^ ' sf m 4- 



^'«'^=8^;s3i--^)=2- 



5 



5 



wi* 



8 



3. 5 

3. a? * fw „ 3/11^ _ » - 

andy=j7*«s=+ — I ■*""§'+"^r" ^ ^ -h &c. 

Another value of («) in this last developement = ; if 
we make use of this value in order to determine {p\ (j), 
(r), .... we shall agsdn fall upon the series (/3). 
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It appears then that y in this example may be developed 
into four di£Ferent series ; but it can possess only three Alge^ 
ftraicAr values (Alg. 266)> and the series (|3) deduced, 9. Ex. d, 
must be regarded as a mere analytical expression for^, which 
shows the form which y may assume when it is developed in 
a series ascending by the powers of m. 

Assuming k = l, the equation becomes, by substitution, 
a»*— ynsf - c=0 and 

y=^^= — ^-^ —n 7-7— + *^^- 

If At be assumed = ^ or = 3, y may be developed in 
series ascending by the powers of x, 

Ex. 3. y^^Saxy^ xr^—0. 

Assuming t=l, wehave v= — jc— a ^rr; — &c. 

the coefficients containing the cube roots of unity. 

This series is to be considered not as a real but as an 
analytical value ofy: it is the same that we should obtain 
if we were to develope y in terms of a, considering or as a 
constant quantity. 

The real values ofy, or the three roots of the equation, 
will be found to be, by assuming k = 2 and k = i, 

3^ x^ 

- — ar» __ai^^/Sax x 

y ^ ± ,/Sax- ^ + ..y^^ - ^^ + &c. 

Ex. 4. y-ai3^*+x^j/-a*=0. 
Substitute y—a^« .-. ^»*-«ar*+»«2 + a;*+2^-a3-,o. 
Assume Ar=l, then 7^—9a'^'\-z—c?u = where u^ar** 
(«) = 0, and («) = 1 ; take {z) = 0.> 
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.-. (r) = - a?( (6« - 4i)q +6p«) + 2a'(6«p - 4p)« 

a^ 2cfi 7fl9 , 

&c.=&c. ••. y=a?.« = — ;--| =-H 7-+&C. 

•^ ar* ar j;* 

This is an arhalytical value of* y ; it may also be obtained 
by substituting y^a^z^ and assuming %:= —3. 

Other analytical values of y will be deduced as an ex- 
ample to Lagrange's Theorem. 

11. In many of the preceding developements, the Theo- 
rems of Taylor and Maclaurin fail to give the terminus 
generalis of the series, or even its law. Euler has employed 
tor this purpose with great success the method of Indeter- 
minate Coefficients combined with the principle of differen- 
tiation. We shall subjoin but few instances, as the student 
may aj^ly the same method to the examples of the pre- 
ceding article. 

^ , (a + bj?+cj?2+&c.)*" v"* , ... 

Ex.1, u =7 — r-T 1 — 5 — ri=— r by substitution. 

(a 4- to + coj* + &c.)* «;• ^ 

Hence la = mlv — vdw^ and differentiating, 

\ du m dv n duo du dv dw ^ , ^ 

—j-= — -3 J- or t/zehi muw-r-¥nuv-r =0(a)- 

u ax V ax 10 ax dx dx ax 

Assume tt == a© + a, j? -h Ajir* + &c. ; 



A • 

then we have Ao= — r» *^^ ^ determine Ai, a,, &c. we 

a 

have by substitution in (a). 

• A-hB.T+ ca?*+ &c. V I a-k-hx + ejfi+SLC* ( ■{ ^1+ 2Aji« + &c. >- 
-w- A^ + AiSV+A^Sf^ + Scc > I a + 6a: + ci?«+&e. \\^+ 2carH- &c > 
+ »V A^^ + AiX+AgX^-H&c >• 5 A+ia: + cj7« +&€.>- 1 h-^2cx+iLci =0 

Hence (Alg. 347). 

Aa. A, -|-nA67 Ao = 0; •. . . 

— mBtt y • 
2Ao.Aa4-(w "f 1)a6? Ai + 2nAC 1 Ao=0; &c. 

— (m— l)Ba5 +(** — ^)b6 > 

— 2mca S 

By taking more terms of the series the law of their de- 
rivation will become more evident. 

It is obvious that the success of this method depends en- 
tirely upon the degree of dmplicity of the equation (a). If 
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there are radicals^ they must be made to disappear by invo- 
lution, and if the resulting equation should contain powers 

of u or of -^y they must be either eliminated or reduced 
by successive differentiations. 



du ndx 



.-, ZM=:iiZ(a?+>/^ — 1) .-. — = 

w ^a^ - 1 

.*. {sfi^l) du^^n^u^dx^\ and to reduce this, differentiate 

again and there results, dividing by 2du dx^^ 

d'^u du 

Assume tt= Ao+ A,a7 + A^« + A,a:'+A4X* + &c. 

where Ao = ( V — 1)*; 

du 

.-. ^= Ai+ 2Ajtjr-f8A8^^-|-&c.(iS) 

and ^ = 2a2 +2.3a3j: + SA\^x^ + &c. 

Hence from equation (a) we have 

n^\ Ao + Aia?+Aaa:2-hA,a;' + A4a4+&c.]- 
+(1 -a?«){2Aa + 2 8A^+8.4A4a:«+4.5A5a:5+5.6Aca:*4-&c.| 
—x |A,-f2Aaa?+3A,a:2-f-4A4^* + 5A4d?*+&c.} = 0. 

Hence ^a, + ««Ao = ; S-Sa, + (w^ -1)a, = ; 8.4A4+ 
(n«-4)Aj=0; 4.5a5+(««-9)a,=^0; 5 6A6+{n2-16)A4=0; 
&c. from which the law is sufficiently manifest ; but since 
we have not A] in terms of Aq, it must be deduced inde- 
pendently ; and from (jS) we have Ai =^-7- j= « ( — =t) 

=7i.( -v/— 1)"""^ ; so that all the coefficients can be found in 
terms of ( ^/^)* and of ( V^Y"^. 

PRAXTS. 

1. To deduce the binomial theorem from Taylor's. 
% To expand the logarithm of a binomial by Taylor's 
theorem. 

8. To deduce the exponential theorem from Taylor's. 
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1S9 



4. «-" = 1 + /a.y + laf^.-^ + (la' - to)j^ 



• • • • • 



+(i»«-4i»«) 



a^ 



1.2.8.4 



+ &C. 



6. o*^ = 1+ la^Y + ^*-0 ■*" ^^' ■•' ^^l¥3 



X* 



+(^*+^')r:m+*^ 



6. The coefficient of the (n+iyK term of the expansion 
1_ 1 

1 



of sec, X =•. -%-. Atn^2 — T <a"a >4 ' A3n-4 + &C 



. Ao^ 



1.2.3.4 
1 



-1.2....(2«-2y '^ 1.2.8 2» 



7. Lety'— 3y+^=0, then 



_ 

Qt 



X 



x3 



i^ = -a-+-a4r + 



3 



3^ 



+ &c. 



^ ;; 1 ^3 

andy=±^/3-.-ga;q: -^^ 






Alsoy= — 0^ J — 



2 



4 



a: 



1.2 ar 



1.2.3^^ 



are the alge- 
braick va- 
lues of ^. 



8. y +a^— 2a3+flwy-a73=0, 



X 



X' 



.'.y«_o— -|- — - 



131 X' 



2« * 26a 2»a* 
alsoj^=ar + — +-g^ + &c. 



-f &c. 



9. y~a*y + a«ry — ^'= 0, 



a a" 



o^ 



'••y=^— a-+ar + 



8a* 



y = ^ 



3 ' 3a: '81a;« 243a:^ *' 



X x^ 



• • . • • 



I 






a^ 



^ 



a^ 



,6 



a- 
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10. ary^ — ay=5x^ + cx*+e.r+g' 

and = ^- ^—5— + -3- (%(^- «'<') + «^«)« + &«• 

Also ff^b X H ^H ^ + &c. which contains 

the ^wo values that would result from the solution of the 
equation as a quadratick. 

12. Required to expand a function of two independent 
variables. 

Suppose the priadpal variables to change separately* 
Let u = v{Xft/) 
u^=F(x+h,y) 
V = f(j?+A, tz-^-k) 
By Taylor's Theor. Art. 5, -we have, 

du h dHi h^ d^u A^ 
"'=^ + dfcT+S^^T:2 + d73T:2:3 + ^"-' where the cc 
efficients are functions of a; and y independent of A. 

Next, suppose y to become y-|-^» then each tprm of this 
equation will receive a change, Uf becomes u, aitd all the 
remaining terms may be expanded by the same Theorem. 

du h d^u Jc^ d^u k^ , „ 
,1 becomes «+^y+^, j-g + ^ I^ + S^^- 

d- d^- 

du du (IX k ^ ^^ _i_iL, 

di dH'^^'T'^'d^'TI^ '^' 

d^u d^ /^'d^ k_ 

1?^ dx^^'^' 1 ■^^''• 

d\k d^ « 

dx^ dx^ 

&c. &c. 
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Hence the equation becomes ' 

^ = ^ + ^'T + d7^T5 ^ rfy^ 1:2:3 -*• *"• 



du ^du 



iXdx^ dy • 1 "•" dy2 ■ 1.2 

d«w 



4- &c. \ 



+ &c. 

13. In the preceding expansion, all the fluxional coefficients 
contain partial fluxions of the function. Thus in the term 

■J- -:r-j du expresses the fluxion of u taken only .with respect 

to y^ for it is obtained from u = f(x, y) on the supposition 

that y alone varies. So also in the term t- -y, du does not 

express the whole fluxion of t/, but that part which arises 
from supposing x to vary and y to be constant. In the term 

J— 3-^, dhi is the second fluxion of the function taken in 

each case with respect to^. 

There is also another point relating to notation which 
should be particularly observed. It is usual to denote 

du 

-^ — by -^ — -T- *, which therefore signifies that the d^u in 

this case is obtained by first diflerentiating with respect to 
ocy and then differentiating the result with respect to y. 

dw 

d'tt . dy 

j-T-i which is the same as ^ » would show that the order 

u V QnC CLX 



du 

'dx , d^u 
* Lacroix and other writers denote — 1 — by 



dy dy dx 
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of the operations is to be inverted. These two symbols may 
represent equal quantities, but they are not identical, since 
they indicate different operations. 



"rr-TT = j~TT, which shows that u is to be differentiated 
dy*2 dxdyr 

thrice ; first with respect to x^ and then twice with respect 
to^. 

Grenerally . n.y_^ > where p -^^ q = m, shows that u is 

to be differentiated m + n times, the first p times with respect 
to jr, then n times with respect to y^ and then q times with 
respect to x. 

The preceding series then may be expressed thus, 

/du h du ,\ - «/^tt^„ d^i ^_, d%, A 

which is the same series as that which was deduced, Ch. 3. 6., 
upon principles independent of the theory of limiting ratios. 

The terminus generalis is ,i ^^ , ., ^^ '-r x 

^ (1.2.3 m) (1.2.8 ft) 

d"'^*'u 

14. In calculating with partial fluxions the student cannot 
be too cautious even in performing the simplest algebraical 

operations. Thus, if we have -p = a, and consequently 

A dx 

l=-j-, we are not to conclude wiUiout proof that 1=:a-7-; 

dx 
for here we shift the hypothesis. That the conclusion, 
however, would be just appears from the following demon- 
stration. 

Let y and o/ be corresponding values of y and x ; then 
h being the increment of or, it appears from Ch. 3. 1. that 

y— y 
we may assume ^ — - = a 4 bA + cA* -f &c., where a, b, c, 

Xr—- X 

&C. are functions of y, y and x independent of h ; taking 
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Iff <-» J* 1 

the reciprocals we have -j — = -- — =— — rr-n — => by 

y^y A-f BA-h cA^-h&c. ' ^ 

• 1b 
divi^on, -. h 4- &c, ; hence, taking these ratios in 

their limit, we have ;7- = — ; but from the original as- 

sumption ^ = a, therefore ^ =5: ^• 

dy 
Or thus. 

Let u = ¥y and y =/^, then (3.8) ^^ = 3~ j^ ^9 ox 

iu du dy 
dx^ dy dx^ 

Make «= jr, and we have 1 = 3- . ^ or ^ = ^-. 

dy dx dx dx 

dy 
15. Tlie total fluxion of a function of two independent 
vaiiables is equcUto the sum of its partial fluxions, 

T? /A -.^v ^du h du 1c\ 
For(Art.l2.)u = «+(^-j- + ;^^) 

\d^^ "^ rf~r "^ J^ ) "^ ' hence, trans- 
posing u and dividing by inc. u, and taking the ratios in 

..... , , , dudx dudy 

their limit, there results i=:j--; — h-r-T-or 

d^ du dy du 

du , du 

Instances of this theorem have already been demonstrated in 
the first chapter : thus d{x -fy ) = dxi-dy; d.xy = ydx + xdy\ 
X dx xdy 

Examples, 

Ex. 1. u—af^y'*> 

du 

j-dx = mai^''^y"dx 

1 y .*. du = maf^^y"dx -f naf^y^'^^dy. 
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ay 



ayxdx 



3 



Ex. 2. w = 

du , 

— (to= — 

(jr^ + y ) 
„ dw^ ady aj/'dy 

Ex. 3. u = tan.""* — . 

y 






(/t< = 



— ayxdx 4- aa^dy 



C^^+y*) 



T dx = 
ax 



dx 

y ydi^ 



^ ^2 + y* 






du = 






^'^^^ ^~x^ "^"^^T^ 

3^ 



Ex. 4. M = Z. tan. — . 

y 

_ a? ^ X dx 

a. tan. — sec* : — . — 

du, y _ y y 

dx XX 



dx 



tan. — 

y 



tan. 



y 



« sin. — COS. — 
^ y y 






sec.^ 



a? *-xdy 



y 



/2 



r « 



xdy 



tan. 



J7 



y 



«2 sin. — COS. — 

^ y y 



/. dw = 



ydx — a?fl^ 



or ar 



«/* sm. — COS. — 

^ y y 



16. /^i taking panrtial fluxions of afunctixmy the order in 
which they are tcdcen mUnot affect the result 

In Art. 12, we first changed x into 4?+/*, and then j/ into 
y+A:, in order to expand u; it is manifest that we shall 



DEVELOPBMEKT OF A FUNCTION OF TWO VARIABLES. 145 

have the same value for u, if we invert the order of the sub- 
stitutions, and in this case 

du h (fiu h^ d^u A' 

du k dhi k h d^u k ft* 

"*" ^ T "^ ^^ T • T "•" ^^T • Til ■•" 

df^u ^ d'u fe* ft 

+ &C. 

This series being identical with the one in Art. 1£, we 
have, equating the coeiBcients of corresponding terms, 

d^u ^ d^u d^u ^ d^u d'^'^^^u 

dydx " dxdy ' dydx'^ "^ dx^dy^ *" gener y ^^mj^* 

"" dy*dx^' 

d'U d^u 

w 1 Vi ^^^ — ^'^^ _ *dydx _ 'dA:(^ 

dydx*^ "" dydxdx ^ dx ~ dx 

= , J , , which shows that the result is not affected by 
dxdyax ^ 

the order of the differentiations. 

It is evident that the same conclusion obtains whatever 
he the nature of x and y^ whether independent or not. 



1. To show that 



Examples. 

d^u du 

dxdy "" dydx' 

du •„ . d^u 

dxdy 



, du , d^u , , d^u 

also — =7M7y'"* .". ■-j--r-=mnx"*^^y'*^^ = 



dy ^ ' * dydx ^ dxdy 

- — ;— d^a ah 

^ dxdy 4>v/l + aa? ^1 +6y 
_ d^ 

dydx' 
VOL. I. h 
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[p.) tt = a? sin.^ +y sm.o: .*. , , = co8.x -f cos.y = 



(4.) u^x^^xy-^-y^ /. 






dxdj/ dydx (2a:y+3^)^ 

dx^dy " (2^+^)4: ''dxdydx 

17. Required to investigate t?ie conditions necessary in 
order thai two given functions of the variables may be con- 
sidered as partial coefficients of a thirdjiinction of the same 
variables. 

Let T{^9y)if{^9y) represent the two giyen functions; 
(p {x^ y) a third mnctioa of the same variables ; and, adopting 
Lagrange's notation, in order that we may make the two 
supixwitions v{x,y) = <p'(x,y)i and f(x,y) = ft(a?, y), it is 
evident that we must have f/jt, j/), which = 9/(ar,^), equal 
tof{x,y). 

Generally, in order that we may suppose f(^, y) =?n(*>^) 
and/(ar,^) = <p^(^,^), a necessary condition is, that F^(r,y), 
which =Kt;(x,y)y is equal tof'^^x^y). 

Ex. Let F(a:,y)=-r- — - andf(r,y) = — — — -> • • • • 

1 2y^ ^ •^^—y'^ 

and/X^, y) = - ^^-^, + ^^^-;^^^ = (^r:r];i)i; hence 

we may make the suppositions that Y{x^y) =. <p'(^,y) and 
f{x^y) = <Pt(^9y)9 9 representing any other function what- 
ever of X and y : but we may not suppose f(^, y) = (pji^^y) 
2LVidif{Xjy) = (p"{jp,y)^ since F'(a?, j/) does not equal/ (^,^)' 

18. Required to find the successive flu^xions of a function 
of two variables^ on the supposition that they both fim 
uniformly. 

du du - 

du = -i-dx^-j- dy; therefore 

d^U z=z a.— X dx -h d.-j- X dj/; 
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butrf.^=(ATtl6)^dr + ^dy, 
and a.-j- = , , rfa: 4- -r^ ay ; 

Similarly cPw may be proved = -j-^dx^ -^ TIT ^^^^y 

Sd^u d^u 

+ J , g dirdy* + -r-^- dy^, where the law of the terms is 

sufficiently manifest, and the rule for the expansion of d^u 
may be demonstrated by the method of induction. 

Cor, If in the expansion of u=F(jr+A,^4**)j Art. 12, 
we substitute dx for h^ and dy fbr Ar, we have 

+ -T-j dy' > -f- &c. ; and substituting for these terms their 
value obtained in the article, we have u = w + ^i" + 



wAer^ f.yfJ^f'ii &c. represent the values of the partial co- 
efficients qfu =/(a?, y) when ^ == and y = 0. 

For the general form of the series which is the expansion 

of wis 

"" ^i^^i^ -4- ^ > ^^®^® ^^® coefficients a^ b, c, &c. 
-fDj?^+Rryi-Fj/ ^ areindependetttof j:«^andj^. 

To determine these, first suppose x = and y = 0, then 
A = (u) =y, ; next, diiferentiate partially with respect to x, 

l2 
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and there results -5- = b + 2dx + Ey + &c. ; in which, if 

we suppose x = and ^ = 0, there results b =/- ; and in 
the same manner the remaining coefficients may be deduced. 
Or the Theorem may be derived from Art. 12, as Mac- 
laurin's Theorem is deauced from Taylor's in Art. 7. 

20. To develope a Junction qf three independent variables. 

Let u =y*(^j y, ss) and u =f(a: + h^ y-}- k, z + l)y and 
suppose the variables to change separately ; then it may be 
shown, as in Art. 12, that 

/du _ du.\ 1 /dhi ,^ dHi _. , d% _ \ 
1 /d^u,^ dhi ^. , d^u ^-,„ d'*^ ,A n 

Next, let z become z-j-ly then 

du I d!hi l^ d^u l^ 
t.becomest.+^y+-^j^+-^j^ + &c. 

du , du d^u I dhi P 

&c. — &c. 

Hence 

du I d^u l^ d^u l^ 

dz 1 d«* 1.2 d«5 1.2.8 

h idu ^u I dr^u £^ I 

■^T* i5^"*"iZ^T+dSdi'2lT2J 

ifc f Jw d-2/ / d^u P 



I idi/ dyd% 1 dyd^^ 



-J 

1.2 3 



+ T^1 -i-. + 



1} 



1.2 I dx* dofidz 

y dHi d^u ^} 

t dxdy dxdydz 1 i 



1:2 y j.^ d^w ^ 7 



+ :r7;i-r^ + 



1.2i.dy« dfdz 
1 Cd^^, d^w ^., d^i^ ^,, d^ „? 



+ 8cc. 



J 
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neglecting those terms which involve more than three di- 
mensions of A, ky and /. Hence, arranging the terras ac- 
cording to the dimensions of A, k, and /, we have 

1 C dw , du, du, 1 1 C d*M , d«w , 
1 C da? dy dz 3 ^ 1.2 1 rf^ £/«/« 



dy d;s 3 ^ 1.2 1 d^ dy^ 



^u d^u (i*tt d^w d'^?« 

dt^ dz^ dx^dy dv^dz dj/^dss 

d^u Q,,2j^ d^ d^u d^u 

dxdy^ "*" dxdjis!^ dydx^ dxdydz' 



X 2.3Afc/. 



. ^ + &c. 



In the application of the calculus, it is seldom required to 
develc^ a function of more than two variables ; for, as the 
place of a point in fixed space is, in general, made to depend 
upon the value of three rectangular co-ordinates, the equa- 
tions are of the form F{;r, y^ %) = 0, from which we may 
obtain % s=J*(^Xj y), which may be developed as in Art. 12. 

21. The total fluxion of a function of three or vwre inde- 
pendent variables is equal to the sum of its partial fluxions. 

For in the above series transpose u, divide by inc. m, and 
take the ratios in their limit, and th^re will result 

dudx du dy du dz 

"^ dxdu ^y du ^^ du 

, dw , du . du . 
or an— -z-dx + -j-di9j + j-a». 
dx dy "^ dz 

It is evident that this demonstration may be extended to 
a function of any number of variables. 

22. Hitherto we have considered t^ as a function of two 
or more independent variables Xy y, ss^ &c. If the variables 
are dependent upon each other in any manner, the partial 
fluxions of u may appear under a different form, according 
to the hypotheses which may be made with respect to the 
variables; but by means of the f^mulae of Articles 12 and 
%, the truth of the proposition may in all cases be esta- 
blished, that the total fluxion is equal to the sum of its 
parUal fluxions. 
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Ex. 1. Let u=f(^i y\ and suppose y=^fXf then, Art. 13, 

&c. ; transpose u^ divide by A, and take the ratios in thcnr 

du du du dy 

hmit, there results 3- = j- +-yj 

dx dx dy dx 

# 

, , du _ du dy . 

and du = -r-dx^-j-'T'dx^ 
dx dy dx 

du ^ du J 
Ex. % Let 2i=F(.r,^, %)^ and let ^ 8c :^ be each functions 

of J7. 

, . /^^ X /dtt /i du Jc du l\ 

(Art.20.) -n = «+(^y + ^y +5^y) + &c.; 

• 

, ^ . ^ du du dudy dudss 

therefore, as m Ex. l.-T-==3- + ^"'j+~r-'7- 

dx dx dy dx dz dx 

- _ dw _ dudy ^ du dz . 

and aii = j-a^ + j- -r-dx-^—r- T-dx; 
ax dy dx d% dx 

du ^ du . du ^ 

or =:jraar+-j-ay+-r-aaf. 
ax dy ^ dz 

Ex. 3. Let u = F(r, ^, ;5:) and ar =/(a:, y). 
Transpose u and divide by Z, and there results 

du du du dx du dy 

dz "" dz ^^ dz dy j^ 

- du . du . du . 
or du = ■j-dX'\- ^dy-\- Y dz. 

And it is obvious th^t whatever be the number of variables, 
or whatever hypothesis m^y be m^de with rei^)ect to thenii 
the proposition may be demonstrated. 

9S. Ifw is afu/nction of two dependent variaMes x and y, 
,, , „ . du h d^u k" d^u h^ 
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For, since u=^F(Xf y) and y = fx^ therefore u = v^scjfsc) 
=?»ar, and consequently by Taylor's theoreito, 

du A dht hr- 

Since the increment of », and consequently its fluxion, 
must be the same, whether we suppose it to arise from the 
changes of x and ^ in u = F(d:, y), or from the change of x 
alone mu=^<px\ it follows that the coef&cienjts of A in this 
deveiopement contain the /oto/ 'fluxions oft/. 

24. Required to develope a function of two dependent 
variables in terms of the increment of one of them^ so thai 
the coefficients may contain partial fluxions of ihejufiction. 

Sinde u =i F(a?, y) therefore, Art. 12, 

(du ^ du^ 1 1 (d^ ,„ d"u ^,, dHi, ,^1 

1 Kdhi d^u d^u d^u ) 

but since y =^, therefore (Taylor's Theorem) 

dy d^y d?y 

k^ph+q¥'\'r¥-\'kc. where p=^, ?= ^, '•=^» 

&c. =- &c. ; which substitute in the preceding developement, 
and arranging the terms according to the powers of h, we have 

Cdu du 1 A (d^u 2d-u dhi ^ du '\ 

By the former article each coefficient should be the total 
fluxion of that which precedes it, divided by dx. 

Now the second coefficient is the sum of the partial co- 
efficients of u ; and from this to deduce the third coefficient, 

we have the fluxion of -p, taken with respect to x and di- 

d^ 
vided by dxj equal to ^-7 ; and to find its fluxion talcen 
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ivith respect to y^ we have -p, a function of x and y and 

y ^fxy and consequently (3. 8) the required fluxion is 

driJL dy d% 

d^di^' which, divided by (ir, is ^p. 

Again, to differentiate -j- p, we have the partial fluxion 

of -T- taken with respect to x and divided by d!r = 5—7- > 
dy ^ "^ dydx 

also, since ^ is a function of x and y and y = yir, its 
partial fluxion taken with respect to y = -7-7 -f- dxy which, 

divided by J^, IS ^^.; hence ^7^ =^ d^ ^ d^y P 

C rf^M ^u 7 r/w dp d«w 2dht d'u 

^ p -J _|. o C H ^^ = 1 P '\ P^ 

^ C dydx dyf^ ^ J dy dx dx^ dxdy ^ dy" ^ 

du 

And in the same manner the succeeding coefiicients may 
be deduced. 

This developement then, combined with that of the pre- 
ceding article, shows that even when «^ is a function of 
dependent variables, its successive total fluxions are found 
by taking the sum of all the partial fluxions of each pre- 
ceding term. 

Similarly it may be shown that " i/*u is a Junction of 
three or more variables dependent upon each other in any 
manner whatever^ it may be developed in a series a>scendifig 
by the powers of the increment of one of tiie variables^ the 

form (f whose coefficients wUl depend upon tJie assumed re- 
lation of tlie variables ; and each coefficient^ which (Art. 23) 
is the total fluxion of titat which precedes it divided by the 

fluxion of the principal variable^ is also the sum of aU its 
partial fluxiotis divided by th^ fluxion of the principal 
variable. 

Combining this with the proposition contained in Art. ^1, 
it follows that, " u being a function of any number of va* 
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riable,% whatever be their nature or relaHoHy the total fluxion 
of A wis equal to the sum of its partial fluxions. 

This general theorem, which has been demonstrated in so 
many different instances, on account of its importance, and 
for the purposes of illustration, is an immediate inference 
from the definition of a fluxion ^ven in Ch. 1. Art. 7. 

For, since on every supposition that can be made with 
respect to the variables, the total increment of a function 
must equal the sum of all its partial increments, and that 
this must obtain whatever be the state of the increments, it 
follows from the definition that its total fluxion is the sum 
of its partial fluxions. 

25. When a function is developed, as in the preceding 
article, the variable in terms of whose increment the series 
ascends, is called the principal independent. 

It appears from the developement that the coeflicients of 
the series contain difierent partial fluxions of u, and also 
different combinations of the fluxions of the other variables 
considered as functions of the principal independent; the 
former, in any proposed function, may always be had in 
terms of the variables free from fluxional coeflicients ; hence 
the coeflicients of the series, or the total fluxions of w, divided 
by the fluxion of the principal independent, may always be 
expressed in terms of the variables, and of the fluxions of 
the variables, considered as functions of the principal inde- 
pendent. 

Thus, suppose «^ = x^ -f Saxy + y'^ ; 

then, smce — = %v^+ay), — = 3(ar + V^'d^ = ^•^•^' 

d^y = ^^' d^^ = ^^^y^ ^"- = *^^- ' 

h 

therefore u = w -I- |3j;^ + %ay 4 3(aar + y-)/?} -cp + &c. 

from which values may be obtained for -p, ^t-^j in 

terms of jr, y, jp, y, r, py, 

26. Fhixional Equations. 
Functions of dependent quantities usually appear under 

the form of equations w = 0, t; = 0, which, with 

the conditions of the question, show the relation which 
the variables bear to each other ; thus, from the equation 
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y* — 9.mxy + 4?^ — a« = we may find the form of the 
function whicli y is of ^. No other condition is necessary 
in this case for determining its form, since there are only 
two variables. 

If there are three vmables, we must have two equations 
in order to find the form of the function, which one is of 
either of the other two; and so on. (Alg. 145). 

27. If u^O represents a Junction of dependent variabks, 
then shall du = 0, d^ = 0, d^u s 0, &c. &c. 

For since u = r(^, y, z ....)= 0, whatever be the values 
of or, y, z ... », therefore u, which = F(.r 4-A, y-ffc, s+/, . . .) 
where k^ l, .,. . may be either positive or negative, = ; 

and — T~-, and consequently -j- = 0, or dtt = : for the 

same reason, since -r- =y(^> y^z, , , .), d*tt=0, and so on. 
Or thus. Since u = 0, therefore, (Art. 23) 

• • 

du h du 7i* „ . ^ , ,*, ^.«x 

** "** ^ T "^ 1^ ro + See. = 0, & consequently (Alg. 347) 

du = 0, d-u = 0, d^u = 0, &c. = &c. 

Hence, if in the expansion in Art. 24 we suppose that 
w = 0, the coefBcients of the series become the fluxional 
equations which arise from successively differentiating m=0, 
on the supposition that x is the principal independent, and 
dividing each time by dx. 

Since these coefficients contain partial fluxions of w, they 
are expressed in terms of the variables, and of different 
combinations of p, ^f, r, . . . . It is under this or a similar 
form that fiuxional equations always make their appearance 
in calculation ; and the problem to be solved, when there is 
only one principal independent, is " Given the relation 
between the fluxional coefficients of the variables con^dered 
as functions of the principal independent ; to find the primi- 
tive equation or the relation between the variables themselves.'* 

Cor. All fluxional equations derived by successively dif- 
ferentiating u = F(a:, y) = 0, on the supposition that x is 
the principal variable, and dividing each time by dir, are 
homogeneous with respect to the fluxions of y and the 
powers of dx. If y is taken to be the principal variable, 
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the equations, divided each time by dy^ are homogeneous 
with respect to the fluxions of x ana the powers of ay. 

This appears from the developement in Art. 24. 

It also follows from this view of the subject that we shall 
obtain the same values for p^ c, r, . . • . , whethw we dif- 
ferentiate 1^ = 0, on the supposition that ti is a function of 
dependent or of independent variables : for on either sup- 
position, the sum of the partial fluxions is the same. But as 
this demonstration may perplex the student, ii^ consequence 
of the sum of the partial fluxions being in each case equal 
to nothing, we shall 'make the proposition the subject of the 
next article. 

28. If we have an implicit function of x and y, viz* 

u = f(.\, y) = 0, and consequently y = fx ; in order to 

find the fluodonal coefficients (f y considered as a function 

of-K from the equation u n 0, we may differentiate u as if 

X and y are independent variables, and from the resulting 

dy d^y 
equations deduce the values qf-r-^ t-^? 4*^ 

^ X A ^A ^ du du dn dy , du. , du dy 
For (Art. 24.) -j-=^-t--\-t-^ ordu- -j-dr-\-^ -j-dx. 

' dx dx. dy dx dx ay dx 

But since y =jxy -/- dx ^ dy\ therefore we have 

flftf, which =D, = -j-^dx-^-j- dy which is the value we 

should obtain for du in diflferentiating the function on the 
supposition that x and y are independent variables. 

Also, since y- and -r- are implicit functions of x and y 

and y =fx, it follows, as before, that we shall obtain the 
same value for d*w, whether we differentiate du on the sup- 
position that X and y are implicit or explicit functions ; and 

d^y 
poDsequently the resulting value of —-^ will be the same on 

U X 

either supppsitioi). And the same may be proved true of ^ 
57»' d^ ^^- ^^- 



In these successive differentiations, -5-, -r-r,, -j-r, . . . . 

' dx dx^ dx^ 



or 



1 
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iheir equals, J», J, r> . . . • are considered as sole funcUons 
of Xy so that dp = qdx, dq = rdx^ &c. = &c. 

The values obtained for da on the two suppositions will 
not appear under the same form ; because the symbols 

J- djfy and -7- -^ dx^ though algebraically equal, are not 
identical, since they do not indicate the same operation. 

29. The advantage we derive from this mode of differen- 
tiating an equation is this; it enables us to calculate the 
values of /?, y, r, . . . . , without first solving the equation 
With respect to y. 

To illustrate this, suppose m =1 y*— 2mxy + a?^ — a^= 
or y = mx ± \^a- — a** -Vfn'x^ ; then 

— dx= ( — 2wiy f ar)c/a', and i 

, > therefore, dividing by 2, we 

{-<^y^^^y-^riix)dy ^ 

ha\e du = 0=(i/--mx)di/^ {mi/— x)dx{a)^ and p = -, 

from which, if we eliminate^, there results 

—x-\-m'^x±:m \/a"^—x^-^m-x^ —x-^-m^x 

p __ — = w + 



±^a''-'a^-{-m^x^ " y/ a' — x^-\-m^x^ 

which are the values we should have obtained for py had 
we differentiated on the supposition that y =fx. 

Dividing (a) by dx^ it becomes •=- = (y —fnx)p — (wy — ^), 

which, differentiated on the supposition that x and y are 
independent quantities, and that p is a function of <r, gives, 

dividing by dx^^-— = = (y— mx)q-\-p{p^7n) — mp +1, 

, or (y — mx)q -f ^^ — S^mp + 1=0, in which, if we substitute 
for y and for o their values in terms of Xy we shall have the 
two values of q in terms of x ; and they will prove to be 
the same as if we had obtained q by differentiating y =^ 
twice successively : and so on. 

In this example, the equation is so readily solved that 
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it would h^ve been a shorter process to have found y in 
terms of x ; and then, by successive differentiations, to have 
calculated j[?, j, r, . . . . ; we shall therefore take a more com- 
plicated example, a^ + %axy -I- y« = ; and suppose that it 
were required to find />, 5^, r, . . . . , without knowing the 
form of the function that y is of x. 

rftt = = ^^dx + %aydx -h ^(ixdy + Sy^dy ; therefore, 

. . - du 

omitting the 3, («) ^ = = a?« 4- ay + {ax + y«);?, or 

P = r ; from which we cannot eliminate y, unless 

ax -\- y^ ^' 

we know the form of the function that y is of x. 
Differentiating (a) and dividing by dr, we have 

^2 = = 2.r + £*/? + (flu: + y«)gf +p(flf + 2y;?) 

= 2x4-2ap + 2yjp2 + (aj:4-y*)g; 

in which substitute »= ^, and we have 

^ ax -f-y* 

= 2a: - 2a. — v-^, + 2y.)— V4f. + ^fl^ +^0^ 

= 2ary* + Bajr^y^ + 2x*y - Sa^jry -|- (ox +y'')'j 
= 2a:y (y' + Saary + x^) — 2a* J?y + {ax +y *)'5' 

2a^a:y 

= — 2a'a?y4-(aj: + y*ya .'. q=z ^-rz- &soon. 

^ ^ ^'^ ^ {ax-k-yy 

30. It is obvious that the same principle may be applied 
to a function of any number of variables F(^,y, z . . . ^)=0, 
all of which are dependent upon one of them as t. It may 
be differentiated as if the variables were independent quan- 
tities, and the resulting equation divided by dt will give the 
relation between the first nuxional coefficients of the variables 

considered as functions of t. Also, since -rr, ^f , . . . are func- 

dt dt 

ttons of ^, y, 2 . . • ^, the equation may be again differentiated 
on the same supposition, and, dividing by dt^ there will result 

dHi 
an equation ^77 = 0, which expresses the relation between 

the second fluxional coefficients of the variables considered 
as functions of t : and so on. 
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81. Given a function of three variables^ required to find 
the first fbixional coefficients of one of the variables const- 
dered as aJimcHon of the other two. 

Let the function be u = v{x^ y, z) = 0, and z =/(^, y)- 

In Art. 20 suppose y con&tant^ then we have 

du 

du du I du da d% dz ^ dx 

^ dr ds h ^ dx dz dx dx du 

dz 

Next, suppose x to be constant, then 

du 
du du dz dz du 

di/ a^ ay i.y du 

dz 

All the fluxional coefficients contained in these equations 
are partial. 

Cor. Multiplying the first equation by dx^ and the second 
by dy^ and adding the results, we have 

da , du , du^ dss . dz '}■ 

but -T dx •{■-:- dy =^ dz^ therefore we have 
dx dy '^ 

= — dx -h -T- dy -\- -J- dz, which corroborates what has 
^ dx dy ^ dz ' 

been already demonstrated, Art. 29. 

32. It is obvious that x and^, which are here considered 
as the principal variables, must be independent of each 
other : they must be so related that the one can be sup- 
posed to change without necessarily producing a change in 
the other. 

Thus, if we have only the function x'^ f y^ -^-z^—r'^ =0 = u, 
y may be supposed to vary, and the conditions of the equa- 
tion may he satisiSed by assigning a corresponding change 
to z^ X remaining constant ; but if we have another equation 
between the variables, for instance x^ -f y'^ = %iz^ by elimi- 
nating Zy we shall have an equation of the form y (a?, y) ^=X^, 
in which the one is necessarily a determinate function of the 
other, and the hypotheses made in the preceding article are 
inadmissible, and the fluxional equations do not obtain. 
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33. lAgramge^a method qfded^i^Ang ihejkunonal equations 
of Art. 30. 

Since u = r(j', ^, z) = 0, therefore. Art. 29, 

but since z =y(^, y), dz ^ -z' dx '\' ^ dy^ therefore 

^i du du clz > i Jw du dz } 

^tdjc dz dxS Ldy dz dy 5 -^ 

in which equation dx and ^i/ are considered as independent 
quantities, consequently (Alg. 346) 

du ^du du dz 
dx^ dx dz dx 

, du ^ du du dz ,^. 

and -1- := =;7- + — T"- (^) 
dy dy dz ay 

(Fonct. Anal. p. 141,) 

Hence it appears that from an equation containing three 
variables, there may be derived two independent fluxional 
equations of the first order, which are simultaneous, and 
that their sum is the same fluxional equation, though under 
a different form, as that which would arise from differen- 
tiating the function on the supposition that all the variables 
are independent. 

34. Since in the equations (a) and (/3) all the partial 
fluxional coefficients contain new functions of jr, y, z, they 
may be again differentiated as in the preceding article, on 
the two hypotheses that x is constant and that y is cowstant. 
And it may be here observed, that though (a) has been de- 
rived on the supposition that j/ is constant, yet as it is of the 

form f(x, y, z^ ^ J = 0, or v{x, y, z, s) = 0, where 5 =/(^,y, z\ 

an equation which obtains for all values of the variables, and 
in which we may make any hypothesis with nespect to them 
which is not inconsistent with the conditions of the question, 
it follows that it may be differentiated as if x were constant 
andy the mindiial variable. 
If we diflerentiate («) and O) on these two hypotheses, 
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there will result four equations : two of them will prove to 

•• • ■ 

be identical, since -r-r- = -i-^r ; so that only three fiuxional 

dxdy dydx ^ 

equations of the second order can be deduced immediately 

from tt = 0. 

. . dtZ dz 

These equations express the relation between -7-, -jt* 

d^z d^x 

-7-5? -j-ir . . . ., which are to be considered as new functions 

of Xf y, z; and treating them as such, and proceeding as 
before, there will arise a succession of fluxional equations, 
showing the relation between the fluxional coefficients of Zy 
considered as a function of two independent variables 
a: and y. 

These equations are to be derived as in Art. 24, by con- 
sidering each partial coefficient as a function of z, x, or of 
5f, y and ^, as a function of x or y, according as ^ or jt is 
supposed to be constant. 

The fluxional equations of the second order are 

* d*M _ __ d^u d^u dz dhL dz^ du d^% 

d^" ^ dx^^ dxdk Jx"^ d^^dx^'^ dzdx^'' 
d^u ^ d^u d^ti dz d'^u dz dhi dz dz 

= =-^—7- +1-7- -7- +T-T--3- + 



dxdy "" dxdy dzdy dx dzdx dy d%^ dx dy 

du d^z 

dz dxdy 

d^u ^ du du dz d-u dz^ du d^z 

= = - h 2 "i '' H • 

dy^ dy"^ dydz dy dz^ dj^ dz dy"^ ' 

Cor. If these equations be multiplied respectively by 
da^y 2dxdy^ and dy^^ and the results be added together, they 
will form an equation, in which, if dz be substituted for 

^dx + ^^dy, and d^z, for ^ da^+^^^dxdy + ^^, 

it will prove to be the same as that which would arise from 
differentiating u= twice, on the supposition that 2; is a 
function of two independent quantities, x and ^, which flow 



* The number of dots, when there are more than one, are only 
intended to mark the number of independent principals. 



' 
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uniformly. This ought to be the result, for da is a function 

of Xy yy z^ and z is a' function of x^y^ consequently du is 

d'^u 2d^u 

a function of ar, y, and therefore -r-^ dx^ + , , dxdy 

dHt, 

35. If there are two functions and three variables, the 
Junctions may be each developed in a series ascending by 
the powers of either of the variables^ and equations may be 
derived expressing the relation between the Jluxional cO' 
efficients of two of the variables considered as functions of 
the third. 

Let u = and u = be the functions ; x^ y, t^ the vari- 
ables ; and let it be required to develope u and v in terms 
of g", the increment of t. 

du h du k du ff ^ 
(Art20.)u = « + ^-j- + 5^-p + ^f Uo 

+ &c. * 

» 

__ dv h dv k dv 

"~ dx \ dy \ dt 

+ &c. 

But, since there are three indeterminates and two equa- 
tions, by elimination x and y may each be expressed in 
terms of t alone, or may be considered as functions of t ; 
hence we have 

dx s d?'x ^ 

, JO *o / which, substituted in the 

and A: - ^ ^ + ^^ ^ ^ + ficc. 

above equations, will give the developements of u and of v 
in series ascending by the powers of g". 

du 
The coefficient of g in the developement of u is -57 

-f -^ J- + 3^ -f , which therefore = -=7 = 0. For the 
dx dt dy dt at 

dv dv dv dx dv dy 
same reason ^ =5^ + ^^ + ^^ = 0. 

VOL. I, , M 
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The succeeding fluxional coefficients may be found either 
by arranging the terms of the series according to the powers 
of ^9 or by successive differentiations. 

It is obvious that the same method may be extended to 
any number of functions, provided that the number of vari- 
ables is greater by unity than the number of equations. 

36. If the number of variables exceeds the number of 
equations H- 1, there is more than one indejpendent principal, 
and there may be derived from each of the equations more 
tlian onefluxional equation of the first order. 

For instance, let u = and t; = contiun five variables, 
z, yy a^ftyS; then, since there are only two equations, three 
of these variables may be considered as arbitrary or inde- 
pendent quantities, and the remaining two as functions of 
them. 

Let % and y be each considered asTunctions of Syt^xi 
then differentiating 2^ = partially with respect to Sy ty and 
Xf we have 

du ^ _ ^** ^^ ^y du dz 

ds ~ " ds dy ds dz ds 

du _^ ^ du du dy du dz 
W ''^dt'^dy'^'^dzdt 

da? "" "" da? dy dx dz dx 
Similar equations may be derived from v = 0. 

Cor, 1. Multiply the first equation by dsj the second by 
dty and the third by dx ; add them togetner ; and substitute 
in the result 

dy = ^ds+'^dt^ j-dx 

_ . ' \ and we shall have 

- , dz . dz . dx . 

and d^f = y- d*+ ^ a^ + ^"^ 

i ix du . du . du . du . du , 
dtf =0 = ■j-ds+ -rrdt + ■ydx + -j-dy+ ^-dx. 
ds dt dx \ dy ^ dz 

Cor. % Since the partial fluxional coeflBcients contmned 

in these equations are all functions of Zy y^ Xy ty s, they may 

be again differentiated partially with respect to either of the 

^independent principals ; and by repeating the operation on 



CHAP. IV« DItKFBAENTlATIOK A^D SLIMINATIOK. 16S 

» 

eidier of the equations t< s 0, v = 0, there will arise a suc- 
cessioB of equations which show the relation iietween thd 
fluxional coefficients of the dependent variables considered 
as functions of the independent 

This method may be readily extended to any number of 
functions containing any number of variables. The condi- 
tions of the question show the number of the variables which 
may be assumed to be independent, and we must differentiate 
successively on the hypothesis that the remaining variables 
are implicit functions of these. 

Functions also of two or more variables may be differen- 
tia:ted on other hypotheses of the varia^es, which we shall 
not here consider ; but shall proceed to Show certain ad van* 
ti^s that may be derived from differentiation combined 
with the process of elimination. 

87. Fluxional equations may be derived from their pri, 
mitive hy stuxessive differentiations combined with elimi- 
nations. 

As this will form the subject of Vol. ii. Ch. 2. we shall 
give but one example. 

Let y + flw? + i = 0, then considering x as the inde- 

pendent variable, we have ;p + ^ = 0> and eliminating x^ 

In this example we have two fluxional equations, both of 
which belong to the same primitive ; and it is evident that, 
in general, by the process of elimination^ the same j)rimitive 
may belong to a great variety of fluxional equations of the 
same order, exclusive of those which may be derived from 
differentiating on different hypotheses of the variables. 

38. By successive differentiations^ the irrational and 
transcendental functions of an equation may be eliminated. 

Ex. 1. y = (a^+ a:-)"". 



m 



^ n ^ * n{a^-\-x^) 

nating (a* + ^')'»^j we have dy = ' — ^, in which 



n(a« + a^y 



m 



(a*^ + jxf^Y ^*^* ^^^ appear. 



M 2 



* 
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In the same manner, if the equation contain n irrational 
functions, by differentiating n times, and placing the results 
under a proper form, we shall have n equations from which 
the irrational functions may be eliminated. 

Ea. 2. te + Zy + » = 

.% \- — +dz=^Oj an equation free from transcendentals. 

X y 

Ex. 3. y = -; : . 

y = 3;; — T ••• «^ = ^—^ or 2x = l^—^ & dx =t-^ 



jBar. 4. y = /. 



y-1 y-1 l-y« 



dy ^~r^ e^-1 ,^ p-fl 

= (vid. 2. 16.) Yzr ••• ^-^^ = Kl +i') - K^-p) ••• 

+ -y^ — 1 = 0, an equation which is free from transcen- 
dentals. 

Ex. 5. ^ = sin.ar. 

dx = J' and -j^ = 1 - y«. 

J5ar. 6. V = <2 sin.~* — . 

, adx , dv« a^ 

ay = — and "^ 



•^ dx x l+x* 
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Ex. 10. y = a sin.x+b cos. x. 

Differentiating twice, and eliminating, there results • .'^ - 

+ y=o. 

Ex. 11. u = a:*'* .•. -p or — uyar = 0. 

The application of this process to the developement of 
functions has been already shown Art. 11. 

39. By differentiation and elimination there may be made 
to disappear Jrom an equation of three variables f mictions 
whose form is unknown and indeterminate. 

Let the equation be % =f{x, y\ where x and y are inde- 
pendent quantities. 

By substitution, let z =^ft^ then ^ is a function of (or, y) ; 
and consequently, differentiating partially, we have (3.8) 

dz _ d^ dt ^ 

dx'^ dt dx\ . t. ,. . dft , dt dz 

T , >. , > therefore, eliminating —-^ we have-r- x-r- 

dz__d^dt( ' ^ dt^ dy dx 

dy "~ dt dyj 

dt dz . ... rt» • 

= ^ X -iTy a fluxional equation in which the coefficients 

A . dt 
dy 

We have supposed the equation to be of the form 
;jr =y (a:, «) ; but the same result will be obtained, if we 
suppose that it is of the form z = F(a:, y^f^x^ y) ) where 
f(x^ y) is combined in any manner with the variables. 

For, let tt = represent the equation z = F(r, y^fi) =, 
by substitution, F(a:, y, 5), then differentiating u partially as 
a function containing two implicit functions z mid 5, whose 
principal variables are x and y^ we have 

du ^ ^du du dz du ds 
dx'' " dv dz dx ds dx 

du du du d:s duds 

dy "^ " dy dz dy ds dy ^ 



T- and -p are independent of ^T 
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But since s ^ft and ^ is a function of (x, y), we have 
ds ds dt ^ 



therefore, by substitution, 



dr dt dx 

ds ds dt 
dy"^ dt dy 

du ^ ^du du ds duds dt 1 

dx^ ''da: dz dx ds dt dx \ 

> from which 
du ^ ^du du dz du ds dt 

dy^ "^ dy dz dy ds dt dy ^ 

ds du 

-^ may be eliminated ; also the function s in —7- may be 

eliminated by means of the equation z = T{Xy y^ s), and 

dz dz 

there will result an equation between -p- and -7—, whieh 

• ^ ax ' ay 

is independent of yi 

Ex.1, z =/(j^ +«/*). 

Assume < = a?* +^2, then the fluxional equation derived 
by the process pointed out in the former part of the article 

dz dz 
is y -T x-T-^^Oy which is independent ofy* ; or the equa- 
tion obtains whether we suppose z = (x'^ + «/*)* or =o**+y" 
or = l{x^ + y*) or any function whatever of a;^ + y*. 

Ex. % z =^f(ax + by). 

d% 
Let ^ = flw? 4- iy, then the resulting equation is b -^ — 

— a -7-- = 0, which expresses the relation between ^-r— 

and -J-, whether z = ^ax-\-by or = sin.(aar-f 6^), or any 
function of flw -f by. 

PRAXIS. 

1. x-f ^~'^ .-. ^ x '^^y^ ^ _o. 

•^ X " dx %cy dy 
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cu dz dz 

a:* -,' - . dz dz ^ ^ . 

3. «=-2- +/(y+ir) .-. ^-^ - — -*« = 0. 

It was shown, Articles 27 and 37, that from the same 
primitive there may in some cases be derived a great variety 
of fluxional equations of the same order ; and it appears from 
this article that to the same fluxional equation between three 
variables, one of which is considered as an implicit function 
of the other two, there may belong an infinite number of 
primitives. 

We shall not for the present extend these considerations 
to the higher orders of fluxional equations. 

40. The preceding article furnishes a criterion by which 
we ccm ascertain whether a/ny proposed quantity consisting 
of two variables is a function of any other proposed quantity. 

For if one quantity is a function of another, they will 
both satisfy the same fluxional equation. 

Thus, to determine whether .r*H- 2x^t/^ +^* is a function 
o{x^+y% we find, substituting z = ^4- 2;r^« +^, that it 

satisfies the equation y --r- — a? ^— • = ; so also z = a^ar 

+ %abxy -I- 6^^ satisfies the equation b -5 a -j-; hence 

we conclude that a?* + Sa?^^* + y^ and d^x^ + 2abxy -h by 
are functions of x^ + y'^ and of ax 4- by respectively. 



1 



41. Lagrange'' s Theorem. 

Let « = a? + yfz, where x and y are independent quan^ 
tities ; also, suppose u = (fiz, then shall 

u^fz^fx +|. A/r -h ^ {¥xfx^y 4- j|;3 [(f^xfx'f + &c 

First, suppose <pz^z, and let it be required to prove that 

z^x-\-'^.fx+^^{fx^y+^(fx^y^&c.: 

assume a? = a: -h Ay 4- By^ + cy' + i>y* 4- &c. ; where the 
first term is ar, because when ^ = 0, « = a:. 

Also, A =fx ; for diminishing y without limit, z^Xy and 
therefore fz —fx, or the series must be such as to answer 
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the condition « = a? + yfx when y is diminished without 
limit (1. 44 Cor. 2 or 3. 2). 

Now differentiate the original equation partially, and first 
with respect to x ; then, since z\% t function of x and ij^ 



dfz ^ dfx d% _ -, 



dx 



dfz 



dx 
hence we have 



^ik'd^^ =-^'* **' «°»'i"iy ^'^y = Z'*' ^i i 



^= \ "-^C" "1 therefore, eliminating yf% ?lzl =?C^ 
z^^fss'\-yf'x ss^J ' bcr^ f ^ ^^ 

or 1 — -J- = 1 — ^^ — , therefore ar^ = «yi = ;2r^ or 

xf^y =sr'(^~a:). (a) 

If then we find the values of z^ and of z* from the series 
assumed for % and divide by y^ we shall have from (d) 
A + ^B^+Sc^-f 4Dy + &c 

;={H-A'y + By + cy-|-Dy + &C.}{A + Bjr + Cy2 + Dy' + &C.} 

or A 

+ (B+AA')y 

H- (c -h a'b + ab')3^2 V =a + 2bj^ + Sc2^2^4p3/2 + &c, 
4- (d + a'c +- bb' + Ac')y3 
4-&C. J 

and equating coefficients (Alg. 346), 

or 

A=fx 
b+aa'=2b 
c + a'b+ab' = 3c 

D + a'c -h Bb' -f- Ac' =4d 

&c. = &c. 
Hence A=/a: 



b=aa' 



c=4-!ab' + a'b} 

D=J.{ac' + BB' + A'C} 

&c. = &c. 



c = i(ABy= i(fx"-fxy = ^ (fx^y 

/ B«\' /^ (/rn" fx-f'afi\' 



= ^ (>• 



ov^y .^, 'A/'^ 



2 



+/'^. 



!fV 



_ . (A^/'-r)" _ 1 



2 



2.3.4 



(/.^) 



w 



&c.=&c. 
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Next, let u = (pz, then diiPerentiating partially as before 

where (pz = -r~. 

dz 

Hence, eliminating <f>^Zf — = — j but from equation (a) 
— = , therefore, by substitution, — = and 

Now assume w = p + QJ/ + Ry^ + sy^ -f &c., p, a, r, &c. 
being sole functions of x ; therefore 

«'=p'+ q!i/ + r'2/^+&c. > Substitute these in equation (j3), 
tf/=a-h2R^+3sy^+&c. J and dividing by^, we have 

{p'+dV 4 Ry + &c. } [fa^+^ifaf^y -f j^( AT + &c. j 

=:Wy=:a + 2Rt/ + 3sy^ + &c. ; & equating coefficients, we have 
Q=p'/r 

3s=Rya; + -^(A«y + ^(/r3r 

&c.=&c. 
But p=^.r; for p= (w) = {<pz) = fj;; therefore 
Q,=tffx'=:<p^xfx 

=(Q/a7y= ((p'^f^^Jy therefore R = i{<p^xfx^y. 
Similarly it may be shown that s^^{(p*xfx'^f and so on. 

y y^ 

Hence (fz, or m=?ix+ y <P'xfx-\-~{(^xfaf) 

+ ilg (^'^A')" -I- &c. 
Cor. 1 . l(y=\,u^fx + <^xfx + ^ (f'a^/r*)' 



• • » • • 



• • • • 
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Cor. 3. Yiy^h nxAfx^Yj the theorem becomes 

' h *« 

w=:^(a:+A) = far+9'j?-:p+ ^''^q-g + &c., which is Taylor's 

theorem. 

Lagrange has also deduced this very useful theorem from 
Maclaurin's. Fonct. Anal. p. 14!9. 

42. We offer the following as a more direct investigation 
of the above developement, in which it is not necessary to 
asmgn a particular value to the variable in order to give to 
the coefficients the required form. 

wr=:^«=^(ar+^/;?), by Taylor's Theorem 

=?* + ^^.^+/;r.-?^* +f«'x.^+ &c. 

+ S- ^"' { •^*' + ^•^*-^'^- ^ + &C. } 
+ l^.p"'x{/r» + &c.} 

= fx-iry. <flxfx-¥ y« C ^J'x/'a; {fx +/»*. ^ + &c.) 



+!/' 



if^xf^x + &;c. 

+ /x/x/'x(/a?+&c.) 



+ 



1.2.3 



/** 



+ 8u;. 



= far +3/. ixfx + |J^ {^xfxfx + ^s'jr/r') 
y» /^(^xfa/'fx + ^'xfxfa^ \ 

= ft + y. f x/r + 1^ (^'r/r«)' + j^ {<llxfxy + &c. 

Cor. 1. When^=0, z=x; hence the theorem may be 
put under the form 
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U = ^ + ^^'X ifz) + IJ (*'d7(/««))' + j^ (*'X (JZ^) y 

+ &C. where (w), (/«) .... are the values of u,/z, .... when 
y = 0. 

Cor. 2. Let ss = v(j!V+t/f!s); and suppose that ^(f);=^, 
/(f) =y ; then expanding u = ^(^+J(/3f) as in the article^ 
there will result 

Cor. 3. The preceding theorem may be put under the form 

Of this theorem Laplace has given a demonstration re- 
markable for its elegance^ in the Mecanique Celeste, Tom. 1. 
L.2. Num.21. 

Ejpamples. 

Ex, 1. Given the quadratick a—bz + cz^=:0; required 
to develope x. 



a ce^ 



X 


= 


a 
b 


s- 


= 


b 


..fx 


= 


T 



2? = "i- + -T- .'. here 



Similarly (/a^)" = 6.7.8 ^ ; &c. = &c. 

Hence (40. Cor. 1.) 

a cai^ 4c«a:' 6.6c»a^ . 

_af ac 4a«c« 5.6 a^<? 6,7.8 oV 1 

~ Ti ■'"P" ■•" 1.2i* ■'' 1.2.3 i« ■•" 1.2.8.4 Ifi "^ J* 
which b the same series as that which would arise from de- 

i veloping by the binomial theorem -r ^^ • ■ tne 

icait root of the proposed equation. 
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The other root may be deduced by changing the form of 
the equation : thus, since ;i:= , we have 



cz 







h 




X 


— 


c 




f^ 


= 




a 




c% 


.-. fx 


= 


— 


a 
ex 






c^x^ 



a' 



€^X^ 



8.4 o^ 



c^a? 



.'. {fa^Y = - -TJTT i &c* = Sec. 



c^x^ 



Hence z — 

c ex 



2a« 



8.4 a^ 



1.2 cV \.%&(^x^ 



■7 — &C. 



C 






+ -TJ-- + &c. rwhicli 



. , b Vb^'^4!ac 

IS the same as x- H zz , 

2c 2c 



Ex. 2. Given the cubick ^^ qz + r =^ ; required to 
develope z. 

z= 1 •% here 



X = 


r 
7 




/« = 


1 

• 

4 


3' 


.-. /a: = 


1 


X» 



••• (A^y=-^^ ; & (/i V=^^^ ; &c. =&c. ; 



r 1 r' 6 r« 89 

hence ;s = 5- + . ^ , — r -f t-tttt , 



3 -T + &^' 



r f , r^ 67^ 8.9r« 



H-&C. ? which 



J i r 1.22^ 1.2 8 g9 

is the /ctf5^ root of the proposed equation. 

Ex. 3. Given ay^ +^'2 — ajs^ = ; required ;s in a series 
in terms oft/. 



;^ = — a + 



3^ 



2'. 



jchap. iy. 
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17S 



Here a; = — a 
a 






(/a?3)ff = 8.9 (-ay ; &c. = &c. 



.'. z = —a + 



a 



y. 



(■-^)'+il?^6(-^)'+ol];5---- 



X 8.9(-a)^ + &c. 



o' 



= — a 



6a7 a9ai* 



3/3 1.2y \SiAy^ 



— &c. 



fir. 4. Given y^ —^aj/^-^-afy — a^ =0 ; required^ in terms 
Bj the solution of a quadratick, ^ = y ± — , therefore 

i. ' , • 

_ a* _ a"^ 1 a' 

we have ^ = j: + — = (40. Cor. 1.) a: -h -7 — j-^- -^ 



y 



or 



^ 1.2.3 • %^ \ 



he. 



Also, the equation may be put under the form 
^ = ^ ^ ("T ~ $) •'• ^y ^^ theorem 

— — )+ &c./ 

^ ^ y S.(rid.3.iaEx.4.) 



^^ x'^ '^\x ^ 



= ^-^ 



7a^ 



+ &c. 



jBor. 6. Given 1 — « + a;» = ; required to develope 1%. 
« = 1 4- a;s .•. here 



^'ir= — .-. ^xfa/^zzx .-. (f'^^y=l ; 



«=! 




*>^» 


fx-x 


?« = fe 


(px = /or 



also (^r/F*)=x* .-. (f/xfx'Yz: 1.2. 
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Similarly (p'a?/ar*y"= 1.2.3; &c. = &g. ; hence 

a a^ c^ a^ •^al^ . , . , . 

= 0-hy+-2-+-g-+-j-+-g- + &c., which is 



therefore the A. I. of 



1-fl 



From the same equation, by means of the theorem, there 
may be developed z^j sin.;!r, l0tz—\) or any function of ier. 

Ex. 6. Given a— fc+c«*"=0 ; required to develope «*. 



a 



cz 



m 



«=:-T-H — T-"=i by substitution, e-^-f/z"^ /. here 



and ?>'^^=w^«+«-i .-. (?)'^^y=:w(3m + «— 1) ^^+»^ /. 
(^';r/a;7'=n(8m+n-l) (8w+«-2) ^>'»+*-» ; &c. = &c.; 
hence, we have 

J. !•/« 

+T4a«(3'n+n-l) (3»i+«-8) e»-+»-* + &c. 



— —^ 
~'^l 



1.8.3 
1 + 



ncai 



m — 1 



+ 



«(2m+w— l)c*a' 



3W— 2 



+ &C. j. 



n(3m + n~l) (3m-f ^ - 2)0^"*- ' 

■^ . 1^.36»~ 

The reader may consult '* M^moires de TAcad. de Berlin 
for the year 1768, page 276,'' and the " Traite de la Reso- 
lution des Equations numeriques, note 11," in which La- 
grange has snown that the developement ^ven by tl^s 
theorem corresponds to the least of the roots of the pro- 
posed equation. 

2« 
Ex. 7. Given *« hl=0; required z^. 

_ e ez^ 



ez^ 

<fz = «" 



ftp nfi^ 






+ |J(*"+0''+&c. 



• • • 
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- 2^(^+"^+-i:2~25-^ — rsis — §"6+ *^^7 

Ifw = -l,-=-il - 
« el 



2« 



2;^ 25+ &C.V which. 



since ssss , is the developement of 



1-Vl-^s 



Er» 8. Required to revert the series x = flwr + bz^ + c«* 

+ ear* + &c. 

a: 1 i \ 

« = J 5«2 + c** + 62* -h &c. > .'.here 

.«, /Jr=6r«4-cj*+&c. where x= — , 

a 

.\fr^={b^ + c^ + &c.)* .'. (/^y = 
2(6^ + c;r»+ &c.) { 2J^ + 3c4?« + 8cc. } ; 



a?= 



X 

a 



y=- 



a 



jfe=ftzg+gg^ + &c. 



;•. (Jx^y = S(ij:* + cor^ + &c.)* { 2bx + 3cj?« + &c. } ; 
|54 + 2.3cjr}; Sec. = &c.; hence 






a* 3 






+ 



1.2.34 a« ^ o^ 3 l"^^ a 3 



+ &C. 

a 



^a?» + ^ V -&C (Alg. 351, Ex. 1.) 



Ex. 9. Given fljsr + bz^ ■\-cs^-\- &c. = ax + /3a?* +ya?' -h 8cc. ; 
I'equired ;^ in terms of x. 

1 1 

a =— (ax + /3x« + yx^ + &c.) — — (bz^ + ci?^ +-&c.) 



a 



a 
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here j^ == — 



a 



X = — (aj;+/3a?^+&c. 



.% /r = — (aa? + j3a7« + &c.)* 



a 



+ — (a^ + /3a?2 -f &c.)3 ; hence 



a 



% = 



a 



(cLx + /3a?* + yix^ -f &c. 



+ 4 {^ (oar + /3jp2 + &c.)' (a + 2^a:+&c.) +&c. } 



— &c» 






Ex. 10. Given u+ph + ^+ j^+:^^^^ +&c.=0; 



a; = — 



required h in terms of u. 

u 1 WA« rA» ■ ^ 



1 



y = 

•^* "^ 1.2 ' 1.2.8 



P 



+ &c. 



^''+S+«-]---<>')'=KS+rS)('-+S)' 



+ 






q+rx+ &c 



M If qx'^ ra^ 



-f 



4- &c 



. > ; &c. = &c. ; 

•} 



hence 



p p t 1.2 1.2.3 

1 J qx!^ ra? ") ( ra:* ) 

+ ^t"l^ ■*• 12:33 P"^"^ 1:2s 
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■^ ^7 1.2.3.4 *^^''- J' 

dp dy 
Cor. Since y = -f-, r = ^, . . . the series may be put under 

^, p , , , p-^d.p"^ u^ p-^d.p-^d.p"^ tt' 

p'^d^p^^d^p^^d^p"^ tt* 

+ ^^^^-^ falsi - ^^ ' '^ **"'» 

which may be employed to great advantage in approxi- 
mating to the roots of equations. Vid. Cambridge edition 
of Lacroix^s Fluxional Calculus, vol. ii. p. lOS. 

Ex. n. Given r = = — ; required r". 

l+ecos.t; ^ 

r = a(l — e«) — g cos.r. r=, by substitution^ x+i/,r; 

(px=x* a.ndfx=:x; hence 



•f^e. 



V c, »^cos.» n.(n+l) ^ „ -i 

=a\(l-<?«)«{l r — + 12 V cos.«p-8tc.j' 

Required Ir. 

tr-lx J + g 3 + 4 

, ,. , ecos.D «*cos.*ti e*co8.'» 
= ta(l~««) J — + 1 g— + &C. 

• 

Required to develope e. 

1 n. 

e = r (1— e^) =» by substitution, 

cos.i^ rcos.© ^ I. ^ J ^ 



+ j^{3.2'(l-/r«)2 -2.8(1-4:^)^} +&c.; 



but 1 - j»=:l = — — V" ; hence we have 

cos.^ V cos.^ V 

VOL. I. N 
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1 asin.^v a* 2«sin.«tr 
^ — ^-,_ J etc. 

COS.© rcos.'v 1.2r* cos.^v 



jSj7. 12. Let p = cos.Sor^ then shall 

n ^ nin — S) _^ ., ., 



« __« ^ »(« - g) ,..«_4 »(«-*Xw-g)„,_6 



»(B-5)(«-6)(n-7) 

1 
It has been shown (2. 87) that if 2co8.ar = « + — » 

I. 1 

2 COS.I1J7 = a + -TT* 

First, to find a", we have a = Scos.iT = p .*. 

, «.(»— 3) ^ 7i.(n-4)(w-5)p*^* „ 



Similarly — ^ = ^^» -I- np~"""* H — ^y^ — p 



• . • • 



+ 1:1:3 P^ + &<=- 

Hence 2 cos.wa? = the sum of these series ; but when n is 
an integer, if the first series be continued till the exponents 
of p become negative, each of the succeeding terms will be 

1 

destroyed by a corresponding term in -^ ; thus, 

WW 

suppose ?* = I, a = p — p-^ — j>-» — &c. ^ 

suppose » = 2, a^ 2= p2 _ 2 — p-'— &c, 

1 _ 

^- P 

&G. &C. 

Hence it appears that when n is an integer, the first series 
will express the value of 2 cos.njr if we stop at the term in 
which the index of p = 0. See the Trig. App. p. 240. 

The developements of the following example are taken 
from the Mecanique Celeste. In these developements u 



)""'— &C, J 

r 2 -h &c. ^ 



and nt represent the anomalies of a planet'^s orbiti r the 
radius vector, and e the eccentricity ; and since the eccen- 
tricity is small, the resulting series converge with great 
rapidity. 

Ex, 13. First, let 71/ = t^ — ' ^ sin«tt ; required u in terms 
ofe. 

u = fit -{■ ^sin.u •*. here 

y = e hence, by the theorem Cor. 1. since f^ ss x, 

fa := siA.47 



tt = ar + Y^^^'^ + yo(8in-**y+ jg^g (AnJivY+ &c. 
But{sin.«jry=sin.2a?; (sin.*d;)''=3|2sin.^cos.*«— «in*d?| = 

|.{ 8 sin.*- 9 sin.^^ } = — { 3«8ifa.8jr- 8sin^} (Trig, p. 47); 

&c. = &c. ; hence 

u^rU+e sin.n^ + T-3^28in.2/<< + ^ gagg 1 3*an.3n^ 3sin.it/ 1 

+ r^iJiJs S ^ sin.4n^ -4.2^sin.«ii/ } + &c. 

Next, let r=fl(l — e cos.w) ; required r in terms o£e, 

r=^<pu = a(l —e cosm) .*. ^o: = a(l — e cos.*) .*. ffx = o^ sinui? 
andy*=sin.*; hence, by the theorem, 

r = a(l — e cos.*) + a^ sin.** + ys (^ an.'*)' .... 

= a(l - e COS.*) + "Y" (^ "" ^s.2*) + j-^ (3 cos.* 

- 3 cos.3«?) (Trig. p. 46.) + &c. 

r ^ ^ ^ 

.% — =1+-^— tfcos.n^— -5-cos*3fi/--T-o^(^*^^*^ • ♦ 



A 



— Sco6.7«() H- ^ a a 33 (** <»8.4rfi/ - 4c2» GO&Sm.^) — &o. 

FRAXIS. 

1. *=2;-a»* + 6«*— &c. .%«=*+fl*'+(3a«-6)*« + &c 
Alg. p. 190. 

N 2 
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+»».(jB + 2« -1) <»•»+»*-» -|^ + &c 

3.5^ = l+i,x+?j^+^ + &c 

...x=-{y-(«-l)+(c-l)'-((<r-l)»+|(e-l)«)+&c|. 

A ._o »! . 1 _ 1 . ny* , «-(n+8) .y* 

n.(n+3)(n+5) y , „ 
^ 1.8.3 g»+« "*■ *^ 

. . , ,, c sin.x c» /sin.*j;\' 
5. u=x+e sin.u .•. /u=to4- -= (- r-gl 1 . . 

1.2.8 \x"+V 






43. Required to develope u = ^ ^ m a 

•/ 
cending hy the powers of «. 

Let the required developement be 

tt = Ao + Ai2f + Aga* +••••+ An«* + &C. 

^ , ,. . . Far F^/k F«/38r* _ 

By actual division u = — =^— rr + 7 — =^— r^ — &c., 

^ X'-z (x—zy (x—zy 

FZ vz fz ¥Z fi^ 

therefore a^ = f. <". , . "^ .. + f. , '^ V3 - &c., 

" x^z {x — zY {x^zy ' 

FZ 

if the symbol ^". be taken to represent the coefficient 

X'^ z 

TZ 

of that term in the developement of , which contains 

X — z 

«». (Alg.346.) 
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Now, to find these coefficients, assume 
vss =3© + BjX + B2»* + . . . . +B„z*' -f &c., then since 

1 1 « »« »" o , 

W—Z X x^ x^ x^+^ 

xS> Bq B| Bj Bh 

_ Bq -h Bid? 4- Bajr^ -h . . , . + B,jr" 

=^-—^ if we place p in brackets, to denote that the 

developement of the function is to be restricted to the he- 
gaUve powers of or, 

-,..,,. , , , Fzfz (F)x(/')a: 

Similarly it may be shown that f*. — ^^— = — ^^ , 

the brackets denoting the same as before ; hence, differen- 

jpzfz 
tiating both the function ■ J_ and its developement par- 
tially with respect to x, we shall have 

Repeating the process, since it can be shown that t\~-^— 

x^ z 

=^ — —~ — , there will result, after two differenti^ions, 
Far/«« I /(F)x(/>r2\" 

which, being the coefficient of the terminus generalis, gives 
the law of the required series. ^^ Resolution des Equa- 
tions Numeriques, Note 11.' 



if 



Cor. By successively differentiating the original function 
partially with respect to .r, we have 
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— fi' s= - 



T« 






F« 



1.2 ^ (x-»'\-fiy 



t£ 



m 



T« 



hence, f*. 



W9 



+ f.; 



1.2.8"" (a:-»+^)* 
&c. = &c. 



i^' («-i) 1_ 

-• •1.2,..(m-l)^'^'^l.2..:(w-l) 
(a J ^"^*^, and consequently the 

developement pf T^3^3r^ may 

F« 



be obtained from that of ^_^ , > ■ 

i;«. 1. u = i — rr j—i? where p = 2cos.o 



1-y^ 



X 

P P 



u = 



.*. here 






X = 



Fa? =3 H 

p p 



/r = 






Fo; 



1 



j 






n— 2 Q 



,9 ,y»»— 1 



(«-3) (//— 4). a 



.3 



/F^ySr^X" (n-2)(»--3) P ^( 
&c. = &c.; hence 

(«-3)(«-4)(«-g) . 
~ 1.2.8 ^ 

+ a|p»--(»-2)/>"-' + ^ JJ-—^f ' ' " ■ 

(n-4)(tt-5)(«-6) . » , - 7 

which series are not to contain negative powers of p. 



+ &c.| 
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Hence w = p -f- (pp -f q)« + (pp* — p + ap) ^^ 4- &c. 

which is the same series as that produced by actual division. 

^ sin.(ii + l)9 sin.wfl , ., ^ «,^ .^^ ^ 

Cor. A, = p \ ^ + d-^-r vid. 2. S9 (0). 

sin. 7 sin. » ' ' 

p + ftjar 
Ex, 2. Required to develope jz "TTKi' 

P-f- dz 
By the preceding example, if w = -j ^, ^*.tt 



• . • 



^ p f 1 n-l 1 (/»--g)(n-8) 1 7 

ft < 1 «-2 1 («-8)(«-4) 1 _. ■) 

therefore t''' (^_pj^^y which = - r.-^, 

p C«+l n(»-l) 1 (»-!)(«— 2) (n -3) 1 „ ? 

(«-2) (n-3) (n-4) _1_ _ ^ 
"^ 1.2 jj* ar»-> *^i 



*-i ^ 



*»H-a 



=: p ^ (» + l)p"+' — n.(n —1);) 

, («-l)(«-2)(»-3) ^ . ? 

+ ft J »;)" - (n-l) (»-2)j) 

{«-2)(n-8)(»-4) ^ „ 7 

the series being restricted as before to the positive powers 
of p. 

44. The sum of the reciprocals of the nth powers of the 
roots of the equation x—Z'\-fz=^0 is eqiml to the sum o/" 
oB the terms of the developement of zr^^ which contain the 
negative powers of x. 

For, let X — »+/« = 0= {z -Va^ C^ + a^) .. . • («-h ««); 
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then, since /(a:— a -f/«) = ^(* + Oi)+/(«+«a) +- • • +^(z +«n)» 

^ ^ l-fz 11 1 

therefore ^^— rr = 1 [-.... + — ; — . 

Substitute r»=l— /*'« ; then, by actual division on both 
sides of the equation, ifyin represent the sum of the reci- 
procals of the wth powers of the roots of the equation, we 
shall have (Alg. 346.) 

I-et p=(/)a:,y=-^,; then(F)ir,which=l-(/Ox,=l-y, 

•17 

. But(/>g)'= grjp' + jpj" or - j;>' + (py)'=pj' 

^(^g)" = (pqp'y + i (jB^y or - (pqpf)' + j^ {p^qf . . 

i 
1.2 

&c. = &c. ; 

hence, by substitution, 

/_,.+„ = q+p<if+ ^(pV)' + ii§(pvy'+ &c. 

1 n + l (/)x « + l/(/W 



= 1-3 (W)" 



-^(^-^) - - 



In this equation, change n + 1 into n and there results 

•'-""«•"' a*+' LsW+'y 1.2.3 \;r"+V 
which = the sum of all the terms in the developement of a~" 
that contain negative powers of x (Art. 41. Praxis, Ex. 6). 
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Ex. 1. Required to demonstrate the formula of Art. 41. 
Ex. 12. 

The roots of a* — 2 cos.a:. »+ 1 = 0, are of the form a, — 

a 

1 

(Alg. 325) ; hence we may assume a A = Scos.x = p, 

and consequently (2. 37) 2 cos.nx = a*+— =y^ =, by the 

* 

article, part of the developement of ss~^. 

This has been developed in Art. 42, Ex. 6, if we make 
azz 1, c= 1, 6=,j5 and w = — w ; hence by that example 

.■H._' .fi " , w.(»-8) n.(w-4)(n-5) ^ 

and 2cos.nx=j)"— 7»p''-»+ ^ p*-* — &c. 

In this example^ ==7^* 

-Bj:. 2. Given «*— Pi «**"* -f |?22!**"^ — .... ± p„ = ; re- 
quired/;. 

The transformed equation is 1 —/?!« +|>a ^* --••• ± i>"«'* = 0, 



or JBf 



1 1 

-— +—{p^'^-p^^ ±Pn2"}; here 



1 

ir= — 
^= — ^Pa*!?^— jPb^ + . . . . ± j»n^**}) and by the article, 

""o^ ^+1 1.2\ !«+' y i.2.3\ ^"+' / "^ 

+ wp6jpi'*-^— &c. 
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= jY~i 1 (w-%a*^«^** ''2{n^4^)p,p,ar^** + &c. } 

= ^^^ p2«pi*-*-w(n-4);?2P8/>r""*+&c. 
&c. = &c. ; hence 

»-» - &C. 



4 






This is Waring's series, who in the Mcditationes Alg^- 
braicse, Ch. 1. has calculated it as far as jDx**-*. 

The examples of this chapter are only a few of the nume- 
rous instances in which the principle oi successive differen- 
tiation is applicable to the developement of functions. 
The subject itself is of the greatest utility in the mixed 
mathematics, and it has been handled by almost all scientific 
writers of any note from the days of Sir I. Newton, who 
was the first to see its importance. It would be incon- 
sistent with the plan of this work to give a fuller account of 
the developement of functions into series, or even to enter 
into further details concerning Lagrange'*s theorem ; for in- 
formation on the latter subject I must refer the reader to 
the work from which this and the preceding article have 
been taken, — " Resolution des Equations Numeriques, 
Note 11." 

Before we conclude this subject with the cases in which 
these developements fail, we shall subjoin two theorems 
which will be required in the second volume, the one doe 
to Euler and the other to John Bernoulli. 

46. Let u^fx be sttck a fwnction of x that when x=fl, 
u=^ b; then shall w = 6 + (a? — a) -^ {x — ay ^^ 

f 
-f {x—cif YW^ "■ ^^'^ •"'^^^ P> ?> ^> 4*^* ^^^ thefiuxioml 

coefficients of u =fx. 

% 

For, since u =/r, therefore (ex. hyp.) b =^fa, and hy 
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^lor's theorem /(x^-h) = « + 1?. y + ?. j-g + r. j-^^ 

+ &c. where A is iDdeterminate. 
Suppose a^x ==h^oT a:=.x-\-h\ hence, by substitution, 

fa, which = ft, = ti - p.-j- + ?-^£--- i^gj- + &c- 

and u=b-^(x-a)^-{x~aYf^-^ 1.2.'^ ^^' 

(Euler Calc. Int. Vol. 1. C. 7.) 

Yof fydxz^yx'-fxdy (2.52) 

__ x^dy x'^d-y 

"^^^Yd^'^^TIdi 

_ af^ dy x^ d'^y ^ o^ d^y 

'^^^'^lldi'^TMd^^'^^'TI^^'dJ^ 

xf^ dy x^ d'^ ^ dSf 

It is remarked of this theorem, that it has the same rela* 
tion to the integral calculus which that of Taylor has to the 
fluxional. 
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CHAPTER V. 



The cases in which the developement of functions Jhils.-^ 
Fractions whose numerator a/nd denominator vanish at 
the same tim^. 



1. It frequently happens in algebraick calculations, that 
by assigning a particular value to the variable the result 

becomes vain and nugatory. Thus, , when x — a^ 

becomes ->r- ; from which we are not to infer that the value 

of the function equals nothing, the only strict inference being, 
'that in this particular case the algebraick rule of division 
ceases to be applicable ; and the reason is obvious, that in 
the operation we suppose af^^ a* and a:— a to represent real 
quantity, so that this particular value of x is excluded by 
the supposition. In such cases the rule, though the phrase 
is certainly incorrect, is said to fail. 

It is upon the same principle that we explain, what at 
first sight appears paradoxical and inconsistent with the 
definition Cb. 1. Art. 7., that the fluxion of a quantity 
which vanishes is n6t necessarily equal to nothing. 

Let op=a7, oA=a; then » 1 — \ — i 

if p describe the line oap ® t a p 

uniformly, the fluxion of Ap 

or a — ^ must be a constant quantity ; a negative quantity 
before p coincides with a, and afterwards positive. It does 
not vanish, then, when p is at a, though ap = 0. ^ 

To take another example ; 

let u = lxy therefore t- = — ; make a? = 1, then li = 0; 

ux X 

^ du ^ 

but :t- = 1. 

dx 
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Or, let w=(a— a:)nherefore j- ='2. (a— a?), and -r— 

ax V /» ^^4 

= — 2 ; make j? = a, then u = 0, ^ = ; but ;r-^= —2. 

The student should attend to the following distinction ; 

if M = f(t, y) = 0, X and y remaining indeterminate, -^ 

shall also = 0; but if y =yir, and y = 0, in consequence 
of assigning to j: a particular value, it does not necessarily 
follow that dy = 0. ■' 

The theorems of the preceding chapters never fail but in 
consequence of assigning a particular value to the variable. 

Let/(x+a) =(a: + a)^, thenbythetheorem(Ch.8. Art.l.) 

(ar+a-hA)*+(ar+a)^ 



2.(^ 4- a)* 



= (^ + o)^-f J J+&C. 

9»{x Ac ay %.{x^ay 

either of which values may be substituted generally for 

(a?+ a+ A)* in all calculations without fear of error ; but if 

we suppose x to equal — ff, the equation becomes A^ = x ; 
and one cause of failure in this particular case is, that the 
value J7 = — a is excluded by the supposition tacitly made in 
the theorem, that both/(jr+a) and / (^ + a + A) represent 
real quantities ; but this is not the only cause, as will be 
shown in the following article. 

2. To eocplain the cases in which the theorems for the 
devdopement of functions fail. 

The theorem of Ch. 3. Art. 1. is found to fail only when 
a particular value is assigned to the variable. 

In that part of the demonstration in which it is shown 

that there cannot be a term of the form b V^"*9 ^t is assumed 
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Xhat/(je-\-h) must contain the same number of radicals as 

fa:^ which is true as a genetal proposition, but may cease to 

be true by assigning a particular value to the variable: 

ex. gr. 

Let /a? = fj?^ + (^+6) X ± ^x -h a; then f{x + A) 

r: c,{x-\-Kf 4- (ar -f ft+ 6) x ± v'jpTX+o^ which contmns 

the same number of radicals as fx^ but suppose x equal to 

— flf, then^ = CJ7«, andy(4:+A) = c(A— a)« + (6+A-a) 
I 

X ± A^, or fipc-^h) contains one radical more thanyi, 
and consequently has a greater number of valuesy and the 
ex absurdo demonstration fails in this case. 

The theorem then must be understood as applying only 
to functions of indeterminate variables. 

If we take the fluxional coefficients of the above example 
we shall find that they each possess the same number of 
values ; but if we suppose ar= — a, thenj^= tx\J^x =00 , 
f^x = 00 , &c. or the developement fails. 

It appears then, that if the developement fails, a value 
must have been assigned to the variable, which causes one 
or more radicals to disappear in the function. But the 
converse proposition does not hold good, that if a radical is 
made to disappear in the function, the developement neces- 
sarily fails. It will not fail in those cases in which the 
radical disappears in consequence of its coefficient being 
made to vanish ; thus, if in the &ime example we suppose 
X to equal —6, the radical disappears in^i, but the flu xional 

coefficients do not fail, for they become/'jrrs —2 Ac 4- //«— 6, 

1 

f'x=^2c + — == , &c- = &c. 

If we take the example^ = ca;*+ (^4-6)^ x ^a^a^ 
and suppose as before ^ = — d, the radical disappears in/'^r, 
but reappears in f^x^ f"'^^ & c. ; and generally if we have 
fw ^eaf^ + (x+b)** a/^-I- a, the radical disappears Iti the 
first m — 1 fluxional coefiicients, and reappears in all that 
follow ; so that in all these cases the function can be deve- 
loped by means of the theorem. 

There is this difierence between Taylor*s thecnrem and 
Maclaurin's : the first cannot fail so long as the variable is 
indeterminate; but since the fluxional coefficients in the 
latter are obtained by assigning to the variable a particular 
value, it may fail from the nature of the function which is 
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1 

to be developed. Thus the fluxional coefficients of — and 

of Ix, deduced from Maclaurin^s theorem , are all infinite. 
Vid. Ch. 4. 6. Ex. 3. In these two instances the functions 
are not developable in series ascending by the powers of jr. 
There are cases in which, by adopting certain artifices of 
calculation, the failure of Maclaurin's theorem may be pre- 
vented. Vid. Ch. 4. 9. 

It may further be observed, that Taylor's theorem always 
fails when the assigned value of x causes any of the terms 
to become imaginary, and that this may take place without 
causing the funct ion itself to be imaginary ; thus take 
fx= c + a^ ^/x—a ; if we supp ose x :s Oj Jx ss c, f^x = ; 
but /"or, f^^x .... all contain -/ - 1 . 

3. When one of the terms of the developement becomes 
infinite and it fails, in consequence of supposing x =- a, we 
must substitute x+htor x, h being indeterminate, and a 
series will arise which will not fail when x = a. In this 
case some of the terms will contain fractional powers of p. 

Thus, let fx = ^x — x^+a^x^—a*; then, by Taylor^s 
theorem, we have / (^ -h A) = 2flu? — a?« -f a V a?^ — a* 

-f < Zia — a?) + " ■ c "T~ + &c., the second term of 

C ^ ^x'-a^^ 1 

which fails when a? = a ; but substitute x + h for x in the 
original equation, and there results 

+ &c., in which, if we suppose iT = a, we have 

/(a+A)=a2~-A*+av'2aA + A^ + &c.=a«-A2-faAA^+aBA^ 
+ &c., where a, b, &c. are the coefficients obtained by the 
binomial theorem. 

4. J/'/(^+A), when a particular value is assigned to x^ 
is developed in a series containing a radical ofh^ the expo^ 
nent of which lies between n andn+1, ail the fluxional co^ 
efficients to the nth order inclusive can be had from Taylor^s 
theorem^ but all the succeeding coefficients^ a^ given by that 
theorem^ are infinite. 

Let f(po^h) contain a radical of the form (.r — a)*, and 

when x^a let one of the terms of the developement contain 

L 1 . 

a radical of A, viz. h^^^ where — is a proper fraction. 
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Suppose y*(a+ A) when developed to equal a + bA+cA* 

+ .... 4- MZt" + nA'^'^s + &c. ; and to find the coefficients^ 
suppose A = 0, then a =/a. 

Next, since (Ch. 4. 3.)—^— = ^^— , ^^ 

= ,io — ^> &c. = &c. ; therefore we have 

^%±^ =B+2cA+... + nMA-' 

da 



+ (w-|-i^)NA"+l"-'+&c. 






+(« + i-)(„ + i-l)KA-l 



a ~* + &c. 



&C. = 8cc. 
— !i-L-J_i== n.ii-1 ... 2.1 mA 



^ \ J — ^ = q.nA- +&C. 

Hence, making A =0; b=-^, € = --^^, 

dr-^fa drfa 

M = T";^; , ^ n N= J I which are their values as 

deduced from Taylor's theorem. 

,.:..«... . ***'/(«+*) 1 ,i— 1 o 
But differentiating again^ 5"Jrri — ^ ~ — ^^* * +&c 

= 7- for — is a proper fraction, = x when A = 0. 

Similarly it may be shown that , ^^^ , &c. &c. all be- 
come infinite when a? = a. 
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5- Fractions which take the form 9f "fT^ . 

When a fraction takes the form of -j- in consequence of 

assigning a particular value to its variable, there are different 
methods by which its real value may be ascertained. 
One method is to put it under a different form, and then 

substitute the particular value of 47; thus =x+a=9a 

x—a 

when jr = a. 

Another is founded upon the principles of prime and ulti- 
mate ratios ; if we suppose x to increase from the value of 

j: = a, the nascent ratio o( x^—a^: x -^a is the required 

^2 ^9 

value of ; and to obtain this, suppose r =a + A, then 

the fraction becomes — 7 or 2a -f- A, which ultimately 

= %i. This method is in general to be applied when the 
fraction contains radicals. 

Upon the same principle as the last is the method of dif- 
ferentiating both the numerator and denominator. Taking 

, , , d. num"^ %rdx ■ , 

the same example, we have -r-j = — ; — =Sir = 2a when 

^ a.den^ ax 

^ .or* — 1 , ^ , d. num*" 
x^a, A^am, to fina r-» when a* = 1, we have -5— , = 

n^~^ = n when x = 1. 

In adopting this method, we sometimes obtain the same 

ax^ — ^acx + ac* 

result -TT- ; thus to find —j— ^ — ^7 . , ^ > when a? = c ; 

bx^ — 2ocx -f- 6c* 

rf.num*" ^ax—^ac , ^ !«. . 

'-r^ = ^ ?rf- = -?r when x = c. But difterentiate 

d.den^ 26j? - 26c 

_ . - , d^, num^' 2a a , . , . 

a second time, and we have ,, , — - = -— =: -7-, which is 

the value of the required fraction when x =• c. 

6. To explain the principle upon which the value of 
fradicms whose numerator and denominator vanish at the 
sam£ time is (Stained by successive differentiations. 

N 

Let the fraction be — ; then if n and d both vanish when 

VOL. I. O 
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a particular value a is assigned to the variable, they must 
have a common divisor of the form a? — O; 

First, suppose — = — ^ r, where p and a do not con- 

, ,.«... <^N dp.(x— a)4-P P 
tarn X — a; then, dmerentiatms, -j- = jt-; r: — =— > 

which do not vanish when we substitute a for /r, and thus 
the required value of the fraction is obtained. 

Next, suppose the common factor to be (j: — a)^, or — 

_ p.(^ — ay dN _ dF.ix—aY + 2p. (d?— a) . , 

" a.(x - a)' ' ^^""^ 55 " dQ.(aT-.flV + 2a.(a:-aV 

s= -^ when a is substituted for x ; but differentiating a 

^ d^N d«p.(^— a)2 + 4dp.(a7 — a)+2p 
second time, we have -r— = -=--- .^ , . , , tt^ 

p 
= -— , the required value. 

Generally, if — = -~ — — — r;;;, where w is a positive in- 
teger, by differentiating n and d m times, and substituting 

a for *r in the result, we shall obtain — = — . 

D a 

7. If iL = i^4^^ = —. (oT-a)-^, and we diffe- 

D a\x - a)« a ^ ' 

rentiate n times, and substitute a for x in the result, we 

N 
shall have — = — = 0, w being greater than n ; but if w be 

less than w, diiferentiatihg m times we shall have — = oo . 

Hence the Rule, that " If in the foregoing pfvcess the nU' 
merator vanishes when the denominator isjinitey the fraction 
is =0; but if on the contrary^ the numerator is finite and 
the denominator vanishes^ the fraction ;= oo . 

8. This method is ivot applicable when the common foicX^ 
of the numerator and the denominator is a radioed. 

For at each differentiation the index of the factor is dinii- 
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nished hy unity ; if then it is a proper fracticMi, it will become 
negative without passing through zero, and the fraction will 

take the form of — . 

The circumstance of the common factor being a radical will 
show itself by the numerator and the denominator becoming 
infinite at the same time ; for when the index of the factor 

becomes negative, or of the form (a? — a) "" "", n and d each 
= 00 3 when x = a. In such cases we must proceed by the 
method of limits. And, in general, this is the method which 
should be adopted whenever the function contains fractional 
indices. 

9. The preceding articles are applicable only to algebraick 
functions, out it may be shown likewise of transcendentals, 

that when they take the form of -jr- they have a determinate 

value which may be found by successive differentiations. 

For, let u take the form of -jr- in consequence of x being 

F(*r — a) vk 

= a, then u a= 7:^ r s=, by substitution, -jrr =3 by as- 

Kf^ 4- bA^ + &c. , , 
sumption, ,. ^ ,j^0 4, ' Sr * where the terms are arranged 

in an ascending order, and the coefficients are independent 
of A. 

Now c5^ is either greater than, equal to, or less than oi ; 
if greater,* (a) = 0; if less, (1/) = 00 ; but if equal, 

("^ = V+B';i|S'-»' + &^. = IT, a determinate value, which 

may be found if the numerator and denominator of u can 
be developed in series ascending by the powers of h. 
Hence it appears that, wheth^ the functions are alge- 
braick or transcendental, if we substitute a + A for x, and. 
expand the numerator and the denominator in series ascend- 
ing by the pow^ers of A, the first terms of the series will give 
the true value of the function. 

If A = and a' = 0, the series must be expanded as far 
as their second terms; and so on. 

o 2 
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10. iMgrange's demonstration of Arts. 6 and 9« 

YX 

Let u = ^, YX and fx both being = when a? = a ; 

therefore ufx = F:r, and, differentiating, iifx-\-uf^x^Y'x^ 
but yir = when x = a, therefore the equation becomes 

(«) (/'^) = («'*). or («) = ^^. 

If (f'jt) and (y'ar) also vanish, it follows from what has 
been already proved that (w) = \.„ > , &c. &c. 

(f^) (f'j:) (f"j:') 

11. Th^fractiom jj-y Jjr^^ Jf^' ^^' ^^*^^ 

become -jr- ad infinitum. 

For, if po»nble, let each of the functions (fx), (f'x), &c. 
(/r), (/'a?), &c. =: 0; then, ance f{x +h) = Fx + -^^^ 

-h T-x f"^ + &c«> therefore we have F(a + h)zzO whatever 

be the value of A, which is absurd, or ;r r: a does not cause 
all the functions to vanish. 

Each of these functions may become infinite ad inf., 
in which case the fraction is indeterminate; this happens 
(Vid. Art 2.) when the developement o(f(x 4- h) fails in 
consequence of a radical disappearing in^^, which does not 
disappear in f(x H- A). 

12. When both numerator and denominator become in- 
finite at the sante time, the fraction may be made to take 

the form -tt- 

For — = —r = —- = ---- if X and x' are infinite. 

D X' 1 



13. A product composed of two factors^ one of which be- 
comes infinite and the other equal to %ero^ may be made to 

take the form of -pr-. 
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For X . x' = -=r = -K-f if X = and x' = oo . 

14. The difference of tziH} functions which become infinite 
in consequence of assigning a particular value to the vari- 



able may be made to take thejbrm of -^. 

1 1 x'— x 

For r = r *«^» when x =Oand x'=0, oo — oo 

X x' xx' 

" 0' 

It appears, from Ch. 1 . 38., that the difference of two in- 
finite lunctions may be a finite and determinate magnitude. 

Hence, to find the value of — r when x=0 & x'=0, 

X x' 

the rule is. Reduce the fractions to a common denominator^ 

and if the resulting fraction takes the form of -jt-, fund its 

value either by the method of limits or by successive different 
tiations. 

15. Examples. 

N (a?« - a«)^ 
Ex. 1. — = — ^ when j? = a. 

(a?— op 
By the method of differentiation, we have 

-T-— = ; — = — when x = a; assume therefore 

(X— a) ^ 

N (2aA + A«)^ « 4- , 
xzsa + h .•. — = "^ ; — ^ = 2a% when x = a. 

hi 

Ex. 2. — :; ^ j-i- when x = a. 

* (ar»-a»)^ 

N (A* - ah)^ 
Assume a? = o + « /. — = ^ ;• 

■ (3a«A + 3aA» + A»)^ 

hhh-ay , N - 

— i 7 = ; when «= a, or — = 0. 



... 
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N d?*— a*4- (a;— a)^ 
Ex. 3. — = -^ — 7-^ when a? = a. 

= , by substitution, ; • • 

i- a"^A + &c. + A^ 4 o~^A^ +&C. -f 1 



I I 

2 



A^ (2a + A)^ (2fi^ + A) 

=, ultimately, 7. 

(2a)^ 

^ .i N a* — 6* , ^ 

JE/iT. 4. w = — = , when x =^\). 

D a: 

— zzila.a'-' lb. b"" /. (w) = la -—lb ^ l-j-. 



^« 



Otherzme, a* = 1 4- fo. ar + ^^^* ifo + ^^' 
^ = 1 -I- Z6. a: 4- ^*^- To + ^^- 

■ ■ 111 I II ■ I II II ■ I < !■ I ■■ I ■' ■ I. . » I I 

.-. ^ ~ = fe - Z6 4- (to« - /52) j^ + &c. 

= /a — Z6 =: l-j- when or =s 0. 

_ ^ 1 — sin.a7 H- cos.4? , cuva '^ 

Ex, S. u^ -. 7, when a: = 90^ =ir- 

sin.a? 4- cos.^ —1 a 

duf — cos.o?*— sin.a7 . . —1 , 
an cos.d? — sm.o? ^ ' — 1 

Ex, 6. w = (1— a:) tan.~5-, when jr=i. 

Jn -1 



N 




1 — 


JT 


D 






irx 






cot. 


T 


k 


-1 




2 



dD irx ^ 



• • • • 



- cosec.^ X -^ 






2 
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Ex. 7. w = 



a — X/ax" 



Leta; = a-A .-. 2fl3-y-^=a* + 2a^A-h&c. /. V^a^o?-^ 
= , ultimately, o* + a A. 

Also, al/'^- a ^a^-c^h =, ultimately, a. (^a - g- j 

= a^ - |: .-. N ultimately = a^ +(?A - ^^a* - -^- j = -3-. 

3A 

Again, Vaar' = X/a^'-^h^hc. =, ultimately, a-^ /. 

/ 3A\ 3A . 16a 
D ultimately =«.— (« — ^1 = -^ '• W — 9 • 

£ir. 8. w = —7 ""• 

If in this example « -f A be substituted for x, and A^ A^ 
&c. be neglected, «^ = "^ ; hence we must include the terms 

which contain h^ ; or 4a^ + 4x^ = 8a^ + l^a^A + 12aA^ ; 
and to find an appro ximate cube root of this, let 
V8a^ -H l^a^A + 12aA2 = 2a + A + v where w contains A^ 
... 8a3 + 12a«A + 12aA^ = ^a? + 12a^A + 12a% + 6(/A% 
where aU the terms are neglected which contain higher 
powers than A®, hence 

t, = -|1 : : N = (2^ + A + ^ - (2a + A ) ) «. 

A« *• *^ o 

Also, D=2a + A + ^ -(2a -hA) /. («^) = y-^i^- '^^• 

Ex. a M = -^ when a; =* 00. 

^._ 1 + !^ 4. !?-^ + !^ + &c. .-. (Exp. Theor.) 
a; _ 1 + J + 1.2 ^ 1.2.3 



2x 



.-. (a) = 0, if M be finite. 



+ &c. . . 
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• Otherwise. By the method of diiferentiation 

X 1 

Ex. 10. u:=i x^ X Ix^ when .r = 0. 

Substitute y— — .*.« u = — ^ .-. (m)= — -; = 0. 
"^ X y ^y 

Cor. 1 . 0?* X /^ = 0. 

C(yr. 2. 0» = 1. 

ForA*=:l+ f""'''TY^"'"lT3^ =1, when A=0. 
Ex. 11. tt = tan.^"**"' when ^=-o"- 

, X , 2 16 

^«> = *+ 1:2:3 + TllAF + ^'^^ 

-Ex. 12. u = tanj:~*-' when j; = -— . 

Otherwise, oo&r^'' = 1 + /cos.«r. cos.^ -f /cos..r^. , ' 

+ &c. ; but it may be shown that (Zoos. or. cos. a:) = 0, 
(/cos.^.* cos.^j?) = 0, &c. &c. .•, (w) = 1, . 

X 1 

Ex. 13. u = 7 ; — when x = 1. 

x — l Ix 

(m) = X — 00 , and if the fractions be reduced to a common 

xlx ~~ X "t" 1 

denominator^ according to Art. 14, we have u = T\7~> 

yx ^"* X. I IX 

which = -^ when a? = 1, =, substituting 1 + A for ar, 
A./(l + A) • ^ ^^3 •. W-T• 



A2 - — + &c. 
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Ea^.U. u = ^ -^_^_ whenx = 0. 

sin.B'a;— 7ra7Cos,*j? ^ ^ ii^a? sin.ira? 

2a;« sin.TTd? * ' ^ ^^ 4i? sin.irx -f ara?« cos.5ra? "" 
ifi Avi.itx __ ir' cos.ii'.r ^^ 

4sin.«'jr + 9ntxQm.iex "" f5^co%.Ttx — 2ir«a? sin.ira: ^ "6^* 

16. PUAXIS. 

a* — J* 
^* " ~ ^2 _ ^a > when j: = a, .\ (m) = 2a«, 

;r — x"^ 
2. tt = , when a? = 1, .-, (m) = n-1. 

l-2x+^* ,wnenar-.i,. .(w;- ^ 

. a^—ax^'^a^x-Yc^ 

^- " = ^^^Zr^i » when a:=a, .-. (w) = 0. 

^ l—ar+tr 

O' «* = :; — J when ;p = 1, .*. (m) — 1. 

7. w = (jr— 1) /.| , when a:=l, .•. (u) = 0. 

1 X 

9. uzz — ^ — , when J7= 1, ••. («) = — 1. 

, a^-x-^ala-j-alx . 

iv. «* = — , when x=a, ••. (u) = —1. 

12. u = : — , when 07=0, .'. (u) = 1. 

1 2 

^- ^ = 13^ " 1^2* "^^^^ ^=^* •'• (") = - ^• 

14. u=sx tan.x — — secor, when x = -^, .•. (u) = — 1. 

a 

"^^^ 2^ 1 

15. ^ — ^ — ^ ^jjen a: = X , .•. (w)= — . 
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16. u = ^ — -r— , when a: = 0, .-. («) = i. 

sin.jr 

17. << = n + — j , when a: = x , .-. (w) = e. 

18. «*: — ,whena:=a, .•.m=o'*^.{«i + — — J. 

19. M = ■ _!_ ' ■ — i when «:=:«, .•. {u):=oa. 

go. u = ^ , when xz^cu .*. lu) = i. 

21. a = — J , when ;r:^a, .*. («) = |-a . 

22. w = 1, ■. T — : , when 

a^ — ^:t^t^ + 2fl^ ^/goar — ar« 

a: = a, /. (w) = — 5a. 

4aa? -h a* - 2ir2 — a ^a2 + 8tia? 
(m) = — X . 

24. M = + --^^^ , when ^=a, .^ (w)= -^i 

"^^ x{e -1) ^ 

1*1 

25. tt = zrT""^r~:: 1 ^» when jr = (J, 



In the appUcatioo of the Fuk contained in AfI. 14^ the 
student must be careful to ascertain that the resulting frac- 
tion takes the form of -jt-. By successive diffetentiatiott, the 

factor which causes either the numerator or denominator to 
vanish will at length disappear, and a value may thus be 
attributed to the function which does not belong to it. Thus 

- — I when a;=:0, after two differentiations take 

9,x{e —1) 

each the form ^ -Qf but their true value is infinite. 
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17. Required to investigate the value of fractions of 
the form -^ which contain more tha/n one variable. 

Let 24 contain two variables, xwndy; and first suppose 
that (u) sm -jr-in consequence of assigtiiDg a pahicalar value 

to only one of the variables. 

In this case^ proceeding as in the above examples^ (u) 
will alwajs be found to have a determinate value. 

Anus, It w = -^T T—-: rr, iu) = — when J? = a. 

Next, let M = -TT- in consequence of assigning particular 

values to both of the variables. 

Here the value of (ii) is indeterminate; for instance, let 

c(/r— a) - - , _ , 

^ -- «_ -_ when X =a and y =z oi but unless we 

t/ — b 0* ^ ' 

know the ultimate ratio of a: — a : y — 6, it is obvious that 

the value of (m) cannot be determined. 

18. There are instances, however, in which {u) may be 
determined without knowing this ratio ; take for example 

(x—y)a*'-(a-'t/)x''-\'(a—x)y'' , . _ , 

u = ^^ — -^ ^7 — ■ v/ ■ . , which = -rr- when 

Substitute x =z a -\- h and 3/ = a + fc, then 

(«) ^ ihZkyhk = (^ expansion 

/i — 1 n — 1 n — 2 

and reduction) n. — ^ a**-* + n. —q^^ -^ fl**""' (A 4- *) 

n-\ ^ 
+ fee, therefore (u) == n. —5— a*^. 

19. /^ ^om^ co^^^ the limits between which the value of 
{u) must lie can be determined. 

„ cAx-^a)(y—b) , , 

Ex. u = 7-^ — \ r; V — nz, when a?=a, y=6. 

chh 
Substitute X =: a+ky y=^b -\- ky therefore u = TTTTTe ^ 
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A* . , 1 , ,1 

but 75 — jTj IS not greater than -^ and greater than ^9 

c c 

hence {u) lies between -^ and — g-. 

20. Conversely, if the lUiimaie value ofafuncHon of two 
variables be Jcnowriy the ultimate ratio 0/ the variables may 
be in some cases determined. 

2a»v 
Ex. Let the ultimate value of — ====: = a, when a? = 0, 

y =0, and let n = the required ultimate ratio of y : a?; then, 

2a , . ^ -^ 

smce u = " .'. (w) = — ===: = a .*. n= */ o . 

>v/l -f- 71^ 



y^-s 



But implidt functions of two variables always appear in 
calculation under the form of w = F(ar, y) = ; and the 

dy 
object of the calculation is to determine the value of ^ 

when it takes the form of -rr- in consequence of as^^ing 
particular values to the variables. 

21. Given u = F(a?, y) =: ; required the value of (^j 



which takes the form of -tt. 

uzzO xasLj be differentiated on the supposition that x and 

y are independent variables (4. 28.) or dw ^^dx^-z-dy; 

du 

whence -^ = 7-, or p = ; which fails to give 

dx du ^ W/ ® 

dy 

3X hyp.) m' = and m^ = C 

that y is an 

explicit function of ar, the value of 7-~ may be found by 

successive differentiations, as in Art. &; and by 4. 28. we 
shall have the same result, though not under the same form, 



the value of p, for (ex hyp.) m' = and Ui = 0; but since 
y and Uf are implicit functions of x and y, and tl 
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whether we diiBerentiate u'ssO and u^=0^ on the supposition 
that they are functions of dependent or of independent va- 
riables; consequently, making the latter supposition, we 

^"""^ ^P^ = (R)^ + ^$)% ^^^'^ ''• *' *' '' "^ '"P"^'* 

functions of x and y. = t-t 7 ^ . . , which gives an 

^ (») + (s) {py ^ 

equation of the form (jp)» + m( p) + N =0, from which 
(p) may be determined. 

If this value of (p) also = -^, we must diiFerentiate the 

(p) -f (q) (p) 
numerator and denominator of the fraction 7— r — r-T-n — r 

(r) + (s) {p) 

again, on the supposition that they are functions of two in- 
dependent variables x and y^ and dividing by dx^ there will 
result a cubick for determining the value of ( p^) and so on. 

If the original and consequently the derived functions, 
contain radicals, some of the quantities (u)\ (uj)^ {u''), {u\)f 
.... may become infinite, which would cause this method 
to fail; and to obviate this difficulty, we must begin the 
process with clearing k = of radicals. 

Cor. The number of values of (^) is equal to the number 
of differentiations required to obtain them. (Alg. 966.) 

Examples. 

Ex. 1. ay^ 4- ar^ — bx^ = = w ; to find the value of p 
when ^ = 0, and consequently ^ = 0. 

Ex. 2. y—b:=^(x—ay^; required^ when a? = a and y=i. 
Clearing the equation of radicals, (y — 6)^ — (;r — a) - = 
9(x ^ a) 2 

£0;. 3. x^-^tf^—Saxj/izO; required p when a: =0, y=0. 



— 1*2 



p = -1^ = jr — ^ — .-. p(yp - a) = .-. the two 

■>■ a 

values of (p) are ( p) = and (/?) = — = 00. 
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Ex, 4. ar*+ay' = 6j:'y; required j9 when a;=0, y=0. 

P "^ 9a^ - 6a;« •'' ^^' "" Sat/(p) -b^ "" 3a(/?)2- 6 ' 

whence (2?)' (i^)=0 .-. (^)=0, and {jp) =s ± / — . 

Ex, 6. ^— '2fla?^+a?*=0; required jp when ir=05y=0: 

a(py 
6t/(py^2a{py whence2y(;?)'-a(p)«^0.-.;>=0,i7 = 0, 

and/?= X. 

-Ear. 6. y* 4- 2a^* — a^' = ; required p when a: = 0, 

The equation for determining p is 4^3;^ + 2ajj^ — a = ; 
hence one value of jp = 00 , and the remaining two are 



±72- 



PBAXIS. 

x-\-a 



— /l\'3' 



1. y^=:x^. .•. when a?=0, y=0^ ^= (1) . 



3=3S 



J^. ^= >/ — «!:• 4-^:^0^ + Saj? —07* .-. when ar = 0, ^ = 0, 
p = x, andp= +1. 

3. a^3_j^32^^^--o .*. when x=0^2/—0,p^=:0. 

4. ^— 2ajy*-f .a?*=0 .'. when.r=0, y=0, p:=co, and 

5. (y2 _ ^2)2 ^ 2^y2^ -. a^ = .'. when a; = 0, 3^ = 0, 

1 , - 

i>^ = g;^ and^=:oo. 

6. (y^ + jr«)« - 6aa:j/- - 2a^^ + «*^* = .-. when ar = 0, 



CHAP. VI. MAXIMA AND MINIMA FUNCTIONiS, &C, 



907 



CHAPTER VI. 



Maasima imd Minima functions of one or more varia/des. 



1. Def A variable magnitude is at its maximum value 
at that point where it ceases to increase and begins to de- 
crease. It is a minimum where it ceases to decrease and 
begins to increase. 

As the radius of a circle revolves, the sine increases 
through the first Quadrant, and decreases through the 
second, And is (h^efore a maximum at the end of the first 
quadrant. 

Cor. The reciprocal of a maximum is a minimum ; and 
vice versS. 

2. An increasing negative quantity is considered to be a 
decreasing magnitude ; thus the sine of -3-, which is a 

negative maximum, must be considered as a minimum. 

The radius vector of a parabola is a minimum at the 
vertex. 

The same function mav admit of several maxima or mi- 
nima y^alues, and it may happen that the maxima may be 
less than the 



minima, a3 
appears from 
the annexed 




6gure. 



3. A decreasing positive quantity, before it becomes ne- 
^tive, pa9ses through fsero, and an incnea«ing positive quan- 
tity pa«ses through infinity 4 but these values have not the 
cliairacteristick properties of a maximum or a minimum. 
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Thus the sine at the end of tlie second quadrant is not a 
minimum though it equals nothing ; nor is the tangent at 
the end of the first quadrant, where it is infinite, a maximum 
in the technical sense of the word. 

4. Required to investigate the conditions of a maximum 
or a mimmvm. 

The essential character of a maximum consists in its 
being greater than either of the values which immediately 
precede and follow it. A minimum is less than either of its 
contiguous values. 

Now, from Taylor's theorem (4. 5. Cor, 1.) we have 
vh qh^ rh^ sk^ _ 

ph qk" rh^ sk^ _ 

where h may foe of any magnitude. But (3. 2.) k may be 
assumed so small that any term of thb developement shall 
exceed the sum of the succeeding terms, and the same is 
true d fortiori for any less value of h ; hence the three values 
of Uy so far as regards their signs, may be expressed either 

h A* 

u = u V or &c. 

From the first, it appears that unless ^ is = 0, u and ^u 
will be, the one greater, and the other less than ?/, or the 
function does not admit of a maximum or a minimum. 

Next suppose, p being = 0, that q is not = 0, then we 

have V zsu I a ^^^^^^^^ ^® contiguous values are ne- 

^1.2 /cessarily both greater or both less than 

w =tt ^ >tt, greater if q is positive, less if a is 

_ h^ 1 negative; and consequently, on this 

^M — tt + J i^J supposition there is a maximum or a 

minimum according as q is negative or positive. 

Again, suppose p = 0, g = ; but r not = ; in this 
case there can be neither a maximum nor a minimum ; but 
if y = 0, 5^ = 0, r = 0, but s is not = 0, there will be a 
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maximum or a minimum according as 5 ii negative or 
pondve. 

Generally, there cannot be a maximum or a Minimum 
unless the first Jhixian vanishes^ and unless the first of the 
fiaxional coefficients whidi does not vanish is of an even 
order. 

5. Required to find whether a proposed value of t/ie prin» 
cipcd variable causes the function to be a maximum or 
minimum. 

Let a be the proposed value of ^. In u ^fx, substitute 
a + h and a—h lor x ; then, h being indefinitely diminished, 
if u — M and ju—u have different signs, the function is not 
at a maximum or a minimum ; but if they have the same 
sign, the function must be either a maximum or a minimum 
according as the sign is negative or positive. 

Cor. If u — M or ;M — "^ should contain a/ — 1, the function 
cannot be at a maximum or a minimum ; for an imaginary 
expression cannot be said to be either positive or negative. 
Alg. 354. 

6. When a particular value is assigned to the variable 
tbe fluxional coefficients may take the form of -tt-, or they 

mav become infinite, (Ch. 5.) These cases will be more 
fully considered in the 12th chapter, as they cannot be un- 
derstood without a knowledge of the theory of curves. But 
it is obvious that they are not included in the investi^tion 
Art. 4. ; for the proposition upon which it is founded, viz. 
(3. 2.), does not obtain if any of the fluxional coefficients 
become infinite, or assume an indeterminate form. In these 
cases, the method pointed out in the preceding article will 
frequently enable us to ascertain whether the proposed value 
of tne variable indicates a maximum or minimum state of the 
function. 

If (p) = 00 we may invert the function, and ascertain 
whether the proposed value of the variable indicates a 
maximum or minimum state of the inverted function. 
(Art. 1. Cor.) 

1. If \x = {x be at its maximum or minimum^ au where 
A is a constant quantity^ u^, lu and a^ are ai their maxi" 
mum or minimum. 

For the first fluxional coefficients of these functions con- 
tain the factor p ; and therefore = when p = 0. In the 

VOL. I. p 
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same manner it follows that their second fluxional coefficients' 
= when y = 0, and so on : consequently all these func-' 
tions are at their maximum or minimum at the same time 
with u. 

There is one exception with respect to the second and 
third of these functions. 

Let V represent either of them ; then, since v = fu and 

«='^^' dx = TuTx (^-^J' 'f therefore (^^j = ^,\^) 



takes the form of -^ (5. 13.) and may be finite. 

Cor. The converse proposition does not hold good ; that 
all the maxima and minima values of v!' belong also to u. 

For -T- = ntt'*""' — := 0, which may be decomposed into 

are maxima or minima values of v, but not of u, 

8. If the equation p =fl contains n equal roots, thai root 
does or does not indicate a mcuxdmum or minimum, a>ccording 
as n is odd or even. 

For, let JO = (x—a)*F, where p does not contain x~a; 

dv 
then q = n{x — a)**""' p + (^ *- «)" j""» 

dp 

&iC. = &c. 

Hence, if n be odd, the first fluxional coeflicient which does 
not vanish, when x is substituted for a, is of an eoen order ; 
and consequently (Art. 4.) a shows a maximum or a mini- 
mum. The reverse is the case when n is even. 

The same proposition may be demonstrated of each of 
the equal roots, when p = contains several different equal 
roots. 

Cor. Since ^r = is the limiting equation of p = 
(Alg. 307.)> the unequal roots of the latter, or the roots of 
P = 0, are alternately minima and maxima values in tt = 
(Alg. ^99.). 
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9. The labour of finding the sign of (q) may sometimes 
be abridged by the following rule. 

First, let p be under the form of a product. 

Suppose p = X • x' where x and x' are functions of x, of 

which (x) =: ; then, differentiating, we have q = --7 — 

x'dx 1 

+ -T—, therefore (J) = -T-(x'dx); hence 

• Rule. MvMipljf thejluxional coefficient qfthefcLctor which 
vanishes into the other factor ; and in the result substitute 
for the variable its maximum or minimum value, 

X , 1 f dx xdx' I 
Next, supposep = "^^ *en 5 = ^ | ^ — ^, 

therefore (j) = ;r-( — ^); and since the sign of x' in x'* 

cannot affect the result, the rule is the same as in the case 
of a product. 

Ex, 1. u = x^.{x—ay; 
/. p = 2x.(x — a)^ H- 6x\{x T- af = 2x{x — af (4a7— a); 

a 
.-. p = when ^ = 0, x = a, and jt = -j-. 

For the first, (q) = + ^^ or j? = indicates a minimum ; 
when X = -j-, (y)=8a:.(ar— fl)*=2af — "T") 1 simaximumi 

when 0? = a, since the coefficient of (x — aY is positive, 
^ = a indicates a minimum* 

x—a 



Ex. 2. Let p = 



a?^ 



When X =^ a, (q) = — 7-, which therefore indicates a 



a^ 



minimum. 

x^^x + 1 2x^—4iX S^(a:-.., 

When a: = 0, ( j) = — 4 ; and when x = 2, (j) is positive, 
.'. we have j? = 0, a maximum ; and a: = 2, a minimum. 

p2 
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10. Implicit funciiof 19^ 

Let the proposed function be u =f(x^ y) =sO; then 

du 

-.^ du dudy ^ dn dx , . • ^ 

differentiatiDfi:, -7-Tf--^=0, or-7^ = r— , which = 

^ dx ay ax ax du 

dy 

when J- = 0. 
dx 

Hence the two equations, w = and j~ = 0, wiH give 

the values of x and y, which correspond to a maximum <x 
a minimum of y. 

And to ascertain which it is, we must have recourse to 

. J n . 1 . d^u 2dHL , d^u 

the second nuxional equation — -I- ^ ^ p + "j^ JP 

-f- -7- y — (4. 24.) which, since p = 0, becomes , ^ 

+ ^ (y) = 0, from which the sign of j may be deter- 
mined. If j^ = 0, there is not a maximum or minimum 
unless r also = 0, and we shall then have to calculate the 
sign of s from the fourth fluxional equation, and so on. 

11. Examples of maxima and minima. 
Ex. 1. Required the arc whose sine is a maximum. 



u = an.x 
p = cos.a? 
q = —sin. J? 



when X = -g-, ^=0 and g=r. —1, a 



maximum. 



wheii X = — , p=0, and 5'= +1, a minimum. 
Ex. 2. Required x when sln.a? + co»a? = a maximum. ' 



u = sin.<r+cos.j: 
p = cos.a:--sin.j? 
q = — sin. jr — cos. x 



V 



jp=0 when cos.x as sia.^ .•. ^='t"> 8c 
g= — ^2, which shows that ^ = -r- is 



a maximum. 



CHAP. TI. OF OHfi YARIABLB. £13 

Ex. 3. V.S XX cos.2j? = maximum or minimum. 

tt = (1 — coSmt) cos. 2x 
= (1 —cos-o:) (2 cos.«a: — 1) 
.•./) = sin.a?(2cos.*jp--l) — (1 — cos.a:) 4cos.^sin.a? = /. 

6oos.«jr— 4cos.a?— 1 = 0: .*. cos.jr= ^==^ — =, by sub- 

Vl8 -^ 

stitutlon, ft or — c. 
Hence -^ = sin.^ (cos.j:— 6) (cos.^-l-c)=0. 

When d?=0, (cos.^:— 6) (coB.a:+c) = -f- -^ •'•(?)= +1> 

or jr=0 is a minimum. 

When cos.a:=ft| (j) = — sin.^jr (cos.a;' + c), a maximum. 

When cos.a7= — e, (y) = — sin.%(cos.a:— 6)=sin.*j?(6 H-c), 
a minimum. 

In these examples the variable may have an infinite 
number of values. 

Ex. 4. Required to divide a given < a into x and y^ so 
that sin.'"x x sin.*^ may be a maximum. 

x-\-y^K .'. dx + dy =^0, or dj/=^^dx. 

Also, m sin.'*"*^ cos. xdx x sin.*y + n sin.'^^y cos.ydy 
X sin."*T =. 0, and substituting — dx for dy^ and dividing 
by sin.*'^^a? sin.'*"^ydr, mco^.x sin.y s= n cos.^ mux .*. 

sin. V sin. x 

fn — ^ = n . or m tan.v=w tan,x .\ m + nim — n :: 

cos.y cos. 4? ^ 

tanjv + tan.y : tan.<v — tan.y : : 8in.(j? -j* y) ' sin.(^ — y) 
.'. sin.{a?— ^) = — -- sin.A. which determines x and y. 

Ex. 5. Given {x +y) = A, and m cos.^a: + n cos.'^y = a maxi- 
mum ; required x and y, 

2m cos.a? sin.«rdr + 2n cosy sin^ydy =0 and dx=^ —dy .•. 
mcos.«r sin.a? = ncos.^ sin.^, or msin.^o: = n. sin.Sy (Trig. 
p. 27.) .•• &ii.2x : sin.2y : : w : w .*. tan. A : tan.(a: —y ) ; : n -i- wi ; 

. . »— «i 
«— wor tan.cx — y)= tan. a. 

Ex. 6. To divide a given number into two parts, such 
that the product of the square of one part multiplied into 
the cube of the other may be a maximum. 
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Let u = x^.(a—wy=^ maximum 
.-. p = 2x,(a —xySx^ia —xy 
= (Sflx -5.r ) {a -xy = 

= j?.(i?a— 5x) (a— a:)2 = 0, of which the factor 
{a—xy does not belong to a maximum or minimum^ be- 
cause It contains an even number of equal roots. 

2a 
Also x = is a minimum ; and (c =: -^, a maximum ; or 

2a ^Sa 

— and -^ are the two parts. 

Ex. 7. Required the maxima and minima values of 

vamp' 
u = — ■. 

a'^ J- ^8 

Let v=u^ = , then (Art. 7.) the required maxima 

a "7" X 

and minima must be included in those of v. 

dv 2x a^ + x^ 2fl.r-+a:«— a« , 

Wow -— = -; r- = 7 —rz I heUCe 

dx a + x (a+xy (a+a?)^ ' 

{a: + (l+ V2)a} {a; + (l-v2) al 

P = (a^xy =0' ^^^'^^^'^ 

a: = — (1 + v^)« indicates a maximum ofu^ ; and 
X = { V^— 1) a a minimt^m 6ft/. 

^07. 8. Required the maxima and minima values of 
u^x"" (a-'xy^. 

p = »ijr'"-^(a— a?)"— fMr'"(a— ic)*^* = af^^(a—x)*^^ . . . 
{wia — (wi 1 w)a;[ = 0. 

Hence (8) if m — I is even or m is odd, a? = gives 
neither a maximum nor a minimum : if m is even, since 
(y) is positive, ,r — gives a minimum. 

If n is odd, j = a gives neither a maximum nor a mini- 
mum ; if even, it gives a minimum. 

Also, X = , which is intermediate between ar = 

and 07 = a, gives a maximum. 

Ex, 9. Required tlie maxima and minima values of 

X v/1 — X'^ 

Vl-a^x^' 



N. 
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Let u = -= --— ; if this were differentiated and made 

= 0, the equation would rise above the* second degree. 
Substitute y = 1 — a:*, .-. a:^ = 1 - y & 1 — a«^ « = 1 - a* + o*^ 

==b'ha°y by substitution. .-. w = ^ — ~ /. -y- = r-; — t" 



/.a: =4/ ^ , an impossible quantity; which 

shows that the proposed function does not admit of a maxi- 
mum or minimum. 

Ex. 10. Required the maxima and minima values of 
fl£ = x' — 1&7* +96x— 20, X being supposed to increase. 

Herep=3a:«-36a: + 96 = S(a7-4)(a?-8)=0 .-. ar=4, 
and ar=8. 

f = 6a; — 36 = 6(a? ~ 6) •*. ar :^ 4, a maximum ; and 
^ = 8, a minimum. 

If X is supposed to decrease, dx is negative, and the same 
result will be obtained. 

Ex. 11. Let tt = a:^ — 2a?2y + %* = ; required the 
maxima and minima values of y. 

du 

— = 8ar«— 4ja?y=0=a?(Sa:-4|y) 

^^ f^ o -tiT, * r. rt/i? ^ o\ I .". (Art.l0.)6x— 4w 
_==-2,,._Hl%^ = = 2(6y»-x«) hA6./3-^(a^=0 

%-3ar 3ar. 

Also^=0 is not a maximum or minimum (Art. 4.). 

Ex. 12. a'^x^=- ix^-\-y^y; required the maxima and mi- 
nima values of y. 

i^+Sfc = 3!(^+y).-.| = ?fc^> ....... 

.-. j?=^-s = .'. f/^ = 2a:2; w^iich substitute in the 
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■fa* 
original equation, and there results ^ = -==r and 



y±2 
— =i 



two of which are maxima and minima 



values fory*, biit not for y; and of the remaining two the 
positive value is a minimum and the negative a maximum. 

Ex. 13. Let x^ —axy +^=0 be the equation of a curve ; 
required the value of its greatest ordinate y. 

Diflerentiating (8x« - ay) dx '\- (8y^ -- ax)dy =^0 .-. 

p = — r;— = .*. oai^ —ay^O and v = — ; which 



>al/% 



substituted in the original equation gives x = ^ and 

alj\ 
y s= ■ ; and applying the usual test, it will be seen that 

this is a maximum value of ^. 

a' — x' . ' 

Ex. 14. y=^-i $; required the greatest and least 

ordinate. 
_ -3aj« (a» ~ ^)2jr _ a?*-8a^j;^ -h gg^a? 

(a*— jr«)* (^+a)* 



2a^ 

^"(x + ar 

When 0? =ss 0, (j) is posi- 
tive ; hence, taking o for the 
origin, and drawmg oa = 

a* 

— - = a, A IS a mmimum 

a* ' 

point. When a?= — 2a, (q) 
IS negative, which indicates 
a maximum ; but y is now 
a negative magnitude, and 
therefore there is a negative 
minimum point whose co- 
ordinates are — 2a and 
~8a. 



e.a 



3a 



\ 

V 



Ay 

y ■ 



a 



a o 



u 
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When x^a, p takes the form of -^r-, but it does not in- 
dicate a maximum or minimum; which will appear from 
calculating the contiguous values of the function. (Art. 5.) 

Ex. 15. y — a = (a^— 2a*x + asc^)^, which is tlie equation 
of the cubical parabola* 

gfl(ar— fl) 

^*^* ^^««^^^— «»»••••— ^l^^—.l^BM» ?^^ ^■■■™ 






3aT(a— ar)^ 



when or = a = — 



2a^ 



= 00. 



B . 



8(a- a?)T OKA 

But, calculating the contiguous values, the differences 
will be found to be both positive; hence (Art. 5.) there is a 
minimum &ta=a,y=a. 

Ex. 16. u = X y/cbx—x^ 

dv 
.•. V = tt«= flfx^ — Of* .'. — = x^{Sa — 4r) = .-. a? = 0, 

a; = and x = -r-, of which, since (q) = — ve, a? = -^ not 

being a root of t^ = makes u a maximum. But jr= is a 
root of u=0, and consequently it is possible that it may not 
indicate a maximum or minimum ; and to determine this, 
find the contiguous values (Art 4.), and it appears that the 
preceding value is impossible, or a; = does not indicate a 
maximum or minimum of u. 



Ex. 17. u = 



a^x 



{a — xY ' 

^=(^::^"^>^^""(^^:^" •*• """ ^''^ 

since {q) is positive, x = — a indicates a minimum, which, 
since (u) is negative, may be considered as a negative maxi* 
mum. 

In this example a: = a gives ^ = x ; hence, inverting the 

dX 
tunction, we have 



dx 



a^x 



a«jf* 
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_(a;+fl)(j o) ^ ^^^ _ ^ ^^^ therefore «=a makes— a 
minimum, or {u) = « = a maximum. 

Ew. 18. y = J,4- {x- a)^; to determine whether a; = d 
indicates a maximum or minimum. 

.-. when a:= o, ^=0, q =tx> ; and calcu- 
lating the contiguous vaUies, we have 

Y — y= -^ hJ,SLnd ly—f/^ --h^ or x=a 
does not indicate a maximum or mini- 






mum. 



JSo:- 19. y = 6 + (a; — a)^. 



4 — * 

5 = -g-C^-a) "^ 



.-. when X = a, p = 0, J = GO ; and pro- 
ceeding as before y - J^ = + ^^ and 

^y - y = + A^, or ^ = a indicates a mini- 
mum, so that y cannot be less than ft. 

If y = 6 — (a? — ay^f y is at its maximum when a? = a, 
and y =^b. 

Ex. 20. u=^ af\ i^equired u when a minimum. 
p:=lx.x^ ^ af — af{lx-\-\ } which =Oonly when /a? =— 1, 

ora?=— . .-. (?) = a:* X — , which is positive when 



e 



1 1 

^ -5 _; hence ar= — gives a minimum value of u. 
e € 

Ex. 21. To inscribe the greatest rectangle in a pven 
triangle. 

A. 



Let p a R 8 be the required 
rectangle in the triangle 
ABC. Draw AM N perpen- 
dicular to BC. 




BC 
AN = 
^M = 



a 
b 

X 

Ir—x 



.*. (A') AN : AM : : BC : PS = 



ax 

__— — • 

b ' 
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ctx 
.-. M = PS X MN = — (ft-a?) or = x[b-x) (Art. 7.) 

,\ p = J ~ 2a: = 0, or a? = — , and (y) = —2 which shows 

that the required rectangle bisects an in m. 

Ex. S2. Required the least triangle which can circum- 
scribe a given parabolick area. 



Let TAS be the required triangle 
touching the parabola in p, draw p n. 
perpendicular to a v. 




T V N 



VN = ar 
parameter = a 



VA = 6 I then (Con. Sect. Prop. 6 & 7) pn= ^/ax^ & 
TN = 2x'^ .-. (A*)^^ ' V'ax :: i + a? : sa; 

which therefore oc — =^ .'. tasoc — =— , 

^x ^/x 

which is to be a maximum ; hence Z. —■ or 2/(6 + 0?)— -J^ 

x'^ 

te= maximum =t.;...i, = ^--^=.^^^^^ = 0; 

h 
.-. ^ = -g . 

Ex. 23. Required the greatest ordinate of the contracted 
cycloid. 

I 

Its characteristick property is, that if 
oaB be a semicircle described upon its 
axis ; and p a n any ordinate parallel 
to the base ab, oq : fq : : oas : ab. 

1 

If a: = ON, X shall = 4 axis H base. 

Ex. 24. Required the point within a triangle, the sum of 
whose distances from the angles is a minimum. 

Let p be the point within the triangle abc ; then, if ap be 
constant, its locus is a circle ; suppose an ellipse described, 
foci B and c, touching this circle in p; it may be easily 
shown that bp + PC = a minimum ; and since the curves 
have a common tangent, /bpa=zcpa. For the same 




sso 
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reason zbpa = Zbpc; or the required distances are 
equally inclined to each other. 

Ex. 25. Required the length of the shortest line which 
can be drawn through a point given in position between 
two rectangular axes. 

Let a and b be the co-ordinates of p, 
then it may be shown that the required 

line = l/ab^. 

Results which appear under the form ^> 

of maxima are sometimes minima. If it 
were required to find the longest ladder 
which can be moved under a given ob- 
stacle p along a vertical wall ob, the 
result would be the same as in this example. 

Ex. 26. To inscribe the grdiatest ellipse in a given isosceles 
triangle. 

Let o be the centre of the ellipse, 
X and ff the semiaxes major and 
minor, a m perpendicular on bc the 
base of the triangle. 

t^zt (Con. Sect. p. 18. Con 2.) 

MC ^— €t ' 




H^O 



ON : ov : : ov : OA .*. on = 



hx 



3fi 



b—x' 




Hence mn = -, -j vn = ^ i- and an=^-» —. . 



b-x' 



b—x 



J— X 



., _ MCXAN {b — 9.x)a (6-2ar)«.a* y* 

Also, NS — • — ;-73 — =s 5; .•, — 75-- — — — = — --x 



AM 



b^X 






[b-xy 



X 



% 



But yx, and consequently j/^x^ = a maximum ; hence 

u = bjfi — 2x^ = maximum, ••. p = 2bx - 6^* = 2a: (i •* Sx) 

b a 

.\ x= -5- and y = — =, and an = i- am. 



Ex. 27. Required the greatest ellipse which can be cut 
from a given cone. 
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SSI 



It is evident that the re- 
quired section meets the base 
of the cone; let oab be that 
section of the cone which is 
at right angles to the ellipse ; 
AE the axis major; through 
its centre g draw a circle ohk 
parallel to the base of the 
cone, intersecting the ellipse 
in 6 H> which therefore is the 
semiaxis minor; draw oc, 
EN perpendicular and ef pa- 
rallel to AB. 

The area of the ellipse 
oc AE X GH (Con. Sect. 12. 7) 

X AE ^j>Q X gk; but since 

AG = GEy DG = 4 FE ; and GK = 4- AB a constaot quantity ; 

therefore the area x ae x fe% or ae* x fe = maximum. 

oc : OL : : CB : LE and div^. 

oc : Lc = EN : : CB : bn, and em 




CN = X 

oc = b 
AC = a 



.•. FE = 2a: 

BN = a— a? 

AN = O-fa? 



OCXBN 



CB 



therefore ae*^ = an* + ne* = (a + xf . 



62 



+ — -. (a—xY; and u = (a«. (a + xY + b\ (a — xf) x = 



a 



2a(6«-a«) ± a{h^ - 14a'6« + a*y 



maximum, and a? = ,8(a«H-60 

If a*— 14a^i^ + A* be not poMtive, i.e. if the z boc be not 
less than 15% the value of x is impossible; which shows 
that the greatest section possible is the base of the cone. 

Draw AY perpendicular to ob, then as the section revolves 
from AO to AB tne axis major decreases to ay, and afterwards 
increases, and the axis minor always increases ; or the area 
must increase from ay : hence it follows, that if it admits 
of a maximum between ao and ay, it must also admit of 
a minimum. The same appears from calculating the value 

See T. Simpson's Fluxions, who proves that unless Z BOC 
be less thim 11^. 57', the maximum ellipse will be less than 
the base of the cone. 
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Ex. 98. Two bodies start 
from A and b at the same 
time, and move with uni- 
form velocities, which are 
: : m : «, and in directions ^ „ 
AC, BD ; required their posi- 
tion when their distance is a minimum. 

T. Simpson (Flux. Ex. 13.) has given the following con- 
struction : Take ok : cb : : m : r/ ; join KB ; draw an per- 
pendicular to KB ; draw n6 parallel to ac, meeting cbd in b ; 
draw ba parallel to an ; ana a and b are the required posi- 
tions. 

Ex. 29. Required the direction in which b must move, 
so that it may cross the line of a's direction at the greatest 
distance from it. 

It appears from the sign of (y) that this result gives a 
maximum or a minimum accordmg as b crosses before or 
behind a. 

Ex. 30. Required the dimensions of a cylinder open at 
top, which, the solid content being given, shall have the 
least surface. 

Let X = the radius of the base 
y = the altitude 



.•. y X 'JtX' = a, and 
y X 2tcx -f Tcx^ = mi- 

+ X" z=z mmmium 



X 



nimum /. %/^ -|- a?« = minimum 

= tt .•. p = r- -f 2a? = .-. 0? = 6^ and y =— t = b^. 

^ x^ ^ x^ 

Or the radius of the base = the altitude. 

Ex. 31. From the extremity of the axis minor of an 
ellipse draw the longest line to the periphery. 

Let BP be the required line, 
draw PN an ordinate to the axis 
minor, and let bn = x^ then 

x^ -h -r;-. {^x — x'^) = maxi- a 

aft 

mum = ti ; .*. j» = 2(.r -f-r — 

a^b 




This example shows that the question is sometimes sub- 
ject to restrictions from which the analytical result is wholly 
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free. In the present instance x cannot be greats* than 2i, 
and consequently the ellipse must be such that h is not 

greater than — =; a restriction which does not enter into 
the equation :r* + -j- (26a? —a:*) = maximum. 

When 6 = — =^ and a fortiori when h approaches still 

nearer to a, the greatest line that can be drawn from b to 
the ellipse is the axis minor ; but this result is not a maxi^ 
tnum, because the principal variable cannot be made to in- 
crease so as to cause the contiguous values to be less than 
the intermediate value of the function. 

T. SimpsovCs Fluxions* 

Ex. Q>%* PA is perpendicular to ab, 
which is given; required pa, so that the 
time of falling down pa H- the time of de- 
scribing AB with the last acquired velocity 
continued uniform may be a minimum. 

PA = a? 
AB = a 



(Mech. p. 60) the time down 
PA = / — ; and with the velo- 



-►*• 



city at A continued uniform twice pa would be described in 
this same time ; hence %s:a:i / — : time through ab 

a I X a — a 

= = ; .«. / u =r, or v' a: -I- - — = = mmi- 

%^/7nx V m 2Vmx ZVx 

1 a ^ ^ , a 

Ex. 33. Given the base of an inclined plane ; required its 
height, so that the time of descending along the plane + 
the time of describing the base with the last acquired ve- 
locity continued uniform may be a minimum. 



mum = M ; .•. p = — i ^ = ; .•. So? = a and x = -g-. 



^ r •' 



* If aoy of the following. examples^ taken from the elementary 
parts of Mechanics, are beyond the student's reading, they may 
be omitted for the present. 



9Sti MAXIMA AND MINIMA FITNCTIONS CHAP. VI. 



Let X = bright 
a = base 



then (Mech. p. 66. Cor. 6.) the time along 



the plane = =- ; .'. 2-/a« -h ar« : a : : =r- : the 



time through the base = ==:; .•. =^ h — =r 

2Vfnx ^/x 2Vx 



= minimum = tL 



/. U = := . 



Vx 



9aP 



.'. p = -^===: - 4 (2 a/a^-I- af^-V (i)x * = 0. 






9+ a/88 



Ex. 34. Given the height of an inclined plane, required 
its length, so that a given weight acting upon another in a 
direction parallel to the plane, may draw h along the plane 
in the least time. 



a = the height 
X = the length 



Let p and w be the two bodies of which w 
is on the plane ; then the moving force of 



w = — w, and therefore the whole moving force = p 

X X 

YX '~~Cl'W 

= ; hence the accelerating force (Mech, Art. 24.) 

pjr— flw px — aw 
, which tbereiore x • 



dP.(p+wy 

s *r' 

But 8 oc FT* (Mech. p. 58.) .'. t* a — « which 

'^ F par— aw 

p.r — aw p rtw 
= minimum .*. — or rr = maximum = u 

X" X X" 

V Saw ^ Saw 
.-. P = 7- H ^-= .'. j: = . 

^ X- X^ P 
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Ex. 35. Given two elastic bodies a and c, to find an in- 
termediate body, X, so that the motion communicated from 
A to c through x may be a maximum. (Vince's Fluxions.) 

a = a'^ velocity 

w = velocity communicated to x 

X = velocity communicated to z 



then (Mech. p. 646.) 
A -fa?: 2a : : a : wl 
a? -he : 2a?: : w: « J 



.•. Aa;H-a;* + Ac+c»r : 4a^: : a: ss; 
orA + arH -\- c: 4iA:: a: % which is to be a maximum ; 

X 

consequently a+xH 4-c, orarH =s minimum = u; 

X X 

hence p = 1 j- = ; or A : /r : : a? : c. 

Ex, 36. p and a are suspended over a fixed pulley, p is 
given and is ^eater than a ; required to find q, so that p 
may communicate to it the greatest momentum in a given 
time. 

Let a = ^, therefore (Mech. Art. 268.) — ; — = the ac- 

c^lerating force on q, and therefore varies as the velocity 

generated in a given time ; hence x xcc qls momen- 

p*r — x^ . , — 

tum, or u = ; = maximum .'. a? = ( >/ 2 — l)p. 

p-f-j? ^ 

Ex. 37. P raises q b^ means of a wheel and axle ; find p 
so that it may communicate to q the greatest momentum in 
a given time; the inertia of the machme being neglected. 

Let p be that part a a c ^ B 

of p which a sus- j • 

tains, or a:b:: X : 

T" .Op «6 

p •=. — x\ .". the moving 

6 
force atp?=p— p = p x. 

yi 
Also (Ch. 14.) —X = the quantity of matter which must 

be substituted at a for q, in order that the angular velocity 
may remain the same; hence the whole inertia at a = P 
VOL. I. ft 



AC = a 
BC = ft 

a = J? 
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6* 
+ — y Xy and consequently the accelerating force at A 

b 
p X 

(Mech. Art. 24.) = ^ — , and its effect to generate an- 

p + —X 

Or 

gular velocity round c oc CA ; hence the absolute accelerating 

V^^ "" H^^ ) _ fl«p — ahx 

1^ "" a«P + ¥x 

p + —x 
ar 

flP "~ J}X 

« g ,g ■ « velocity generated in d in a given time; 

ap— fiiT Au, aT—9bx 

X X = maximum .*. j- = 



force of the machine is as a. 



.-. u = 



o«p + bf^x 



dx a^v-^b^x 



{arx-bx'^W a«p«— 2a«6pa7~6^d:» ^ ^ ,. , 

-7-3 — -£5-4^ = — 7-1 rr-T^ — = 0, from which x may 

be determined. 

If we suppose the axle to be a solid cylinder, and take its 
inertia into the account, let its weight = w ; then, since 

b 
the distance of the centre of gyration from the axis = — =g 

(Ch. 14), the quantity of matter which must be substituted for 

the axle at a = w x ^-^, and the whole inertia at A is now 

p H X ■\- ^2 w, and consequently the accelerating force 



a^2—abx 



of the machine is as „ 1— ,;» , ,„ 

a«F + 6«a? + 4^ A^w 

may be solved as before. 

JSa:. 38. A rod of given 
weight (/?), which passes 
through two small rings 
fixed in the same vertical 
line, by its pressure puts a 
solid inclined plane in mo- 
tion along an horizontal 
table ; given the weight of 



-, and the problem 
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the plane (^), find its elevation, so that its acceleration may 
be a maximum. 

The onl^ moving force is the weight (/?), for (g) placed 
on an horiatontal table possesses none ; i, e. (q) cannot 
sustain any part of (p). 

Let AB = J? Refer the motion to the rodp; let v =p*M 

velocity, then y:x::v: — = y's velocity in 

its own direction ; hence the inertia of a to retard p =s ^ ; 

and the accelerating force on p = 2 — , ... the aocele- 



BC = y 

AC 5= 1 



JP+ -,£ 



• • 



rating force on ^ = ~ = — ^^ — , . . 

^y t ,, _ py^-f g^* py ^ q:t 

u — — — ^— — -J 



= maximum ; or 



P^ 4- yy* ^y ^ St 

== minimum, tod ar* + y* = 1, or axlx + ydy = ; ••. 
du py q ^fp Qx\ 

di"":^"^7~7V:^""7J=^' .-.transposing and mul- 
tiplying by «y, gd?2y4 ^ j^* — p-p»y2 +i>y*, or yd?2(ar« + y«) 
= py*(^* + y*)» ••• gpP* = py* and or : y :: ./p : v^j^, or 

tan. / A == ^— . 

jEU?. 39« A body (^) descends from rest down a solid in- 
clined plane {jq) moveable along an horizontal table; re- 
quired the elevation of the plane, so that its acceleration 
may be a maximum. 

Since tb^ two bodies move frediy, the whole horissofUal 
momentum cannot be affected by their mutual action on 
each other (3d Law of Motion) ; hence, when p descends 
from rest, the whole horizontal momentum rr 0, and conse- 
quently p^s horizontal velocity : q'^siiqip, a, constant ratio ; 
or p descends in a right line. 

AV = a f Let p descend through cd while q moves through 
B€ s= fr A9, thdn BB : AD : : p'^s hcM-izontal velocity : ^'s :: 

AC = ; 



a2 
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q : p .'. Aii : Aj) :: p -r q : Pf or ad = — ;£-• Similarly 

DB = , which determines the direcUon of cd. 

And to find the accelerating forces on p and g ; let ^ = 
the pressure o(p on q = q'*s reaction ;. resolving it into ver- 

tical and horizontal, we have -j- = the force to oppose p in 

ax 

the direction of gravity ; hence = the accelerating 

force on p in direction cb. 

Again, -j- = the moving force either on p or j in an 

horizontal direction; therefore the accelerating force on 

q = y-. But p's vertical velocity : g's velocity in the con- 
Iq 

stant ratio of cb : ad, and consequently the accelerating 

forces in those directions are in the same ratio or 



ax 



I bx . op alpq , , , 

— : y- : : 6 : —7 — .•. x = -7- — ^ - , and the accele- 



p ' Iq" P+9^ " "^ t^q-^h^ 
rating force on y = -j^ — ,^ , and the vertical accelerating 

^ ^ ax ^ a^q hHp-^-q) , , 

force ono = l---7- = l — =; ^rr- = >, ,, 5 and the 

whole accelerating force on p in the direction of the hy- 

, bljp^-q) bis ... ■ . 

pothenuse = - " ,/^ = — j— (its = p+a.) 

^ l^q + ¥p a'^q'\-¥s^ r^^J 

All these are uniform forces ; hence, to find the elevation 
at which the acceleration is a maximum, we have, if y=BC, 

y . a^q , , 

—r~, — -r- = maximum, or ^y -I = mmimum = u .*. 

aq-\-tfs y 



du a^q ^ / Q ^ / Q 

-r- = s i=:0.*. v = a /-^ — , &tan.ZA= /— r— • 

dy y^ . '^ p+q w p-\-q 

This is John Bernoulli's problem, vol. 4. p.p. 382, who 
shows that if the body has any initial velocity at c, it will 
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describe a parabola. The same author has investigated the 
path described when the body descends down any given 
moveable curve. 

Ex. 40. A machine, driven by the impulse of a stream, 
produces the greatest effect when the wheel moves with one- 
third of the velocity of the water. (Cambridge Problems, 
p. 366.) 

Let a be the velocity of the water, 

a the velocity of the wheel when the effect is a maxi- 
mum. 

Let A be the weight which the wheel can just sustain when 
its velocity is a. 

Hence we have a^: (a— a:)* : : a : y, the weight sustained 
when the velocity of the wheel is' x ; and to this weight 
the velocity x is communicated, consequently u = xy = 

— X {a — xY = maximum ; /. — = (a — xy — 2x.{a — x) 

Ot dX » 

= = (a — j:) (flf — 3j?) ; of which x ^ a indicates a mini^ 

mum, and or = -5- a maximum. 

o 

Ex. 41. Required a circle such that the segment of an 
arc of given length may be a maximum. 

Let 2a = the arc ^ .-. — = the radius. 

2x = the angle which it subtends ^ " x 

a^ a^ . 

Hence u = r- sin..r cos.a7 = maximum, 

X x^ 

a* a^ sin .2a? a*cos.2a? a^ , , ^ 

— X cos.Sx — a:) = 0. 
When X = — , p = and q is negative ; therefore the 

area is a maximum when it is a semicircle. 

When a: = 0, or the radius is infinite, y = 00 ; and this 
indicates a minimum (Art. 4.). 

In this case the limit of the arc is a straight line coincid- 
ing with the chord. 



aso 
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Ex. 42. Required a circle 
such that the arc of a giym 
versed sine may be a nuni- 
mum. 

Let AON be the given verse^ 
rine, and ao the required ra- 
dius, and AP a minimum. 

Draw a circular arc av simi- 
lar to AP, whose ramus is 
oa = 1 ; let its versed sine be 



an. 




AN 

op 

AP 



a 

u 



,-. u = AP = ap. 



AN 

an 



a.% 

wt 

VS.Z 



du 
uuninrnm, .% j^ 



vs.% 



vs*z 



= 0; .•. vs.« = «an.«, from 

which equation the values of «, and therefore of ao, may be 
obtained by the method of trid and error. 

Ex. 48. One end of a 
string of given length is 
fastened to a point a in 
the OTCumference of a 
(urcle^ and wound round 
it so as to bring the other 
end T into the diameter -^ 
AB produced, pt being a tangent at p ; required the drde? 
so that the mixtilinear area pbt may be a maximum. 
Describe the similar figure apbt, the radius oa^l. 

then 2« =:2pBT=ic«(tan.«-») = maximum; 

but xtan.z = pt = a — x(fe — «) .% tan.«-« 

=1^ — ; whence 2t# ^ ax — *a*; ••• 




Let apt = a 
6p = « 



5= a — 2irxj and a? = ^j^. 

12. The three last examples are remarkable in that the 
curve which forms the baas of the calculation is itself sup- 
posed to vary. , 
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There is also a class of problems, called by the BemouUis 
IsopertTitetricaly in which ttie curve is not only indeterminate, 
but even its species is unknown. An instance of these is, 
*^ Required to determine the nature of a curve such that, 
its perimeter being given, it may include the greatest area.^ 

In the fluxiohal calculus the form of the function, the vari- 
ables of which are under consideration, is in general supposed 
to be fixed and determinate : if the function varies, and 
more especially if its form is unknown, the problem cannot 
be solved by the principles established in this chapter. In 
these cases we have to differentiate ** de curv4 in curvam,'' 
to use Leibnitz' phrase ; and thev have given rise to a cal- 
culus which, by way of contradistinction, Euler and La- 
srange have called the Calculus of Variations ; though it 
forms part of the subject of fluxions, and may be esta- 
blished upon the same foundation, the principle of limits. 
We shall consider it in the second volume. 

The first published Isoperimetrical problem, that of the 
solid of least resistance, was ^ven by Sir I. Newton in the 
Principia, vol. ii. p. 84, Scholium. 

18. *• Required to investigate the conditions of a maxi- 
mum or minimum function of two independent variables.^ 

Let u ^f(pc^y\ XJ =y(^ + *> y ± *)5 then (u = 
f{^x — A, y T fc) ; and, as m Art. 4, the values of these 
functions, so far as regards their signs, may be expressed by 
(Vid. 4. 12.) 

du h du Jc 

"" d:r 1 — dy 1 

ti = « /'OV &c. 

du h ^ du Jc 
dx 1 dy 1 

Now, first, in order that n and f& may be both greater or 

du h du ft 
both less than u, a necessary condition is that 3" "f ± j" *t~ 

= ; and h and Jc are independent quantities, consequently 

du ^ ^ du ^ 
-3- = 0, and -5- = 0. 
as ^ ay 

Next, take the third term in the developement of u, viz. 



^w=M — -j---^4- 37^-qp 
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brevity represent by tt-q i ^^^ J^ ^^** + ck^c* 

Suppose that this function does not vanish ; then (m) is 
or is not a maximum or minimum, according as the conti- 
guous values of this function have the same or different 
signs ; a maximum, if the sign is negative ; a minimum, if 
positive. 

We have then to investigate whether there can be any 
relation between a, b, c, such that the sign of the trinomial 
cannot be affected by any change in the signs of h and &. 

Consider it as an equation, aA- + 2B/iAr 4- cAr^ = ; then, 
if the roots of this equation are impossible, i. e, if ac be' 

freater than b^, whether A or ^ be considered as the un- 
nown quantity, they lie under the form of the sum of two 
squares ( Alg. 869. )» and consequently the sign of the func- 
tion cannot be affected by changing the sign either of A or 
of Ic ; and (ti) must be either a maximum or a minimum. 
And to determine which it is, since i^e may suppose X: = 0, 

the trinomial is reduced to ^-5 aA^ ; hence, AC being greater 

than B^, (2<) is a maximum or a minimum according as a is 
negative or positive. 

It is obvious that a and c must have the same sign, 
otherwise ac cannot be greater than b^. 

Find then the corresponding values dl x and ^ in the two 

dii du 

equations T" = ^j T^ = ^ 5 substitute these values in a, c, 

and b ; then if a and c have the same sign, either positive 
or negative, and ab be greater than c^, there is a maximum 
or a minimum according as the sign of a and c is negative 
or positive ; otherwise not. 

If a, b, and c vanish, and also the fourth term of the 
developement ; we shall have to investigate the conditions 
necessary to render the sign of a function of the form 
aA* ± 4bA*A + &c. independent of the signs of A and of Ar; 
an investigation which hitherto has not been prosecuted with 
success. 
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If the variables are connected by an equation of con- 
dition ; since u = f(^, y) and y =yir, therefore — = -7- 

-f -J- ^ = ; which reduces the problem to the case of a 

function of only one variable. 

14. When u is a function of three or more independent 

variables Xj y^ ^ • . . . the Conditions of a maximum or a 

. . , du du du 

mmimum are that -p = 0, -7- = 0, ^ = 0, .... and if 

the third term of the expanded multinomial f(^ + A, y + ft, 
z±^l. ..) does not vanish, we shall have to investigate the 
conditions in order that the sign of a function of tne form 
aA2 + BAr« -f cP ± 2aAA ± 8cc. may be independent of the 
signs of A, A;, Z ... . 

These conditions are investigated in the Fonctions Ana- 
lytiqueSy 2de Partie, Ch. 11. ; but as they are complicated, 
the following simpler method should be adopted whenever 
it is practicable. 

Since u is a function of independent variables, its maxima 
and minima may be found by supposing that all the vari- 
ables except one are fixed and determinate. On this sup- 
position we can find the relation which this variable bears 
to the rest; and pursuing the same method with all the 
variables, we shall have the equations necessary for deter- 
mining their value. The principle of this method will be 
best illustrated by a geometrical example. 

Ex. 1. Required to inscribe the greatest triangle in a 
given circle. 

Let ABC be the required triangle ; considering ab constant, 
acb is greater than any other triangle as apb, from which it 
may be seen that ac = bc. For the same reason ac = ab ; 
or the required triangle is equilateral. 

Es. 2. Required to inscribe in a circle a maximum poly- 
gon of a given number of sides. 

Let abcd be the required polygon, join ac ; then the whole 
cannot be a maximum, unless a part as abc is a maximum ; 
whence it follows that the polygon is equilateral. 

It may be observed, that when the proposed function is 
symmetrical with respect to all the variables, the value of 
all the variables may b^ deduced from the value of one of 
them. 
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brevity represent by ^{ ^h^ 1 -^^ J^J; '^^^ iSs^tl 
Suppose that this function does j haW two ^^^'°^ 
or is not a maximum or minimum dsr d<^ and 5"-' S; 

guous values of this funcUon h .tain ^, ^. *° dy dy 
figns; a maximum, if the sigr ^^^^^^ .^e two ^J^Stag 
posiUve. Jjt four equatoons ocmu" b 

We have then to investi altoffether three 

relation between a, b, c, s ^ there are altoge 
cannot be aflFected by an . J» ^ 

Consider it as an ec «,d three which contain 5^, ^y 

if the roots of this > ^ ^se two '^^^Vf°^^ 

greater than bS w' >ioo, th«e vnu equations of con- 

. Lown quantity . >^«, %Sl*to determine ., y> 
squares (Alff. z>T jifC loui ^ 

tion cannot be , , ^^ ^^_ ^i^^^ equations ot con- 

of k ; and («) . example ^^^^^'^^SiSle, and mren- 
And to deter., ia»e only one P"°f Jf '^^tion on this sup- 

.j^ three equaUons ot conui dy dz ^ 

the trinoniiui ' ^ ^^^^ ^^^^ equations between 3^, ^ d^' 

than B*, («<> ^ . ,. .„^ -_e equation between t^* J*^ 
negative -• g-^-^J?^%°S Z ^'-.equ^o- o^-^ 

It is o'^enSle rto determine the --^f''^.^^^ « 
otherw.sc .^ ^^^^ "^ffi^^^'^^^SX r-'''^ 

Find^^^, in consequence of^^^^^jSS as in Ae 
^able we must adopt tne same 
«l"*^':;/a function of one variable. ^^^ ^^ developement 

or and ,m when A, «, «, ,are «»«^" variables (pve « n»* 
. seen whether these values of the vanaWes p 
«um or minimum value of the function. ^ 



^- littt 
--iL^, whichwhen«-0,2/=0bec«»eo' 



-^F MORS THAN OKX TARIAS3LS. 886 

^ '' be substituted for w and y, tj 3= J — 

^^ - 0, y = indicate a nummum, 

h, and yninima functions of more 






-^ 

■^ 



r ;¥ =5 a and j?^V = maximum. 

«.(a-«) 

y = — 3— 

y = — 5 — , or « = \a, ^ =s 4-8 and a =s ^o. 

^ = x»(2a-%- 2») - 3a^ = «»(2a-6y - 2z) .% 

a^ 
A = — ax -g-. 



= 8««^(2a-%-2»)-2«V=' «'y(&»-8^-82) .-. 



(2^ 

dydar 

a» 

c = — a X -5~, where AX c isgrcater than b«. 
Ux. 2. Given ar+y+«f = a and x"'^* «*• = maximum. 

— = arjf^\a'-x — y)*^* {wa — wo: — ^y - ry ] = 0. 

It k obvious that the wily factors to be conadered are 
BW— »ix— «iy— ra? = 0, and na-nx—ny — ry — 0, which 

ma na „ . . , _ __!!!_ 
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Next, let ti be a function of independent variables which 
are connected by certain equations of condition. 

Taking a particular example; suppose that u = F(a?, y, z, t\ 
and that there are two equations of condition, then we may 
consider z and t as implicit functions o{ x^yy and differen- 
tiating on this hypothesis, we shall have two equations 

du ^ . du ^ .. . . dz dt ^ dz dt 

•^- == 0, and -T- = 0, which contain ^, 3-, and -r-, -j- 
dx dy ^ djr dx^ dy* dy 

respectively. Also, b^ differentiating the two equations 
of condition, there will result four equations containing 

dz dt ^ dz dt 1 * 111 

•J-, ^ and T"f jf* 80 ™^ there are altogether three 

dz dt dz dt 

which contain -3-, j-, and three which contain j-, -3-. 

dx dx dy dy 

Whence, by eliiqination, there will arise two independent 
equations, and combining these with the equations of con- 
dition, we shall have four equations to determine x, y, 
z, and t. 

If in the same example there are three eouations of con- 
dition we can have only one principal variable, and differen- 
tiating u and the three equations of condition on this sup- 
position, there will result four equations between •—, ^, -p, 

which, by elimination, give one equation between the vari- 
ables; and this, combined with the three equations of con- 
dition, will enable us to determine the variables. 

15. If any of the fluxional coe£Scients become infinite or 
indeterminate, in consequence of assigning particular values 
to the variable, we must adopt the same method as in the 
case of a function of one variable. 

Thus, let or = a, y = b, z = Cy cause the developement 
to fail ; then in the function t^, substitute o^ = a + A, 
y =^ b ±JCf z := c dzl, and finding the contiguous values 
of V and jU when A, Xr, Z, are indefinitely diminished, it will 
be seen whether these values of the variables give a maxi- 
mum or minimum value of the function. 

"3"^ .^ which when d? = 0, y = become -jr ; but 



(X'^+J/^) 



T 
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if 0± i and 0± ft be mibstituted for » and jf, x; s 5 -^ 
(i^ + 'k^Y = fij or 0? = 0^ ^ = indicate a maaAmum. 

16. Examples of maxima and minima fumctums of mare 
than one vartable. 

Ex. 1. Given x +y + »zza and oiyV = maximum. 

iAa-x) 



^ = — 5 — , or« =Taiys7<K and a si ^a* 

J? = «»(2a-3y - 2») - Sa^ = «»(2«- 6y - 2a) .-. 

a^ 






8* 



dydx 

B= —a X 



a» 



12* 



c:=: — a x -5-, ^here A X c is greater than b«. 
JSx. 2. Given ^+y+» = fit and x^jf" s^ = maximum, 

.-. — = af^^y\a —x—y)"^^ | jwa— war - my - 4-jp} := 0. 

— = a?'"v'^K^— ^— y)*^*'fwa — wo:— fiy-ry J =0. 

It is obvious that the only factors to be considered are 
ma'^mx-'mtf—rx=^Of and wa- nx-^ny — ry = 0, which 

ma ^^ J _ ^^ 
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which may be shown as in the last example to indicate a 
maximum. 

Otherwise. Suppose z to be at its required value, and to 
be fixed ; then, since x -^y + (z) = a, and 5?*"^ «** = maxi- 
mum, therefore a? -f y = ft and j?"*^" = maximum, and 
hence (11. Ex. 8.) a::y:: m:n. Similarly it may be shown 
that a::y:z::m:n:ry which, combined with a? + y + « =a, 
will give the required values of x, y, and z. 

By this method it may be shown that when a: -{-iz + z + t 

, - . ina 

= a, and x"'v*:ff = maximum, x = — ; ; — > 

na 

y = — ; — ; — T~> ^c. = &c. 

Ex. 3. Required or, y, ar, when (b^ —x^) (x'^z —z^) (xy — y*) 
= maximum = u. 

Since there is no equation of condition we may suppose 
both z and or to be constant ; hence -^ •=• x — 2y = 0, 

a;* 

.-. y =4 ^>. •'• ^y -y^^i ^^y .-. («) = -:^ (*"- '^) 

{a^z — »') ; hence, considering x constant, x'^z — z^ = 

maximum ; .-. a?« — 3»« = 0, or jar = — =.. .•. x^z — z^ = 

9,x^ ^ x^ 9^ 

-— ~; or(w)= -r-. -— =:(ft'— o;^), .'.b^x^ — afi = maximum, 

. ,^*V"5 ft^"5 ft?^"^ ,. , _ 

• • ^ — ~^, y = — |-, and «= — =, which, by applying 

the usual test, will indicate a maximum. 

Ex. 4. w = .r* + y* — 8aa:y ; required the maxima and 
minima of u. 

du 
du 

T-^ = 6.r .'. A = or 6a * 
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^ = % .-. c = or 6a 

= — 3a = B 



dxdy 
.'. 0? = 0, y = ; ov X =i Of y = a. 

Of these the first indicates neither a maximum nor mini- 
mum : the second indicates a minimum, or rather a negative 
maximum. 

If a. is negative, the functipn is w = j' + y* + Scut/, and 
its maximum value is t^ = -f a^ 

Ex. 5. tt = {mx + n) {ny + wi) = a maximum, and 

^mrjny S3 C. 

Here u = F(ar,y) andy =fx ; and ^ = - — -^ .•. 

du T/da 

—- = 9n(ny + »i) ^. \mx + n) = 0, .•. /6(ny -}- wi) = 

to(wir-|-«), which, with the equation mxla -f nytt = fc, will 
determine x and y. 

JEor. 6. or^x^y = maximum, and d?* + %'+z* = a* 

Here u = 4/a; 4- 2/;2 + iy ; and from the equation of con- 
dition z = F(a?, ^) ; 

d^ = -^ + T^ = <'(lV, 2^ + 4^^ = 0(3) 

Valso, 

dx dz 

Hence, eliminating — from (1) and (3), and j- from (2) 

, . , 4« %x '. - js 6y* 

and (4), we have ^ = ^or x^ = 4^; and ^^ = |^ or 

2 
8y^ = a* ; whence, by substitution, 42* -f -^x* + %* = a; 

-Ear. 7- Given O'l^cf^ = a ; required the maxima and 
minima of xy%, 

u^lx ■\' ly + h\ and ^to -f y/6 + «fc = ^a ; 
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dx 



a: 



z dx 



du \ \ dz 

^ = — + — ^=0(2) 

dy jf z dy ^ ^ 



also, 



» + Jfc = 0(8) 






= 



^-0 



111 

Hence, by elimination, a: : y : » : : y- : -tt- : -y-, which, 

combined with xla + yih + zlc := /a, gives a? = :^ j 

l.Aac + lh . Z.AaA + 2tr 

And to determine whether these indicate a maximum or 
a minimum, we have 

/dhA\ _1 i^i^: 

\ dx^ / "" ^ z'^ Ic^ from which it appears that 

{LAb€+la){l.AaC'\'B>){l.Aab -^Ic) 



\dirdyy ««&• 



is a maximum value of ory;?. 



J2r. 8. Given (*•+ 1) (y + l)(» + l) =rA; required the 
maxima and minimia of afb^c*. 

(Cambridge Pi^oblems, p. 90.) 

,_ , ^ dz « + l o ^ * + l 

di^ z-\-\ '^ 

••. -J- =^la — lc — -= = 
dx x-\-l 



dy y-l-1 



.-. (ar+l)i»= fy+l)/6qz 
(«+l)fc, anda?+l :y+l: »+l 

111 

: T— I "iT • "7" » whence, from 
la lb Ic 



- Z.aJc — 9Ia Laoc — 8/4 

the preceding example x = :^^ , y = 



3/a 



3» 



and « = 



»lc 
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Also, TT, = 2Zc ^ 



dr« (^4-1) 



9 



, <Pm , jz + 1 

and , , mfc 



which indicates a minimum 
value of the function. 



£jr. 9. If tf, J, c, be the prime factors of a number (n) ; 
required the number of the primes a, b, c, in order that n 
may admit of the greatest possible number of divisors. 

Let x be the number of the a's, y of the b\ and ;:; of the 
c*s ; then nfzzA'b^c^; and since it is divisible by 1, a, a« . • • 
fl', and by l,b,¥....b^^ and by 1, c, c* . . . . c*; it is there- 
fore divisible by every term of the continued product 
{l+a+a^+ ...a') (l + 6 + i2+ ...6»') (l+c + c^H- ...if); 
and the number of terms of this product z= (ar+l) (v + l) 
(« + l); where we suppose that a, b, c, are all different 
numbers^ and that n is a divisor of itself. 

Hence a'd^c* =z N, and (x-^-l) (y + 1) («-hl) = maxi- 
mum ; or, multiplying the equation of condition by ctbCf 
we have a'+'b^+^c^+^ = n and (^ + 1) (y + 1) (« + l) = 

, , , _ ^ Z.n6c— 2Z» 
maximum, and consequently, by Ex. 7, ^ = ^ » 

l.iijac''2lb Lsab — 2fc 

Ex. 10. Given the prime factors a, ^, c, of a number n ; 
required the relation between the indices, x, y^ z, in order 
that the sum of the divisors may be a maximum. 

It may be shown that the sum of the divisors = =-. 

,^^ . — -J" ; hence we haveM=Z(a*+* - 1) 4- /(&»'+' - 1) 

+ /(c*"*"^ — 1) = maximum, and flp*6''c* = n; whence a*"*"* 

111 

= ir+i = c«+», or ^+1 ly-^l :a + l :: IT • "^ ' 7"' ^^^^^ 

combined with j?Za + yJb ^ zlc ^ /n, will sive the relation 
between or, y, and ss^ and the required sum when a maximum 
may be found* 

Ex. 11. Given four straight lines, required to form a 
trapezium such that the area may be a maximum. 
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Let a, b, c, e, be the sides of the trapezium, 
J? = the angle made by a and e, 
y = that made by h and c, 
then u^ ae sin.^+6c sin.jjr. = maximum. 

Also, a^-\-e^—%ie cos.d7 = A* + c*— 26c cos.y, or ^Uie cos.ar 

^ da: oc sm.y 

du du dudy cos. v sin .a? ^ 

Now -T- z=: J- + -T- -f- :=: — aecos.x — ae — ? =0, 

ax ax ay ax sm.y 

.*. tan.d? = — tan.y, and .•. a^ -}- y = ti*, or the trapezium 
may be inscribed in a circle ; which is a property that may 
be easily deduced from geometrical pnnciples. If then 
5 = o + 6 + c-f ^j we shall have u^ zz (« — a) (5— 6) (5 — c) 

Ex. 12. From a given point to draw the shortest line to 
a given sphere. 

Take the given point for the origin; and placing the 
centre of the sphere in the plane zox (Vid. Ch. 7.)* let its 
co-ordinates be a, o^ h. Let or, y^ z^ be the co-ordinates 
of the required point of the sphere ; then a:® -f y* + ;?* = 
M« = V = minimum ; and the equation of condition is (x ^a)* 
+ y* + (2;—6)* = r* where r is the sphere's radius. Hence 

rfv _ x—a ^az—bx ^ 1 

^ = ^^^'^ITi — %-b "■ whence y = 0, or the 

> least distance is situated 
^^ — ., ^ y - ^^y n in the plane zox. 
ay ^ «— 6 z-^b 

bx * / b^\ 

Also, % = — , and by elimination (x—ayi 1 + ~ j=: r% 

Hr ar 
.*. 4P— a = — , , of which the + indicates a maximum 

Va^ + 6* 

and the — a minimum. 

Ex. 13. To inscribe the greatest paralleliped in a sphere. 

Let S^r, %, 2^, be the sides of the solid, then 
u = xyz = maximum ; and J?' 4-y* -f «?« = r* is the equation 

of condition ; .\-j-z= y% — yx^ which = when a? = » ; and 

the variables are symmetrical with respect to each other, 
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/. j: r: y :r «, and u = — =, which may be shown to be a 

8 \/o 

nuudmum value of u. 
If it be required to inscribe the greatest paralleleliped in a 

given spheroid, the equation of condition isf—J "^(x) 

+ ( — 1 = 1; and the required solid = — =. 
\cj ^ 8 V8 

Ex. 14. Two bodies move in opposite directions with 
velocities, the sum of which is given. Show that the sum 
of the products of each body into the square of its velocity 
is a minimum, when the velocities are reciprocally propor- 
tional to the quantities of matter in the bodies. 

Let A and b be the bodies, x and y their velocities ; then 

tt = A4?* + By*and a:+y = c. ••• ^ =s — 1, .•. 

du . d^u 

-J- = 8Aa? — 2By = 0, ,*. jr :^ : : b : a ; aqd since -j-^ = 

2A-h3B, these values indicate a minimum. 

Ex. 15. Required the magnitudes of three perfectly 
elastic balls x, y, z, which, when interposed between two 

E'ven balls a and 6, will cause a moving with a given ve- 
city to communicate to b the maximum velocity. 

Let V = a's velocity, then (Mech. Art. 204) 
a + d? : Sa : : v : = or's velocity. Similarly, if we cal- 

culate the .velocity of y, z, and b, we shall find b'*s velocity 

1 Ott'DiJCfiZ 

= "7 — ; — r? — ; — \ / » \ / . j>\ » ^^^ ^^^^ we may suppose 

both y and ;9r to be constant ; .'. -p — ; — r-? — : — r = maxi- 

a;^'¥(a + i/)x^ay ^ ay 

mum, or ^^ — -^ or a: H — ^ = minimum ; .*. 

X X 

ay 
1 1 = 0, or a\xi: x\y. In the same manner it may 



x^ 



be shown that a : x :: x : y :: y : z :: z : b. Also, since 
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ay du ^ ay d^u 2ay i . i i_ 

^ X ^ dx x^^ dx^ ar^ 

that x^ = ay is a minimuf/i, and the same may be proved 
true of ^ and z. 

Ex. 16. Required the least distance between two given 
right Unes in space. 

di the two given lines (Ch, 7. Art. 7.). 

Let afy y, «', and iji\ y", «^, be the co-ordinates of the ex- 
treme points of the required line; then v = m^ = {x'—aPy 
+ (y— yO* + («'—«")* = minimum (7. 41.) ; and for these 
Ax variables, there aie four equations of condition, viz. 

y = bUl }'*"'' y = ""^Vt } ' ^^ consequenUy we may 

consider v as a function containing two independent prin- 
cipals jar' and zP ; and we have 

^, = - 2c(^-^) - 2^(y -y) ^ 2(;»'-;.0 = 0, 

which, combined with the four equations of condition, will 
determine the value of ?/. 



These equations belong to a minimum^ for- 



and («« + 6« + 1) (iJ* + ^ + 1) 

* - -^(^ +^ + 1) h + (jw^)t + (ae-ic)\ and is 

therefore > 0. 



d^v 



The required line is at right smgles to each of the given 
lines. 

, ^ *^* J '^ S be the equations of the required line ; 

then, since it passes through the points afy y, z\ and .r", y, 
A we have yZy = n(ar'~^")}*^^ consequently, by 
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substitution, and dividing by ± 8(«'— «"), ^4]^]j^i _ q | 

which are the equations of condition that the lines may be 
at right angles to each other (7* 4S.). 

Ex. 17. Two points and a plane are given in position ; 
it is required to find the shortest path between the points 
and the plane. 

Z 

Through the given 
points p and a draw a 
plane perpendicular to 
the ^ven plane ; take 
these for the co-ordi- 
nate planes zox, Tox ; 
and let the required 
path be PRa. 



Let ^r* 0, «', & a;", o, »", be the dven co-ordinates of p & of o, 
X, yj Oy the required co-ormnates of b ; 

then PB + BQ = >v/(ar— a:')*+y2-f «'« + •(^"— ir)«+y*+«"« 
= minimum = Uy which is a function that contains only 
two variables x and y. «• 




Hence -T-= 



X — af ' 



a^—x 



du y y 



: = 0(1) 

:t---^== , r ■ . -r ■ z:0(2) 

From (2) we have y *= 0, or the shortest path lies in a 
plane perpendicular to tbe given plane. 

From (1) we have — j = — ■ 

i. e. if PNa is the path, cos. z pno =:cos. z aNx, or z pno 
= z aNx. 

jE7^. 18. Required the least distance of two points which 
move from given positions and describe given Imes in space 
with known uniform velocities. 

r2 
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Let A and b be 
their initial posi- 
tions, Ao, Bby the 
lines they de^ 
scribe^ ab the re- 
quired least di- 
stance. Y 

Draw through > 
b6 a plane xoy 
parallel to Afl ; and 
through Aa draw aox perpendicular to xoy. 

Take o for the origin, and let o, o, a, and 6, c, o, be the 
given coordinates of a and b. Produce to to meet ox in c, 
and let Z ocb = a. 

Let a's velocity : b's : : w : n. 

Also let x', o, a, be the co-ordinates of a 7 ^j^^ v= t*«= 
a/', y', o, those of 6 3 

Draw the coordinates of b and 6, and Bn perpendicular 
to 6j3 the ordinate of 6 ; 
then AO = 
and 



- ^ r .% B» — i:;: •* J 

B& : Bn : : 1 : cos. a 3 



... ^' = 6- 



ncos.a 



m 



Also, oii^hwmxn, \ ^^^ nsin.« ^^ 

and b6 : 5n :: 1 : sin.a 3 " w 



nsin.a , 
,'. y = c + — or. 



m 



Hence, by substitution, 

A 7icos.a + m ,V . / , ^^"-^^V L^« 

«cos.a + m /, «cos.a-fwi \ n sin.a 

= - ( h ^ J + 

m \ m / m 

m^b + mn (6 cos.a — c sin.a) 



dv 



nsm. 






wherefore a:'=-. 



m / ^* + ^^^ cos.a + n* 

In the same manner th6 values of a/' and of y" may be 
calculated, whidi determine the position of the required 
line. 
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The following construction has been given for determining 
the points a ana b. 

In ex take ck: cb :: in : tj; join kb and draw on per- 
pendicular on KB produced ; draw n6 parallel to ox, meeting 
CB in b, and joining an, draw ba parallel to an. 

( Vid. Garnier's Calc. Diff. p. 41 1 .) 

Ex. 19. The equation of curved surfaces of the second 
degree is «* = ax^ + ^hxy +*cy* — ex —fy •\-g\ required 
to investigate the conditions that z V£kSi:^ be a maximum or 
minimum. 

Let tt = a^ then 

iu 



dx 
du 

d'u _ 
dxdy^ 






whence a condition is that a and c have the 
' same sign, and that etc is greater than b\ 
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1. Required the arc whose sin. x v.s. = maximum. 
X = 120**. 

2. Required the angle the excess of whose sine aboVe its 
versed sine is a maximum. ^=45''. 

3. a? -I- y = A, and tan.*"a?. tan.*y z: maximum ; .'. tan. 
(x—y)= — ; — tan.A. 

4. X + y = Ay and sec-"*^ sec.'y = maximum ; .•. sin. 

w — m , 
(a:— V) = — ; — sm;A. 

5. X + J/ = A, and sin.*"ir cos.'^^ = maximum or minimum. 

6. Required the fraction whose excess above its cube is a 
maximum ; x = a/|. 



846 ItAXniA AND MINIMA FCKCTIONS CfiAP. Vf. 

# 

7. Kvide a ^ven number into two parts such that their 
product X their difiPerence may be a maximum. 

X = ■= — = — fl indicates a maximum. 
2jS 



8. t« = — ===• ; .'. a: = a or J? = is not a maximum 
or miQimum : a? = ffl( — 1 + ^/a)"* is a maxunum. 

a minimum. 

•c* — flu?* 
10. u = . £j;.j^g\g 5 •*• ^ = 0, a maximum ; x = 4jtf , 

a minimum ; x = 2a( — 1 + ^/2)j a maximum. 

^^- "=2^ + "2:?^' ...^= ±(^_^J2n.«,of which, 

if n is oddy both indicate a minimum ; if ^ is even, the 
positive a minimum and the negative a maximum. 

12. « =: cos.dr + cos.2a? + cos.3^ ; .*. x = 0, a maximum ; 
cos.^ = 7» «, a minimum and a maximum. 

18. Suory = a*+aa7«-.&a?*; .•. x r= — £==, two minima 

of y. 

14. w = 3j:^— 28air» + 84a«d;«-96a^a? f 486*; .•. a? == a, 
a minimum ; j? = Sa, a maximum ; and x = 4a, a minimum. 

15. ^axy = a' -H (a — 6)a;®. There is a positive and a 
negative minimum ; and their co-ordinates ^re x = 



ija^b 

16. y = 6 ± (:r— a)^ ; required to ascertain whether x=.a 
indicates a maximum or minimum. When the sign is posi- 
tive, a minimum ; when negative, a maximun|. 

1 

1)7. tt = or « ; .*. .r = ^, a maximum. 
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18. Into how many equal parts must a given quantity a 
be divided in order that th^ir continued product may be a 

maximum? a?= — . 

e 

19. u = ■ , ; .'. J7 = cos.'^^w, a minimum ; a; = 0, a 

COS. X 

minimum. 

SO. Inscribe the greatest parallelogram in a parabola; 
and also in a double Cissoid of Diocles. ^ = j.a ; and 

21. Inscribe the greatest parabola in the segment of a 
d|fcle, the chord being a tangent to the vertex of the 
parabola. 

22. In the space included between two concentrick circles 

inscribe the greatest parallelogram, x = -j . 

23. Through a point p given in position within the Z 
to draw the shortest line. Also draw apb so that ao + ob 
== a minimum. 

X = ^/a/> and x^ —cx'-Ybcx— a^b =5 where a and b are 
the.co-ordinates of p. 

24. In a line joining two luminous points of given in- 
tensity, find the point which is the teast illumined. 

al/<t 

25. Two equal fires are placed in the foci of an ellipse ; 
required the point in the periphery where the heat is the 
least. The extremity of the axis minor. 

26. The inclination of the conjugate diameters of an 
ellipse is a maximum, when they are equal. 

27. Inscribe the greatest parabola in a given triangle. 
a 

^ = 1- 

28. Required the greatest parabola which can be cut from 

3a 
a given cone, oc = -j-. 

29. From a given cone, required to cut a parabola so that 
the solid generated by its revolution, either about its axis or 
ita greatest ordinate, may be a maximum, j? == y6: and 
X =i ^b. 
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30. The area of the least parabola which can circumscribe 
a given circle is one whose latus rectum is equal to the radius 
oAhe circle. 

SI . Find A which impinges upon b at rest^ so that when re- 
flected its momentum may be a maximum. a?=&( — 1 + V^)- 

82. Given the base of an inclined plane ; required its 
height so that the time of falling down the height + the 
time of describing the base with the last acquirea velocity 
continued uniform may be a minimum, jr = -^a. 

33. Find a point in a circle whose plane is vertical, so 

that the time of falling to an horizontal tangent and of 

describing it with the last acquired velocity may be a mini- 

8r 
mum. X = -=-. 

o 

34. p raises a on an inclined plane by a string parallel to 
the planes ; required a so that p may communicate to it the 
greatest momentum in a given time. 

35. P raises a by means of a wheel and axle ; given p and 
Q and the radius of the axle ; required the radius of the 
wheel, so that the acceleration of a may be a maximum ; 
the inertia of the machine being neglected 

86. p and a are equal : p raises q through a ^ven space 
by means of a wheel and axle in the least time possible ; re- 
quired the ratio of the radii of the wheel and of the axle. 

87. Materials are to be raised through a given altitude by 
a given wheel and axle ; required the quantity to be raised 
at each ascent in order that a maximum may be raised in 
a given time ; the inertia of the machine being neglected. 

avx^—ba:^ 
u 3= — — -y- — = maximum. 

38. Of all cones of revolution under a given surface, 
required that whose content is a maximum, y^ = ^x^. 

39. Of all cones of revolution of the same content, re- 
quired that which has the whole of its surface a minimum. 
^ = &r«. 

40. tt = €Lx^ — hxy -f czx + y% has not a maximum or 
minimum at a; = 0, ^ = 0, ;? = 0. 
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41. Of all parallelelipeds of the same content, required that 
which has the least surface, x ^y =^ « ^ a. 

4&. u = x^y^xl^ a maximum, and Sd7-f3y + 4;¥=:a; 
43. f« = a:*y«* a maximum, and x^ + 2y' + »* = a; 



Before we proceed to apply the principles of the Calculus 
to Curres it will be necessary to establish a few propositions 
relating to Analy tick Geometry, which shall form the subject 
of the following chapter. 
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CHAPTER VII. 



Lmes cmd Surfaces, 



1. The po5£/ion of a point 
in a plane is determined by 
referring it to two known 
axes intersecting at any 
angle, usually a right angle ; 
thus Aoc, BOD, being two 
rectangular axes^ and p being 
a point within the z. aob, 
draw PN, PM, perpendicular 
to OA, OB ; then the position 
of p depends upon the magnitudes of pn and pm, which 
are called its rectangular co-ordinates. 

Since on = pm, on and np are also the co-ordinates of p ; 
and of these, when they are referred to the axis oa, on is 
the abscissa and np the ordinate ; and vice versa when they 
are referred to the axis ob. 

coA is the axis of the abscissas or the axis x, bod the 
axis of the ordinates or y. 

S. There are four points, one in each of the four right 
angles, whose co-i>rdiDates are of the same magnitude ; but 
the ambiguity is removed by attending to their signs. Thus, 
in the first, the signs are + + ; in the second, — -f ; in 

the third, ; and in the fourth -f — : all of which are 

different. 

3. Def. The equation of a line is that which expresses 
the relation between the co-ordinates of any point in it. It 
is usually deduced from some geometrical property which 
characterizes the line. 

Irregular curves, or those curves which are not described 
by some certain law, are never considered in science, as they 
cannot become subjects of calculation. 

If the equation is not algebnuck, the curve is said to be 
transcendental or mechanical. 
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4. Def. A diameter is that axis x which to any the same 
abscissa has the sum of the positive ordinates equal to the 
sum of the negative. (Vid. Alg. 521.) 

The aocis (h the curve is that diameter which is at right 
angles to its ordinates. 

5. Def. There are certain lines in curves called parameters. 
They are the lines upon which the magnitude of the whole 
curve depends, and which are independent of its position. 
If they are changed^ no change is produced in the nature 
or properties of the curve itself. Circles, parabolasi cycloids, 
and catenaries, have only one parameter. Ellipses and the 
trochoids have two. 

6. Def. 1. Wl|en the ordinates are similar and equal on 
both sides of the axis Xy ^he curve is said to be symmetrical 
op the axis x. In this case the whole curve will balance 
itself upon the as^is in all positions. (Mech. Art. S6.) 

Cor. When the equation is such that, changing the agns 
of the co-ordinates, it remains unaltered, the curve is sym- 
metrica] in the two opposite quadrants. 

Def. 2. When this obtains, the origin is called the centre 
of the curve. 

7. The equation of a right line is of the form y^ax + e^ 
For let BA be the 

line cutting the axis 
X in the point a, 
and making with it 
the angle ban. 

Take any point 
p in AB, and draw 
PN perpendictilar to 

OAN. 

ON = a?, z PAN = 9 , _ « PN y 

NP = y OA = c| therefore tan.9 = — = JZ^, or 

y = tan.9. or ~ tan.9. c; which is of the form y = oa? -I- a, 
where a = tan« z ban, and a = oa. tan. z bao. 
If the axes are not rectangular, but inclined at an z cc;, the 

equation is of the same form, but in this case « = -; — ; r, 

^ • •Bm.(w— 9) 

, sin.S.c 
and a = r— 7 77 . 

x 
Cor. The equation is also of the form -7^- 

where a = oA, b = ob. (Fig. 10.) 
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8. Conversely, a simple equation of the form j/ = oar + a 
belongs to a right hne which intersects the axis x at an 
angle whose trigonometrical tangent = a, and at a distance 

from the origin = - ■^. 

For there cannot be two right lines drawn from the same 
point in the axis and making the same angle with it. 

9* I^6f. The quantities a and a are called the arbitranry 
Constanta of the equation ; because they may be assumed at 
pleasure, and by assigning proper values to them, the equa- 
tion may be made to belong to any proposed right line. 

Since the equation contains two arbitrary constants, a 
right line may be drawn fulfilUng two conditions. It may 
be made to pass through two ^ven points, or it may oe 
drawn through a given point making a given angle with a 
given right line. 

10. It appears from 
the annexed figure 
that we may have four 
right lines the equa- 
tions of which snail 
contain the same arbi- 
trary constants; but 
the ambiguity will also 
be removed in this case 
by attending to the 
signs of the constants. 

Those lines which 
intersect each other in 
the axis x have the 
signs of their arbitrary 
constants reversed. 

11. Required the equation of a straight line which is at 
right aoi^es to a given straigfU line* 

In fig. 7 draw pg at right angles to ab, cutting the axis 

in G ; then, ^nce tan. Z pox = — tan. Z pga = — cot. Z. pag 

1 . . . 1 
= 9 the required equation is of the form^=' x + /3, 

where |3 remains indeterminate, since it requires another con- 
dition to fix the position of pg. 

Cor. Conversely, if we have two equations y = ao: -f a. 
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1 1 . 

and y = 6j? +• (3 ; and 6 = , or a = — r-j the lines to 

which these equations belong are at^ right angles to each 
other. 

12. Required the equation of a straight line drawn from 
a given point at right angles to a given straight Une. 

^ ^ = fi^ifi%^^^® equations of the given and of the 

required lines, and or', y the co-ordinates of the given point ; 

1 
then it may be shown as in (11.) that 6 = ; therefore 

1^ =i ax + a 
the equations are 1 - .V, and since the line 



= ax + a ^ 



1 

passes through the point x\ tf^ we have y= *'+/3; 



a 
1 



whence, eliminating jS, y— y= (a? -a/), which is the 

a 

required equation, 

13. From the same data, required the equation of a line 
drawn from the given point which shaU make the same angle 
rvith ifie perpendicular line which the perpendicular Une 
makes with the ordinate. 

Let PK (fig. 7.) make the / kpg = the z npg ; its equa- 
tion being of the form y = a'o: + a', it may be shown as 
before, since it passes through the point af^ y, that y—j/ 
^d{x—af) ; but ci here = — tan. Z»pkn = — cot.2z npg 

a^ •— 1 
= — cot.2 / PAN = — — , wherefore the required equation 

isy-y = -g^(ir-a/). 

This is the equation of a linear caustick where apb is the 
reflecting line. ' 

14. Curves. 

Ex. 1. Required to find the equation of the circle. 

Its characteristick property is that all its radii are equal. 
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Let c be itif centre, draw its 
co-ordinates ok^ kg ; and also 
the co-ordinates on^ np, of any 

eant p in the circumference, 
raw CM perpendicular to pn 
and join cp. 

OK =«, oN=a?7 

Kc =ft, NP=y jC'-^- 

Then (Eu. 47. 1.) cp«=cm« + mpS or r«={a7-a>+(y-A)* 
is the required equation. 

Cor. If the origin of the co-ordinates coincides with the 
cratre of the circle, the equation becomes r* =x* 4-y% or 

y« = r«-xS or— + ^=1. 

The equation of the circle contains three arbitrary con- 
stants, two of which determine its position and the third its 
magnitude. Hence a circle may be described fulfilling three 
conditions ; it may be drawn through three ^ven points, or 
touching three given straight lines. 

Ex* %. Required the equation 
of an ellipse^ the origin being at 
the centre. 

The characteristick pl-operty of 
this curve is, that the sum of two 
lines, sp, hp, drawn from fixed 
points s and H is invariable. Draw 
PN perpendicular to sh. 

sp + HP = 2a 

and (c-.r)«-|-y«; 




ON = a? 

NP = J/ 

so i= C 

SP = » 

fl* — c^ = 62 



then (c+a:)2+y=z* "? 

':s(2a-«)«5 

.*. 4cft: = — 4a* + 4aar, or « = V o,\ 



a 



^ 



(ex \2 
— + aj ^ {c -^-xf = a« - c« — 

(a«-c^)-= A2._^,,or-4-|, = l, or j^=- 

If AO be the semi-axis major = a, and a be taken as the 
origin ; for x substitute or — a, and the equation becomes 

5^ = — (2ar-..r'). 
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the equation 



of a parabola. 

In the hyperbola hp ^ sp = Sa, and its equations are 

-^ T^ = 1, or ^ = —Y (2ar +^), according as the origin 

is at the centre or at the vertex. 

If 6 ss a the hyperbola is equilateral or rectangular; and 
its equations arey* = a:« — a% and y^ = 2flw? + «:*• 

Def. If AO : so : : 1 : e, ^ is called the eccentricity of the 
conick section ; hence so = a^ ; and in the ellipse b^ = a^ 
— a^ e^^ or the equations of the ellipse may be put under 
the form 3^ = (1 -c^) (a« -x% and 3^ =: (1 - ^) {^ax-x!^). 

In the hyperbola, so* = ao* + bo^ or a*e* =i a^-\'l^^ and 
its equations are y^ = (^—1) (a?*— a*), and y* = (^—1) 
(^ax-^-af). (Con. Sect. p. 69, Art 6.) 

Cor. 1. When ^ = 0, the equations of the ellipse belong 
to a circle whose radius = a. 

Cor. 8. When the hyperbola is equilateral, e = V^ 

jGo:. S« ap is drawn from one 
extremity of. a qu^ldrant cutting 
the radius of the other extremity 
in R, and the circle in a, and is 
produced so that qp = &a; re- 
quired the equation of the curve 
traced by p. 

Place the origin at the centre, and the equation is 
y — {a^x) — ==i. 

Ex> 4. As the radius ob = a of 
a circle revolves, op is always taken 
equal to a. sih.2 Z aob ; required 
the equation of the curve traced 
by p. 

Let fl = Z AOB, then— = tan.fl ; 




••. ^ = sec.«fl-l = 



X 

g^sin.gga 



-1 
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= T^^^Sji"-! ; .•• (^'+y')' = ^""(XiY, which is the re. 
quired equation. 

16. Conversely when the eqiuxtion qfa curve isgiven^ it 
can in some cases be constructed geonietricaTly. 



Ex. 1. Given ^ = ax; required to 
construct the curve. 

la e OA— a C^i^i^yg ^j^g ^^ perpen- 

dicular to oa equal to on ; join oa, draw 
NP at ri^ht angles to oa, meeting oq in ¥« 
and p will trace the required curve. 




Ex. a. Given y« = 



ofi + bat^ 



c—x 
required to construct the curve. 

Since V* = ^ » V : ^:: 

^ c-x^ 

Vx + 6 : Vc—x; take there- 
fore OA = c, OB = 6 ; and upon * 
AB describe a semicircle ; take in 
oB, ON always = x\ erect the 
ordinate nd ; join ad and draw 
OP making the l nop = Z adn, 
and cutting nd in p ; p shall 
trace the required curve. 

Ex.^. x^^-a?-{9b-\-a)af^+ 

In OA = a take ob = £ ; upon 
oa describe a circle, draw any 
ordinate nd, join od and draw 
BP parallel to od, cutting nd in 
p, which is a point in the re- 
quired curve. 
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Ex. 4 3^+ 2j?y + a^— Qaxt/^ - 
2ax3 + a^^^=0; .-. ^* + (2^'«— Gflj-y- 
+ (a:2 ~ 3ar)« = - 4a^ + Sfl^a:^ = 
4 gj?(2 aar -~a7^); .% yg = 3ax— af^ ± 
A /^kur >v/2 a j? ~> org = or ± V4mx 
y/^ax—a^J-2ax—x'; .\yz=±Vax 
±V^ax'--x^ 

Hence describe a circle oq and a 
parabola or whose radius and para- 
meter = a ; draw any ordinate nqr 
and take np and np'" = nr + nq, 
and Np', Np'' = NR — NQ, and the 
four points of the curve will be 
found. 



PRAXIS. 





1. y^ = X a/^cuv — x^ may be con- 
structed by means of a circle and a 
parabola. 

2. {x^'-a^y+ (f—a'^Y = is an 
equation to two ellipses whose centres 
coincide, and whose axes majores are at 
right angles to each other. 

3. y -ar2y« + :r*— a2j;>2 =- q ^^y 

be decomposed into (y^ — a?* -|- ax) 
(y^—x^—ax) = 0, and consequently belongs to two curves 
whose equations are y^—af^-^-iix^i^^ and y^ — x^ — a^r = 0, 
the circle and the rectangular hyperbola. 

16. If the equation can be solved with respect to either 
of the variables, it is evident that the position of the points 
of the curve may be arithmetically computed. 

It is frequently useful in computing a curve from its 
equation to assume a third variable whose relation to one of 
the co-ordinates is simpler than the proposed relation. 

Thus, let y* + ir*y* 4- 2y^—ar^ = ; to obtain either x ov y 
as explicit functions, we must solve an equation of the third 
or fourth degree. Assume then x = yz^ therefore, by 
substitution, and dividing by 3/^, y + yz'^ 4- 2 — • js:^ = 0, or 

«^— 2 
y ~ TZT » *^"^ assuming « = 0, 5? = 1, z = % &c. we can 

% T JL 

compute the corresponding values of x and y. 
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17. The equation will also enable us to ascertain the 
limits within wnich the curve must be included, and to give 
the position of its infinite branches; and since, by the 
assistance of the calculus, as will be shown in the following 
chapters, we can determine the convex and the concave 
portions of the curve, the magnitude and position of its 
greatest and least ordinates, and the situation of what are 
called the singular points of the curve, we are enabled, even 
without constructing or computing it, to ascertain its general 
outline and form. This method of tracing out the curve, 
as it is called, will be best understood from the examples. 

Ex. 1. Let the curve be of the 
hyberbolick species whose equation 



isj/ = 



a 



n+l 



X 



-Fi^J 



JlTiry. 



If n is even the curve is fig. 1 ; if 
odd, fig. 2. 

x^ -f 6 J7* 

Ex. 2. V* = , or ..... 

^ c—x 

y= ±^ V^-^- Vid. fig. 15. Ex. St. 

For every positive value of y, there 
is an equal negative value, hence the 
curve is symmetrical on the axis x. 
(6. Def. 1.) 

Take OA = c, OB (in the opposite direction) = b. 

When X is greater than c, or when a; is a greater negative 
quantity than ~ 6, y is impossible ; hence a and b are the 
limits of the curve. 

When 0? = 0, y = ; when a: = — 6, y = ; and when 
X = c, y =^' CO ; hence the curve must be of the form of the 
lower conchoid unless it has singular points, to ascertain 
which we must have recourse to the calculus. 



Ex.3. y= ±^— 



[^—b) (x—c) 



X 

This curve is symmetrical on the 
axis X. 

Take oa =^ ft, ob_ = c ; and the 
curve will consist of a conchoidal arc 
passing through a whose base is an 
ordinate passing through o ; and of 
two infinite branches which meet in b. 
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If the sign of ft is negative, the cop^ 
choidal part of the curve is in the M 
and 4th quadrants. 

« 

If 6 = c, A and b coincide, and the 
curve is of the form fig. 2. 




If b and c are both impossible 
a uantkiesy tbe curve never meets 
the axis, and its form is that of ^ 
fig. 3. 



M^3. 




Ex. 4: y = ± ^x^-{cfi + 6«)^« + a^b\ 

The curve is symmetrical on both the «xe$. 

Take oa » oa' = a, a be- 
ing less than b ; and oB = ob' 
= b : the curve shall consist 
of an oval included between 
A and a', and of four infinite 
branches issuing from b and b'. 

If a = ft, the oval touches the branches and forms a node. 

lia =3s o, tbe oval is reduced to a point at o wfaidb becouMe^ 
what is denominated ^^ a conjugate point,^^ which though 
detached from the curve is considered as belonging to it. 

The equation in this case becomes y = ± ar^/a?*—ft*, and 
consequently gives y = o both when x ^ o and when 
07 = ft ; hence the curve passes through both o and b, and 
yet at o, or rather in the neighbourhood of o, the curve is 
unpossible. 

Def. Conjugate points are such points as are comprised 
in the equation, but which are separated from the curve. 

They always arise as in this example from certain finite 
portions of the curve vanishing in consequence of assigning 
particular values to one or more of the constants. 

sg 
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• «• y = ± y 



(a— 0?) (j?— A) {x — c) 



X 




Suppose a, ft, c, to be real 
quantities and in the order of 
'ttieir magnitudes. 

Take oa =s a, ob = b^ oc = c, 
and the curve is of the form 
of the annexed figure. 

If A = c, the oval bc becomes 
a conjugate point. 

If a s 6, A and b unite, and the curve is of the form of 
the lower conchoid. 

If a s= 5 =s c, the curve becomes the Cissoid of Diocles. 

i_ .• • ^ {a—xy 
whose equation is y® =: -^^ — . 

Ex. 6. y'-Sary^-har^-a' = 0. 

Suppose the values of y all 
possible. 

It appears from the changes 
of the signs that when x is po- 
sitive, the three values of y are 
positive, and that when x is 
negative one value of y is posi- 
tive and two values negative. 
(Alg. 811.) 

Also, by the solution of a 

3 

• 1 ^ 
quadratick, ar = y ± ; .•. when x = 0, y = a ; when 

x = X , y may be either or oo . 

Draw then the ordinate oa = a, and the form of the 
curve is that of the annexed figure. 

^The position and number of the^ infinite branches will be 
investigated in the following chapter. 




PRAXIS TO ABT. 17. 



Ex.l. 



u 



rA'^ 



Ex.3. 



3a 



2a 





a 



ao 



Ex.6. 



s^yof+iJ^-ip-o ^ 



Ex.8. 




Vaoac^ 




Ex.4^ 
4a o 



Ex.5. 




a^x 



^^{jOr-xf 



x^-¥axy-d'^ 



'OX-^ay^'O 




/\fa 
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18. Given a Cfiroe's equation between one pair of rectan- 
gular co-ordinates ; required its equation between a/nother 
pair which have the same origin^ and whose position with 
respect to the Jirst pair is known. 

Let 0N9 NP; and om^ 
MP, be the two pairs of co- 
ordinates. 
ON = ar, OM = i; 

NP = y, MP = tt? 



\ 


T, 




P 




, » 







N 


Ir " ^ 



Suppose that Z. mon 
= 9 ; draw PL, ml, re- 
spectively parallel to on 
and np; and let ml cut 
ON in B. 

Then on = or -f rn or a: = t^cos.d -I- eersin.d > 
PN = lm — rm or y = Z£?cos.9 — v sin.5 J 

which, substituted for x and y in the original equation, will 
give the required equation between x and y. 

In this figure m is supposed to be in the 4th quadrant; 

if it is in the first, the values oS x and^ become 

X = V cos.d — rosin.9 > 
y = zie;cos.9 + v sin.0 J 

19. Required to transfer the origin to a known pointy 
the direction of the axes x and y remaining unaltered. 

Let A be the new position of the origin, and let the co- 
Qrdinates of o when referred to a be a and j3 ; let of and y 
be the new co-ordinates of p ; then af •=■ a, + x, y' =. fi -^y; 
or x^af — a, and y =y — /3, which, substituted in the 
original equation, will, ^ve the curve's equation when the 
origin is transferred to a. 

Cor. By means of this and of the preceding article, the 
equation may be transferred from an axis to any other given 
axis^ the co-ordinates continuing to be rectangular. 

Ex. 1. The equation of a curve is xy =z -— ; required 

to find its equation when the axis x inclines through 4s5^ of 
the first quadrant. 

Substituting as in Art. 18, we have (t'COs.S — wsin.i) 



a' 



(w cos.fi + 1; sin.9) = -X-, or (cos.^fi — sin.^fi) vw -f 



sin.29 = 



2 



and sin.fl = 45**, .•. ©*— 23e?«=a*, which is the 



equation to the axis of a rectangular hyperbola. 



CHAP. VII. CUBVES. • 268 

Ex. % The equation of a curve is [af^ -I- y^Y = 2a«j?y ; 
required its equation when the axis x inclines through 45® 
of the first quadrant. 

By substitution { {t;cos.d — w sin.9)* + {w cos.9 4- v sin.5)« [« 
= 2a^ (ucos.^ — w sin.^) {w cos.0 -f v sin.5), or (r^ -f- w^)« 

= 2a%{ cos.2fl - sin.fi) rio + — - — sim^fi) = o«(r» - w«) 
when fl = 45®. 

jBo:. 3. Required to find the general equation of the 
ellipse. 
The equation between the rectangular co-ordinates when 

the origin is at the centre is — r- -f -f— =1. 

a* b^ 

Suppose that the axis major is inclined to the axis x at 
an z.^5 and that the co-ordinates of its centre reckoned upon 
the axes x and y are a and /3. 

First, to change the equation to ax6s parallel to x and y, 

we have — ^ (i?cos.9 -f a7sin.fl)«+ -7^(22?cos.9— »sin.fi)«=l, 
/I 1 \ . «. /«^'- a^'N . /t'* «£?'\ 

(-^ — 5r;«^---2«+(-^ + -jr>«-*« »- (^+^) 

sin.* 9 = 1, in which^ if we substitute for v and a?, 'd' — a 
and zsf — (3, and change rf and tt?' into a? and y, there will 
result the general equation of the ellipse. It is of the form 
ay* + (6 -I- Cir) y + e +/^ + gaf^ = 0. 

Since the equation of the ellipse or hyperbola contains 
five arbitrary constants, viz. a and /3, which denote the posi- 
tion of its centre, d the direction, and a and 6 the magnitudes 
of the semi-axes ; it may be drawn fulfilling five conditions : 
it may be made for instance to pass through five points. 

£0. If the variables are raised to even powers in each 
term of the equation, or if the equation is such that a vari- 
able enters into every term, and that the sum of the expo- 
nents in each term is odd ; in either case the origin is the 
centre of the curve. (Art. 6. Cor. Def. %) Thus, the origin 
is the centre of y — 2a?^^ + .a?*— a'^x^ + 6^ = 0, and also of 

y = J, or its equal y-^-x'^y — x^O. (Praxis 17. Ex- 

amples 9, and 7.) 

But if the origin is not the centre ; in order to ascertain 
whether the curve has a centre, we must substitute for «v 



or 
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and y^ x-\- d and y + ^9 where a and fi are indeterminate 
quantities; and determine from the resulting equation 
whether, there are any values of a and /3, whicn cause the 
terms containing the odd powers to vanish, if the equation 
is of an even degree, or those containing the even powers to 
vanish if it is of an odd degree. 

Ex. To determine whether curves have a centre whose 
equation is of the second degree. 

The general equation is ay* -f (6 -h cx)y + c -\-fx + gx'^ = ; 
in which substitute y + /3 and x -{-a for y and x ; and in 
order that the curve ihay have a centre, the condition is 
(2fl/3 '\'b + ca)y -\- (cj3 +./ + 2ga) jr = ; consequently the 
conditions are ca, -f %i^ -f ft = 0, and 2ga + c/3 ■\f^ ; 

whence, by elimination, a = 7 ^^, and /3 = j ^5 

which are finite except when c^ =■ 4^^, or when the curve 
is a parabola. (Alg. 508.) 

Similar curves. 

21. Def. Two curves are said to be similar if there is a 
ratio in which any abscissae being taken their corresponding 
ordinates are in the same ratio. 

Ex. If in two circles abscissae be taken in the ratio of 
their diameters, it may be shown that the ordinates are in 
the same ratio ; or circles are similar curves. 

When the ordinates are thus drawn, they mark the cor- 
responding points of the tv^o curves; and lines which are 
drawn joining coiTcsponding points are said to be similarly 
situated. 

22. Algebraick curves are similar j the equations of 'Which 
are fumtoffeneausj and which contain but one parameter. 

Let a be the parameter, and let the equation be of n di- 
mensions; dividing each term by a" it will be seen that 

a a ' 

Let a' be the parameter of another curve whose equation 
is of the same form as the first ; and take x^ : x:: (^ : a, and 
let y be the ordinate corresponding to a^; then we have 

y' si X y 

-T = F-7-=F — = -^~; therefore iJ : y :: d i a. or the 
a a a a ^ ^ » 

curves are similar. 
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Hence circles, all parabolas of the same order, rectan- 
gular hyperbolas, Cissoidsof Diocles, Lemniseatas are similar 
curves. 

Cor. If the curve is a transcendental, and its equation is 

included under the form — = p — , all such curves are 

a a 

similar. 

Thus, catenaries are similar; for the equation is — 

ss e ^ + e a". 

2S. Algebraick curves of more than one parameter are 
similar when their equations are homogeneotbSy and their 
corresponding parameters are to each other in the same 
ratio. 

Let a, 6, ... . and ci^Vy., be the parameters of two 
curves tt = and V = 0, where the equation is homogeneous 
and of n dimensions. 

It will be shown (Vol. 2. Ch. 2.) that u = a'pf^, -, - . . . j; 

^ ^ \a a a / 

consequently, we have f T— , — , — . . . j = 0. Similarly, 

taking in the other curve, of i x ::ci laiiV ib^ and y being 

(if oi V \ 
19 ~f ~ • • • ) 

(^ X b \ . , X sf b V 
— » — , — . . . I ; in which — = — r, — = ~7> 
a a a / a a! a a 

t/ y 

&c = &c.; whence it follows that ^ =z-^.&y':fj::a! :a, 

or the curves are similar. 

Ex. Ellipses whose axes are in the same ratio are similar. 
Conchoids of Nicomedes are similar when the ratio of the 
modulus to the distance of the node from the base is the 
same in the two curves. 

24. When trcmscendentals ivhich contain bvt one parcL- 

meter (a) are similar j. their equation is such that -r- = 



(f T> 



966 LINES AND SURFACES. CHAP. VII. 

Suppose that so flows unifonnly, and always takes in the 
other curve as before d \ x i: d : a^ and let tf be the ordi- 
nate of of. 

Since the curves are similar, inc. of : inc. x : : inc. ^ : inc.^ 
i',cl\a\ and taking these ratios in their limit, aoc! : dx : : 

dy di/ ^ dy 

dj/ : dy^ ^^ 3i ~ ^ » hence, the form of -j- must be such 

that its value can receive no change by substituting ^, n/^ cl 
for y, ^, and a respectively, or ^ = f f — , — \ 

dy 
85. CtnvoetBtly^ if the equation is such ^hat -^ = 

F (—9 — \ (lie curves are similar. 
\a' a/ 

For, taking of and y as before, since the form of the 
equation is given, we shall have ^=*'( />—)=> ^y 

— , — 1, from which and the proposed 

equation.wehave^=/(g, ^)=/(^, f) whence 

dy dy if y 

it follows that 5^ = ^ and-^ = ^, or y : ^ :: a': a:: 

of : Xj which is the characteristick property of similar curves. 

Thus catenaries, cycloids, involutes of circles, are all 
similar curves. 

Car. When the equation contains, more than one 
parameter, fl, &,.... ; the curves are similar if ^ = 



\a' a' a' * ' */ 



26. Similarly situated lines are equally inclined to each 
other and to the axes of the abscissa^ and are to each other 
in a consta/nt ratio, viz. — that of the parameters of ike 
curves. 



CHAP. VII. 



SIMILAR CURVES. 



867 




For, • let AP, apy be 
corresponding parts of 
similar curves ; draw 
the cd-ordinates AN, ap; 
ariy np ; join ap, ap. 

Then, since an : np: ; 
an : np, and that z anp 
= Z anp, therefore A 
(£u. 6. 7.) the triangles anp, anp, are similar, and the 
z fan =: the Z pan, and ap : ap :: an lan:: np : np :: the 
parameter of APa : the parameter of apq. 

In the same manner it may be shown, if q and q are any 
other corresponding points, and pq, pq be joined, that pq : 
pq : : ap I'ap, and that pq, pq are equa% inclined to ap, ap, 
or to AN, an. 

Cor. Conversely, lines which make equal angles with any 
similarly situated lines are tfiooiselves similarly situated. 

2T. Lemma. If the arc of a curve be grif dually dimi- 
nished and at ler^h vanish, the a/ngle contained between its 
chord and tangent skaU ultimately vanish. 

Let pq be the arc ; q moving p -g^ 

towards p, always draw qr making 
a finite angle with the tangent pr. 
Let v\q be any circle touching pR 
and falling within the curve pq ; 
produce rq to meet it in j; and 
join PQ, pgr, pv, vgr. 

Then, Koq moving towards p, 
the arc pg or the Z pvy, and therefore its equal, the £^^^9 
and k fortiori the z rpq gradually diminishes and at lengdi 
vanishes. 

28. Similar and conterminous arcs have a common ^<m- 
gent ai the point where they meet. 

Let AP, Ap, be any 
corresponding parts of f 

similar curves which 
have the same diameter 
AN ; draw the diords 
AP, Ap ; which (Art 
96.) coincide. 

Now suppose APjp to 
revolve round a so that 
the chords ap, Ap, and 
consequently the arcs 
may gradually dimi- A 





S68 LINES AM^ SURFACES. CHAP. VII. 

nish and at length vanish ; then, since ap : a/? is a constant 
ratio, they vanish at the same time ; and their ultimate di- 
rection (27. Lemma) is that of their respective tangents at a ; 
or the tangents at a coincide. 

99, While an arc is diminishing there may be always 
drawn a finite arc similar to it and having a common chord 
and tangent. 

Let AP be anv magnitude of an arc whose tangent is at ; 
draw PT parallel to the axis, making a finite angle with. the 
tangent. In at, take a^ of finite and constant magnitude ; 
draw tp parallel to tp, meeting ap produced in p. Let Aa 
be any magnitude of the same arc less than ap ; join aq and 
produce it to q, making Aq : aq : : Ap : ap :: a/ : at, then q 
shall trace an arc similar to ap. 

For, drawing the co-ordinates of a and q^ they may be 
shown to be in the same ratio with those of p and p, which 
being constant, it follows from the definition (^l.)^ ^^^ 
Aqp is similar to AdP. 

The curves have a common tangent at a by the preceding 
article. 

As p moves towards a, t being fixed, the ratio At : at 
gradually increases and approximates to infinity as its limit ; 
consequently, for every new value of the arc, a different 
curve Aqp will be constructed : it is obvious that its curva- 
ture at all points diminishes, and that its limit is that of a 
right line. 

30. If from one extremity of am, arc a line he always 
drawn m^dking a finite angle zcith the tangent at the other 
extremity, and the arc be indefimtely diminished a/iid at 
length vanish ; the uftima;te ratio qftne arc : the chord : the 
tangent is a ratio of equality. 

For ^fig. ^.), let AP be the arc ; draw pt making a fiinite 
angle with the tangent at ; and, as in the preceding article, 
p moving towards a, always describe a curve Ap similar to 
AP having a common chora and tangent ; then pt is parallel 
to pt. 

By a well known property of similar figures ap : aqp : 
at:: Ap: Aqp : a^ ; and, to find the ultimate ratio of these 
finite Imes, let p move towards a, then the Z. pAt gradually 
diminishes and at length vanishes (27. Lemma), and the 
Z Atp is finite ; consequently the angles Atp, Apt approxi- 
mate to two right angles as their limit, and their sines are ulti- 
mately equal, and the limiting ratio of Ap : At (Trig. p. 27), 



CHAP. VII. . CURVATURE. 2G9 

and £ fortiori the limiting ratio of kp : Kqp : At^ whieh is the 
same as that of ap : aqp : at, is a ratio of equality. Prm- 
cvpia^ vol. 1, Lem. 7. 

31. Curvature, 

Def. 1. The ratio of the stibtenses of two arcs is the 
lunitiSg ratio of two, lines dmwn from their extremities, 
' making ^ni^^ angles with their tangents at the other ex- 
tremities ; the arcs being gradually diminished, and vanish- 
ing at the same time. 

The term subtense, like that of fluxion, is essentially re- 
lative ; and yet, for the sake of convenience, it is frequently 
considered as expressing absolute magnitude. 

By varying the angle which the subtense makes with the 
tangent, the same arc may have an infinite number of sub- 
tenses ; they are in the ratio of 1 : 2, if the one is perpendi- 
cular to the tangent and the other inclined at /. 30^. 

32. Def. 2. Curvature is measured by the perpendicular 
subtense of a given arc 

Thus, to compare the 
curvature at any two points 
p and p ; take pa, pq, small 
and equal arcs ; draw qr, qr, 
perpendicular to the tan- 
gents ; then, diminishing 
Pa and pq indefinitely, the curvature at p : the curvature at 
p = the limit of qr : qr. 

33. The curvature at different points of the same circle 
is invariable^ and the curvature of different circles varies 
inversely a>s tfieir radii. 

Take pa any small arc of the circle, draw qr perpendi- 
cular on the tangent at p ; draw the diameter pcv, which is 
parallel to qb, c being the centre of the circle, and join 
PO, av. 

pa^ pa* 
From similar triangles we have aa = — = ?: — , which 

^ PV %CP 

in the limit = --z ; therefore the curvature, which 

» 2cp 

varies as the limit of aR when pa is given, is invariable in 
the same circle, and varies inversely as the radius in different 
circles. 

Cor, 1. When the radius vanishes the curvature becomes 




*ro 
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infinite; and when the radius becomes infinite the curva- 
ture vanishes, or its limit is that of a ri^ht line. 

Cor. 2. By varying the radius of a cu'cle we may have all 
possible degrees of curvature, from nothing to infinity. 

It is on account of this property of circles that they are 
taken to measure the curvature of all curves of Jinite curva- 
ture. 

34. Def. 3. The circle of curvature to any point of a 
curve, is that circle which has the same curvature which the 
curve has at that point. 

The chord qfcu/rvaiure is a chord of the circle of curva- 
ture, drawn parallel to the subtense of the arc, making a 
finite angle with the tangent. 

Cor. Hence, if the perpendicular line Rd be produced to 
meet the circle of curvature in q (vid. fig. ST.), the limiting 
ratio of aa : Rg is a ratio /)f equality. 

S5. The subtenses of conterminous arcs are to each other 
in the duplicate ratio of their arcs. 

Ca^se !• Let the subtefises be A 'K^ r a 

perpendicular to the tangent. 

Let aR, jr, in the limit, be the TS 
perpendicular subtenses of two n 
conterminous arcs, Aa, aj, which 
are gradually diminished, and 
which vanish together. 

Draw AGg at right angles to 
AR; join Aa, Aj; and draw ao, 
qgj at right angles to aq, \q^ 
meeting AGg in G and g. 

Then, since the angles Aao, A^g, 
are right angles, and that qag, 
yAg, are ultimately riglit angles 
(27. Lemma) ; therefore qg, qg, 
ultimately intersect ag at a finite 
distance from a ; let c be the limit 
of their intersections. 

AQ^ 



C 

G 




From similar triangles (^b 



qr 



Aq' 



therefore 



AG * Ag 

the subtense of aq : subtense of aj, whu^h ~- the limit of 

Aq^ _ arc'AQ arc'^Ay 

A^ AC ' AC ~ 



QR : jr, = the limit of 



1 



Aa 



AG 



arc^AQ 



arc^Ay. 




CHAP. VII. CURVATURE. 271 

Case S. Next, let the subtenses make any the same angle 
with the tangent. • 

Let QS, qSy be the lines which in the limit bjecome the sub- 
tenses, and drawing aE, qr perpendicular on the tangent; 
the subtense of aq : the subtense of a^ = the limit of as : qs = 
(from similar triangles) the limit of aR : qr = arc^A^l : arc^Aj. 

Case 3. Suppose that the lines xa, tq are not parallel. 

Produce tq, tq^ to meet in a. 

G; then, since aq, Aq vanish 
together, the z. g gradually 
diminishes and ultimately va- 
nishes ; and the Z * t and t are 
finite, consequently in the limit, 
tq and tq are parallel, and 
therefore by the former case, the 
subtenses are in the duplicate 
ratio of their arcs. (Principia, 
vol. 1, Lem. 11.) 

Cor. If AC be drawn parallel 
to QR, and c is the limit of the 
intersections of acg and qg, ac is the diameter of the circle 
of curvature to the point a or its chord, according as the 
subtense is perpendicular or acute. 

S6. Am/ arc of finite curvature which is gradiuiUy dimi- 
nished and ultimate It/ va/nishes^ possesses in the limit the 
properties qfaparabolick arc. 

For, the construction in fig. 85 remaining, draw qn, qn, 
parallel to ar, or perpendicular on ac ; then an = RQ and 
AW = r^ ; therefore in the Hmit an : An : : aq* : Ag* : : (30) 
AR^ : Ar^ : : nq* : nq\ which is the property of an Apollonian 
parabola ; or aq in the limit may be considered as the arc 
of a parabola whose axis is ang and parameter a€, the dia- 
meter of the circle of curvature. 

If the subtense is inclined to the tangent at an acute 
angle, ang is a diameter of the parabola, and ac, which is 
now the chord of curvature, is a latus rectum of the para- 
bola. 

Ex. Thus the equation of a circle is^* = ax—af^^ which 
in the limit, takes the form of y^ = a^, the equation of a 
parabola whose parameter = a. 

Cor. Hence, finite curvature may also be measured by 
the curvature at the vertex of an Apollonian parabola, and 
it varies inversely as the latus rectum of the parabola. 
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87. Curvature varies as the perpendicular stdftense directly 
and the duplicate ratio of the arc inversely. 

For when -the arc is given/ the perpendicular subtense 
varies as the curvature (82 Def.) ; and when the curvature 
is given, the subtense varies in the duplicate ratio of the 
arc (86); therefore, when neither ia given, the subtense 
varies as the curvature and the duplicate ratio of the arc 
conjointly; or curvature varies as the perpendicular sub- 
tense directly and the duplicate ratio of the arc inversely. 

38. Points in Spa^e, 

If the plane in which the point is situated is not given, 
the position of the point is determined by its distance from 
three planes, each of which is at right angles to the other 
two. These distances are called its rectangular coordinates* 

Let xoY, xoz, zoY, 
be the three planes, i^ 

each of which is at 
right angles to the 
other two ; o the ori- 
gin of the co-ordi- 
nates, p the proposed 
point; draw pa per- 
pendicular to the plane 
XOY, and in this plane 
draw aN perpendicu- 
lar to ox; then the 
distances of P from the 
planes zoY, zox, vox, 
are on, nq, dP, which ^/ 
are therefore its rec- 
tangular co-ordinates. 

Let ON = a?, Na = y, ap = « ; then the position of p 
in fixed space evidently depends upon the values of x, y, 
and z. 

89. There are eight solid angles which may be described 
round o, and consequently we may have eight different 
positions corresponding to the same magnitude of -r, y^ and 
z : but the ambiguity will be removed by attending to their 
signs. 

Suppose that xoy is in the plane of the paper, p being 
above the plane ; then the signs of p'*s co-ordinates in the 
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and when p is below, the 



all which are dif- 



four quadrants are __ _ 

-h + - 
signs of its co-ordinates are ~ 

+ -- 
ferent. 

In the diagram of the preceding article p is situated in 

the fourth upper quadrant. 

40. The sum of the sqtiares of the co-ordinates of a point 
is eqiial to the square of its distance from the origin. 

For, the same construction remaining, complete the paral- 
leleliped onqp, and join op, oo. 

Then pq is at right angles to oa (Eu. 11. Def. 3.), and 
therefore (Eu. 1. 47.) op* = oa* -f dP* = on* + Na* + qp^. 

If op=r, oN=:r, NQ=y, ap=z; then r=: V^'^-hy^ + z^. 

Cor. 1. The square of a right line passing through the 
origin is equal to the sum of the squares of its projections 
on the three rectangular axes. 

For, joining ]?n, the Z. onp is a right angle (Eu, 11. 
Def. 3.), or on is the projection of op on the axis x; simi- 
larly Na and ap are equal to its projections on the axes Y 
and z. 

Cor. % If V, i/, v^ are the angles which op makes with 

the axes x, y and z respectively ; cos.w = ^ 

^ "^ Vx^ + j^ + «* 



cos. r/ = 



y 



and cos.i/' = 



41. Requited the distam^ce of two given points in space. 

Let A and b be 
the points; x^ y, ^^b 

«y and of J y, 5f', 
their coordinates ; 
draw the co-ordi- 
nates as in the 
figure; also draw 
Am perpendicular 
to B&, or parallel 
to aby and an pa- 
rallel to ox, or per- 
pendicular to 6/3. 
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(Eu. 1. 47.) ab2 = Aw^ + Bm^ = ab^ + bot« = an^ + n6« 
orAB= ^(a:'-'xy + {^ — t/Y + («'— ;s)^ 



Cor. If A coincides with o, ob = Va:^ + i/^ + ss'^. 

42. T%e stim of the squares of the cosines of the angles, 
which a line drawn Ji-om the origin makes with the three 
rectangular axes^ is equal to the sqmre of radius. 

(Fig. 38.) Let », v\ v" be the angles which op makes 
with the axes x, y, z respectively; then, (40. Cor. 2.) 



X 



COS.W = 



% 



Va^'^-^t/^+z' 



., cos.v' = 



y 



^x^ + 2^« + ^ 



r, COS. »" = 



:, wherefore cos.^© + co^^xf + cos.^t/'= 1 = 



VA'® + y« + ^« 

(rad.)«. 

Cor. 1. sin.*tJ + sin.^t?' + sin.*t;" = 2. 

Cor. 2. If two of the angles be given, the third is deter- 
mined. 

48. Required to find the atigle contained between two 
right lines which are drawn from the origin^ inclined at 
given angles to the axes. 

Let OP, oa be the lines 
inclined to the axes x, y^ z 
at angles v, i/, v" and Wj xff^ 
a/' respectively ; let x, y^ z 
and a/f y, «' be the co-ordi- 
nates of p and a, any points 
in the lines ; let op = r, oa 
= 7'' ; join PQ. 

Then (Art. 41.), Pa* = {x'-^-xy + {}f-yf + («'~^)'; 

but (Trig. p. 24) pa« — r'^-^rf^'^— 2rr' cos, poq = ;ir* + 3^2 

-f «2 -I- j;./2 ^ y« _l_ j^/2 — 2rr'cos.poa; therefore cos.poa 




XX 



Vif 



zz 



— , + ^^ H r = cos.v cos. w 4- cos.t/ cos.cp' + cos.**" 

rr rr rr 

cos.8ie;"; jfrom which formula Z poq may be computed. 

Cor. When Z poq = 90**, cos. t? cos. a? + cos.t/ cos.w' + 
cos.y/' cos. ay" = 0. 
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44. Required to change the direction and position of the 
rectangular axes. 

Their direction* Is changed by means of the preceding 
article ; for the inclination of op to the original axes is given, 
and also the angles which the original axes make with the 
new axes; and consequently the inclination of op to the 
new axes may be calculated. 

When the direction has been changed, to change, their 
position, the co-ordinates of the new origin must be added 
to or subtracted from those of the original. 

For the formulae for changing the inclination. c^ the co- 
ordinates, vid. Lacroix, 1. 4. 182. 

45. Def. The equation of a surface is that which ex- 
presses the relation between the co-ordinates of any point 
m it. 

Ex. Required the equation of a right line intersecting 
one of the rectangular planes at a given point of the axis 
and at a given angle. 

Let AP cut the axis ox 
in a; take v any point in 
it, and draw its co-ordi- 
nates ON, Na, ap ; join Aa. 

Let OA = a, and a = the 
given angle ; then (Eu. 11. 
Def. 5.) Z. PAQ = a. 




Also, pQ = Aa tan. a = tan. a >v/an* + Na®; v e. 
% = tan. a \/(^— «)^+,y% which is the required equation. 

This is the equation of a conical surface, the axis coinci- 
dent with X, its vertical angle a, and the distance of its 
vertex from the origin = a. 

46. Solids are frequently characterized by two sections 
which intersect in the axis at right angles, and by the 
nature of the variable curve which, njoving along the axis 
perpendicular to it, generates the surface. 

If it is a solid of revolution, the variable curve is a 
circle. 

T 2 
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Let AOCy Boc be 
two curves in th^ 
planes xz, yz, hav- 
ing a common axis 
oc ; and let a plane 
sFKq move along co 
perpendicular to it ; 
then, if the nature 
of the curve spr be 
given, the equation 
of the surface which 
it generates can be 
found. 

For, taking any 
point p in the curve, 
draw Tfi perpendi- 
cular to s^ ; and 
complete the rectangular parallelogram ^nqt ; and p's co- 
ordinates are equal to oy, qn^ nv ; out the sides of the rec- 
tanfifular parallelos:ram are the co-ordinates of spe on the 
axes Rj, sgr, and are therefore known functions or Ry, sy, 
and consequently of oq their common ordinate. 

In the fellowing examples we suppose that 

OA = o, Rgr = o 
OB = £, sy = w 
oc = c. 

C<yr. Conversely, if the equation of the surface be known, 
its general form and outline may be traced. 

For the co-ordinate sections may be determined from the 
equation, and all sections patalleJ to them which will give 

the form of the solid. Thus, if we have h -7- = z ; 

the co-ordinate sections in the planes xz and yz are parabolas 
whose equations are x^ = az andy^ = b% : and every section 



parallel to xy has its equation 



X' 



Q 



ass 



_L-£— = 1^ which, since 
oz 



z is constant, is an ellipse. 

Ex. 1. Let CA, CB be right lines and also spr a right 
line ; required the equation of the surface. 



Here 



X 



V 



-f -^ = 1 ; but since f- 

tv c 


V 

a 


and h 

c 


w 
h 



= 1 



= 1 



, therefore 



+ -^ =z 1 ; but i;* = a* — ;?*, or the equation is a:' -f y* 
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— = "T" » whence, multiplying the first equation by — or 

its equal -r-, there results ~ + -^= — =i ; or 

^ o ' ' aba c 

X y z , 

'■"T""^ — ^^ *^ ^^® required equation. 

This is one of the equations of a plane surface. 

Ex, 2. Required the equation of a sphere. 
Here ca, cb, spr are circles ; therefore we have 

+ 2« = a«. 

If the origin is not at the centre, the equation is {x—olY 
+ {V'-^Y + (^""7)'^ = «% where a, /3, y are the co-ordi- 
nates of the centre. 

This equation containing four arbitrary constants, a sphere 
may be described fulfilling four conditions ; it may be drawn, 
for instance, through four points, or touching four planes. 

If it be required to describe a sphere touching the three 
co-ordinate planes ; the co-ordinates of its centre are each 
equal to the radius, and the equation becomes {x — aY -h 
(y-aY + {%-aY=a^yOr x^ +y^ + ^«— 2a(ir+y+^-a) 
r= ; and as this contains one indeterminate quantity, the 
sphere may be described fulfilling a fourth condition; it 
may b^ made to pass through a given point, or to touch a 
given sphere or a given plane. 

Ex», 3. Let CA be a circle, but the section cb an ellipse ; 
also suppose spr a right line. 

Here — +-^ = I; but »= Va^ —ss\ & tt?= — V a* - j^S 
V w a ' 



therefore the required equation is — + "f" = • '. 

Ex. 4. In the preceding example, suppose that the locus 
of s is a right line parallel to oc. 

X y 

Here w = 6 and the equation is — —- :' + -i- = 1- '- 

^ ^a^ — z^ b 

This is the convex wedge. 

If in Ex» S. the generating surface sjj'Rv is a square, thf 
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solid is the fourth part of a groin. There are elliptkk and 
parabolick groins ; also, the generating surface may be sup- 
posed to be an oblong, in which case the surfaces of two 
contiguous sides will not be similar and equal. 

Ex. 5. Required the equation of a spheroid. 

Def. A spheroid is the solid generated by the revolution 
of an ellipse round one of its axes. 

Here ca, cb are equal ellipses, and sp£ is a circle ; hence 

we have — - + -^ = 1. and — r + tt = 1 ; therefore the 

X^ l/^ z^ 

equation is _^-:-^ + _ = l. 

If the origin is not at the centre, the equation becomes 



a 



(^'+(rf! + ^^=l; which shows that a 
a^ ^ a* ^ b^ 

spheroid may be drawn fulfilling five conditions. 
Ex. 6. Required the equation of an ellipsoid. 

Def. This is not a solid of revolution: cra, csb are 
ellipses having a common semiaxis oc ; rps an ellipse whose 
semiaxes are Ry, sj. 

Here — -- + -=^ = 1 ; also, since --r + ~T = ^ 

and H — r- = 1 

c* ^ b^ 

therefore •— ^ = -r^- ; and, multiplying the first equation 

by -^, or Its equal -j^, there results "^ + "fr = "^ 

J2* a:* y^ js* 

= l--^5 or the equation is — + — + — = 1. 

Ex. 7. Required the equation 'of the common paraboloid. 

Take the vertex c for the origin ; and let a s= the latus 
rectum. 

Here ^ + y« = pjr* = Rq* = ax. 

Ex. 8. Required the equation of the elliptick paraboloid. 

Here ca, cb, are parabolas with different latera recta, and 
SPR is an ellipse whose semiaxes are the ordinates of the 
parabolas. 
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Let a and ^ be the latefa recta of ca and cb ; then we have 



Xl nA 



y 

~J7 + —T = 1 ; but x;« = az and w- z= fe, tlierefore the 

equation is h ~- zz z. 

a o 

Cor. z cannot be negative, or no part of the solid lies 
below XY. 

Ex. 9. Required the equation of the common hjfper- 
bcioid. 

Let oc = c = the semiaxis of the hyperbola, and oa 
= OB = a = the semi-transverse ; then, since sfR is a 

circle — = I ; also, since z and v are the co-ordini^tes 

of an hyperbda, whose semiaxes are c and a, we have 

—^ — — ^ = 1 (7* 14. Ex. 2.) ; and the required equation is 



/2 



2» x* y* 

If the axis of the solid coincides with the axis x ; then, a 
being the principal semiaxis of the two hyperbolas, and b 

their, semi-transverse, the equation becomes —^ 4^ — 

Ex. 10. Required the equation of the elliptick hyper- 
bohid. 

Def, Here ca', cb' are hyperbolas with unequal trans- 
verse axes oa,'Ob; and rps is an ellipse. 

Hence we have —r- + -=~- = 1 ; also since—r = 1 

and —- — 



c 



9 



¥ 




therefore — j = -rr ; and multiplying the first equation by 

these equal magnitudes, there results — ^ + •—■ = — ^ = 

»* . . a* x^ y^ 

-- — 1, or the equation is — r ;; — t^ = 1. 



1 
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equation is t^- + j. 



The sections parallel to 



a^ ifi x^ 
The equation on the axis x is — ^ — -4^ — -^ = 1. 

Cor^l. When « = 0, the equation becomes i "" "Te 

e= 1, which is impossible, or the solid does not intersect the 
plane xy. 

Cor. 2. Every section parallel to xy is an ellipse whose 

xz and yz are hyperbolas. 

Ex. 11. Required the equation of the transverse hyper- 
boloid. 

Def. This is generated by the revolution of an hyperbola 
round its transverse axis ; and its surface mav be supposed 
to be generated by a variable circle moving afong the trans- 
verse axis ; the radius of the circle being an abscissa of the 
hyperbola. 

TT «''^ «* 

Here -— r- 

= 1, and v^ = ^2 
+^*, therefore the 

equationMs — ^ -f 

Ex. 1% Required the equation of the eUipticJc transverse 
hyperboloid. 

Def. Here the prindpal axes of the hyperbolas in the 
planes xz, tz are unequal, and they have a common trans- 
verse axis oc ; also spr is an ellipse, whose semi-axes are 
the abscissae of the hyperbolas. 

x^ y« 




Hence we have — ^ -h -^ = 1 ; but since -^ ^ --r = 1 









w^ 



« 



2 



*"^ 6?-^ = ^ 



t?2 tt)« • 

ther^pre — ^ = -^, and consequently the required equation 



. x^ y 
IS -Tr--f ^ 



a* 



b^ 






= 1, 



CHAP. VII. 



PLAKE SURFACES. 



281 



V^ «* x^ 

The equation on the axis x is —-- -H — r- = 1. 

^ 6* c* o* 

Spheroids and ellipsoids have equations of the same form, 

whether the axis major of the ellipse or its transverse he the 

axis of the solid ; but the equations of the hyperboloids 

differ essentially from those of the transverse solids; the 

former containing two and the latter only one negative sign. 

The forms of their surfaces are also essentially different : 

the one consisting of two distinct surfaces formed by the two 

opposite hyperbolas ; the other, of one continued surface. 

47. Mequired the equation of a plane. 

The position of a plane depends upon the magnitude and 
position of a line drawn from the origin perpendicular to it. 
Its cfaaracteristick property is, that the angle made by this 
perpendicular, and the line which joins it with any point in 
the surface, is a right angle. (Eu. 11. Def. 3.) 

Let OD be the 
perpendicular on 
the plane, p any 
point in it, join 
DP, then Z ODP is 
aright angle, and 
op« = on* + DP«. 

lietx,f/,z and 
a, 5, c be the co- 
ordinatesof p and 
of d; then, by 
substitution, we 
have x^ + y^-h «« 
^a^-^-b^ + c^^ 
ix-af + iy-by 
+ (js - c)% or ax 
+%+£:« — (a2 + 
ft4 + c^) = 0; a 

simple equation of three variables containing three arbitrary 
constants. 

Cor. A plane may be drawn fulfilling three conditions ; 
it may be drawn for instance through two ^ven points, 
making a given angle with a given plane. 

48. J/a, b, and c, are the distances ^om the origin at 
which a plane intersects the a^xes x, y, and^ z respectively ; 

its equation is h — H = !• 

^ a B ' C 
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For, draw od from the origin perpendicular to the plane, 
and let cr, 6, c be the co-orainates of d ; then the plane's 
equation (47.) is ao; -f bj/ + c^ ^ (a^ + ft^ ^- c®) =. 0, or 
ax by cz 

A 4- = 1 



a^ -f 6* + c^ a^-f- 6^+6* ^ a« + 6« + c« 

Let the plane cut the axes x, y, and z in the points a, b, 
and c respectively, and let oa = a, ob = b, oc = c ; join ad. 

Since oda is a right angle (Eu. 11. Def. 3<), therefore 

OD .. a 

OA or A = = A/a« + 6« + c« -T- 



cos. z AOD ^a^ 4- 6« ^- £^2 

a' + i^^-c* a2^6* + c* ,. a^ + ¥ + c- 
= . Similarly b = r ^, and c= 5 

whence, by substitution, the plane's equation becomes 



(V 



1 + — = 1, which is the same equation as that de- 

ABC 

duced Art. 46. Ex. 1. 

Cor, I. If the plane is parallel to one of the co-ordinate 
planes as xy, then A = oo and b = x , and its equation 

becomes — = 1, or « = c. 
c 

Cor. 2. If the plane is perpendicular to x y ; c = oo , and 
the equation becomes h — =1, ora; = y-fA. 

A B B 

C • 

Cor. 3. Multiplying the equation by c, we have — a: -f 

A 

C 

— y + « = c, or « -f- ^ tan. jL oac + y tan. Z obq r: c, 

which is of the form z = mx -{-ny-^-c^ where m = tan. Z cax 
and n = tan. Z. cby ; and consequently z = mx + c and 
z zn ny + c are the equations of the planers intersections 
with xz and yz respectively. 

Cor. 4. The angles which the plane makes with the axes 
X, Y, z are the complements of the angles which the normal 
OD makes with the same axes, and consequently their sines 
can be computed, if we know either the plane'^s equation, 
or the distances from the origin at which it intersects the 
axes. 

X 1/ z 

49. Conversely, an equation of the form — -f \" — = 1 

belongs to a plane surface; because, by assigning proper 
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values to the arbitrary constants, it may be made to coincide 
with the equation of any proposed plane. 

50. There may be eight different planes, the equations of 
which shall contain the same constants ; but the ambiguity 
is removed, as in Art. 39, by attending to their signs. 

51. Required the lines whick are the intersections of a 
given plane 'with the co-ordinate planes. 

Let — ^— H = 1 be the plane's equation. 

First, suppose y = 0, then it becomes h — =1, which 

is the equation of a right line in the plane xz (7. 7.) ; and 
i^nce it also belongs to the given plane, it is therefore the 
equation of their intersection. 

Similarly it may be* shown that — H =1, and f- 

B C A 

y 

— = 1 are the intersections of the plane with yz and xy 
B ^ 

respectively. 

This agrees with Art. 48. Cor. 3. 

52. Required the angles which a given plane makes with 
the co-ordinate planes. 

Let the plane's equation be h— H = lj and let 

y, /3, a be the angles which it makes with the co-ordinate 
planes xy, xz, yz respectively; and let it cut the axes 
X, Y, z in the points a, b, c (fig. 47.) ; then ab, ac, bc 
are its intersections with the planes xy, xz, Vz. 

Suppose a plane drawn through co to intersect ab al 
right angles in N; then y = z. CNO (Eu. 11. Def. 6.); 



.2 «_ 



A* 



ON* OA^ — AN* A® -h B^ 

consequently cos.^y =-— , = :7:er:;^ = 1*" 



CN* CA^-AN^ ^ ^ A^ 

A* + C« - 



• • 



A« + B« 
A«b2 1 

1 



J 



C^ c* 
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Similarly cos. j3 = ; and cos. a = . . • 






1 



y 






If the planers equation be under the form ax -f By + 

cz = 1 ; COS. a = — j cos. B = — - . and 

Va^ + b^H-c* >v/A«+B«+C* 

c , 11,1 

cos. y = — — zz ; where A= — , b = — , & c= — . 

Va*+b*+c2 oa' ob' oc 

Cor. 1. cos.^a +cos.«/3 -I- cos.*-/ = 1. 

Cor, % The angles which a plane makes with xy^ xz, yz 
are the complements of the angles which it makes with the 
axes Zj Y, X respectively, and consequently the sines of the 
latter angles may be computed by the formulae of this 
article. 

53. Required the angles which a plane makes with the 
co-ordinate planes in terms of the rectangular co-ordinates 
of the point *mhere a perpendicular from the origin meets 
the plane. 

Making the same substitutions as in the preceding articles, 
the planers equation is (47) ax + iy + c?« = a^ + i* + c% 

^^ a^^ 6«+c2 "^ a^+b^+? "^ a^ + ¥ + c^ ^ ^ ' whence, 
if the plane's equation be ao? + By + c^r = 1, we have 

(Alg. 346.) A = ^,^;^^, . B = ^TTFTT" •••••• 

c = 8 . i^a j_ < ' *^" consequently cos.a, which 



A a ^ b 

; cos.j3 n 



\/a2 + b« + c* v/a* + ^« -f c2 v^a2+i* 4-c« 

and cos. y = 



Cor. 1. If OD is the perpendicular from the origin upon 

1 

the plane, we have OD= Va^ + 6^ 4- c^(40) = 



>v/A^ + B« + C« 

Cor. 2. The angles which a plane makes with yz, xz, xy 
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are equal to the angles which it$ normal makes with the 
axes X, Y, z respectively. 

Cor, 3. The planers equation may be put under the form 

ax by CSS 

, -h , — + == =-v/«* + 6*H-cS 

^a^+b^^c' >/a«+6«+c« Va^+^*+c* s 

or X cos.a + y cos./3 4 % cos.y = OD. 

64. Def. Through any proposed line in space let two 
planes be drawn ; the one parallel to the axis y, and conse- 
quently intersecting xz at ri^ht angles (Eu. 11. 18.); and 
tne other parallel to the axis x, intersecting yz at right 
angles : these intersections are right lines (£u. 11. 3.) si- 
tuated in the planes xz and yz respectively ; and their 
equations are called the equations in space of the proposed 
line. 

The intersections are the orthographick projections of the 
line upon the co-ordinate planes xz^ yz. 

Cor. 1. The equations in space are of the form 

-- A^ -4- S I ' ^''^'^^^^J ^^ ^^ ^^^ ^^ ^^^ ^^ projections 

upon the planes xz, yz (Vid. fig. 47.), a = — tan. Z aco 
and a = — tan. z aco^ x oc ; also, 6 = — tan. z ofe and 
j3 = — tan. z OFE x. of. ^ 

Cor, 2. The proposed line has a third e(}uation in space 
of the form x =^ cy + k^ which is its projection on the plane 
XY ; but this is not an independent equation, as it may be 
obtained by eliminating % from the first two. 

Cor, S. The equations in space are also of the form 



where a and c, b and c' are the distances 



from the origin at which the projections on the planes xz, 
YZ, cut the axes x and z, y and z respectively. 

Cor. 4. If a determinate value be assigned to either of 
the co-ordinates, the values of the remaming two can be 
obtained from the equations in space, and consequently the 
corresponding position of the pomt is determined. 

55. The equations in space determine the position of the 
line ; for it is evident, that if Ac and ef be given, the posi* 
tion of a line which is the intersection of two planes drawn 
through AC, ef perpendicular to xz, yz is also given. 
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56. The eqtuitions in space may also be deduced from the 
equations of the planes which are dranxm through the pro- 
posed line perpendicular to xz, yz. 

iV 7J SS 

For these equations are of the form ^ jT '^ — ^9 ^^^ 

3C 2/ Z 

— + ^H — r==l5 of which the first is parallel to the 
axis Y, or 6 = 00 ; and the second is parallel to the axis x, 
or a = 00 ; consequently the equations become 1 =1 

Cu c 

and ^ + 4- = l- 

Cor, In the same manner the third equation may be 

shown to be of the form h -7- = 1 • 

a * b 

57. Def The position of a curve line in fixed space is 
also determined by its projections on two of the co-ordinate 
planes ; and the equations of these projections are called its 
equations in space. 

If the curve line be formed by the intersection of two 
given surfaces, as in the case of the curve of a groin, the 
equations of both the surfaces belong to the curve ; and con- 
sequently, by eliminating cme of the variables out of each 
equation, its equations in space will be obtained. 

If three given surfaces intersect, there ai*e three equations 
from which the position of their point of intersection may be 
determined. 

Cor. The position of a point of the curve corresponding 
to any value of either of the co-ordinates is determined from 
the equations in space. 

68. Required tJie equations in space of a given circle 
situated in a given pla/ne. 

Let a, /3, y be the co-ordinates of the centre of the 
circle ; then the planers equation is of the form 

«' = fw^ -h wj/ + c (48. Cor. 3.) 
therefore we have y = ma + np -^c 

and consequently sZ—y = m^x^—a) + n(i/—/3). 

Let x^ y, ss be the co-ordinates of any point in the cir- 
cumference of the circle, therefore z — y = m{j: — a) + 
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wherefore, by substitution, (t— a)« -l- (^ "*/^)* + {wi(jr— a) 
+w( y— /3) }« = r^ ; which is the equation of an ellipse, the 
co-ordinates of whose centre are a, j3. 

59. Def, A curve of double ctirvature is one in which 
the generating point is continually changing, not only its 
direction, as in plane curves, but also the plane in which it 
is moving. 

An instance of such curves is a rhumb line, which is a 
line drawn upon the surface of a globe intersecting all the 
meridians at a given angle. 

This part of the subject will be considered in the second 
volume; but it may be observed here, that the definition in 
Art. 57 applies to these curves, and that their position and 
properties are made to depend upon the nature of the curves 
which are their orthographick projections on two of the 
co-ordinate planes. 

00. Def. The inclination of two right lines in space is 
the angle made by two lines drawn from the origin parallel 
to them. 

Cor. If the equations of the two lines ^re ~ , jl ai 

and "" , ^ ^9 their inclination is the angle made by 

two lines passing through o, whose equations are Z jt ( 

and y. 

y =:nss i 

61. Required the angles which a given right line makes 
with the rectangular axes. 

Let its equations be Z ^f i ^ ( 5 through o (fig. 47) 

draw OP = r parallel to it ; then op makes the same angles 
with the axes. 

Let t;, z/, v" be the angles which the line makes with 
X, T, z respectively ; theix^ since the equations in space of 

OP are 1-7. c > therefore r', which = x' + ^^ + «% = 

(«.+/+n«.Udco,.<„hioh = i = ' • 



Similarly, cos.r/ = , =:=r and cos.v = 



a 



V«*-h6' + l A/a* + 6^-1-1 
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Car. 1. Since I opn, or its equal the ^ pon, is the com- 
plement of ^ PON (fig. 38) ; therefore the angles which 
any line makes with the co-ordinate planes are the comple- 
ments of the an£:les at which it is inclined to the axes at 
right angles to those planes ; and consequently, if <a^, jS, y 
are the angles of its inclination to yz, xz, xy respectively, 

we have sin. a = — . , an./S = —=====:, and 



sm.y = 



Cor. 2. The sum of the squares of the sines of the angles 
which a right line makes with the co-ordinate planes is equal 
to the square of radius. 

62. Required t/ie equcUions of condition in order that a 
right line shall be in a given plcme. 

IF "^ iLSS *4— fV m 

Let the required equations of the line be _ , X /3 \ * 

and let a^y t/, ss! he the co-ordinates of one of its points. 

Also, let the plane'^s equation be under the form aj: + By 
+ c« = 1 ; then, since the line is in the plane, ao^ + bi/ + 

c«' = 1 ; also, J Z / / T ^ o wherefore, by substitution, 

(ac + b6 -f c) «' + Aa + Bj3 — 1 = 0, whatever be the value 
of ar'; whence (Alg. 847.) Aa + b6-|-c = and Aa + B)3— 1 
= are the required equations of condition between a, a, 

6S. Required the equations of condition that txvo planes 
may be parallel. 

The planes are parallel when their intersections with two 
of the co-ordinate planes are parallel. 

Let their equations be ax + By + c% = 1, and ax + by 
+ cj^r = 1 ; then, their intersections with xz and yz are 

(A'-t.51):::t:: = i}.andg;+-=;},whichUne» 
arf to be respectively parallel ; consequently — = — and 

Bo AC Be 

— = — , or a = — and 6 = — ; whence, by substitution, 



AC BC C C "J 

— •«•+— y -\- CZ =: l,or — ^Aa?-|-By+C« j=l, 



therefore 
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C , B A 

C = . . , 6 = : . e = 



AOi + Bt/ + cz* A-r + By + c«* Aa: + By + C£* 

which shows that the problem is indeterminate. If another 
condition be added, viz. that the required plane shall pass 
through a given point af^ y, »', this will determine the values 
of a, b and c. 

64. If a normal to a plane which intersects one of tJie co» 
ordinate planes he projected upon that plane ^ its projection^ 
produced if necessa^-y, shall cut tJie line of intersection of 
the two planes at right amgUs, 

For^ suppose a plane to be drawn through the normal at 
right angles to the co-ordinate plane ; then this is the plane 
in which 'the normal is projected, and since it is at right 
angles to both the planes (Eu. 11. 18.), it is therefore 
(Eu. 11. 19.) at right angles to their line of intersection, or 
the line of intersection is at right angles to this plane, and 
consequently at right angles to the projected line which 
meets it in the same plane. 

65. Required the equations of condition that a line may 
he a normal to a given plame. 

Let the planers equation be a^ + By + c^ = 1 ; then its 

intersections with xz, yz are A^r-fc^ = 1, and By + c« = 1 

,^,. c 1 - c 1 
(51), or .t? = z -{ and y = « H . 

A A B B 

Let the equations in space of the normal be Z a T ? ( i 

which lines are perpendicular to the lines of intersection, f 

and consequently (11) the requisite conditions are that 

a = — and b = — . 
c c 

If the normal is drawn from a given point (^, y', '«') of 

a:— ar = — (»— « 
the plane, its equations are 

66. Required the length of a normal drawn from a given 
point to a given plane. 

Let x^^ y, ^ be the co-ordinates of the given point, y^ 

X, y, z the co-ordinates of that point where the normal 
meets the plane, then we have ajt -f- By + ca: = 1 from the 
VOL. I. u 




/ 
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plane's equation ; and this, by adding and subtracting haf 
-f-By+c*', may be put under the form A(a:— a/) -f B(y — y) 
-f ci^z—s/) + K =0, where K = Aj/ + By + car' — 1. 

In this equation substitute the values ot x — ^9 y '^ j/ 
deduced in the preceding article, and there results 

A« -f B« + c« ,. ^ , - CK 

(» — ^r) H- K = 0; or»— »' = 



C "^ ^ ' ' A« + B« + C« 

Similarly y— y = -5-7 — 0,0 ^^ x—si = 



A« -f B« -h C« A« -f B« + C« 

therefore the length of the normal, which 

= ^fi^x-:^Y + (y-y)* + («-«')* (41), = "" '^ 



>v/A«+ B« + C« 

1 — (ao/ + By + est) 

Va* + b» + c* 

67. Required the eqtuitions of condition that two lines in 
space may be at right angles to each other. 

Let the equations in space of two lines drawn through 
the origin parallel to the proposed lines be ^ i \ and 

y = w« y* 

Let Vj xly t/' and w^ 22/, tif^ be the angles which these lines 
make with x, y, z ; then (61) 

a b 

CO8.V = — - - ., cos.z/ = 



cos.«/' = — — , ; also, 

fn n 

C!0&,w = — — J cos.wr = 



cos«a/' = — : 

whence (43. Cor.) ===== — = : or am 

+ 6n + 1 = is the required equation of condition. 

68. Mequired the angle which a given line makes with a 
given plam. 

From any point in the line draw a normal to the plane ; 
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the angle made by the normal and the line is the comple- 
' ment of the required angle. (Eu. 11. Def. 5.) 

^^ffZZt^^^^ equations of the normal, and 
let the plane's equation be under the form A«+By+cr=l ; 
then (64.) y = ^/^ C }"e ** "g*** *°g^^s to ax+cz = 1, 

^ a 

and By 4- c« = 1 respectively ; consequently m = — and 

B 

« :=: . 

C 

Let the equations of the line he x =^ ass -{- al 

Let V, IT, t/f and tt?, o/, tt/^ be the angles of inclination of 
the line, and of the normal to the axes x, y, z ; then we have 
sine of the required angle 
== cos.t? cos.ft? + cosjtf cos.zc^ + cos-r" cos.a^' (43.) 

a m , b n 

= , —7 X — -r— , H — . X 

>v/a2+6«-f-l -v/w« + w«+l Va2+6*-fl v'wi^+w^ + l 

1 1 

H — ■ <i -i =^ X ■ ' ■ ■■'■ , 

\/a2 + ft«+l V^^ + n^H-l 

Aa + b6 + c 



-v/a^+ft^+l a/a*4-b«+c* 

Cor. 1. The equation of condition that a right line may 

be parallel to a given plane is Aa+ b&+ c =0. 

Cor. 2. If the given plane coincides with yz, a which in 

1 
this article = — (Vid. fig. 47.) = oo ; whence the sine of 

the linens inclination to y2 = — — \ which agrees 

with Art. 61. Cor. 1. 

69* Required the angle which a line di*awnfrom a given 
point in spa>ce to a given point in a given plajie makes with 
the plane. 

Let afy y, s/ and a?", y", «" be the co-ordinates of the given 
points; then, if HAgT^r^re the equations of the line, 

u2 
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Also, let the plane's equation be ao? H- b^ + c;s = 1 ; 
then it may be shown, as in the preceding article, that the 

^ , • J 1 Afl -f b6 + c 

sine of the required anffle = — - — • — ; m 

^ ^ Vfl* -f ** + 1 a/ A^-l-B* + C* 

which if we substitute their values for a and 6, there will 
result the sine of the required angle in known terms- 

70. Required the angle of inclination of two given pkmes. 

Let Ao? -h By + c« = 1 and aa? + ^ + car = 1 be the 
equations of the planes. From the origin draw two normal 
lines R and r ; and their angle of inclination (u) is equal to 
the supplement of the required angle. 

Let t', v\ v'' and w^ a;', to" be the angles of inclination 
of R and r to the axes x, y, z respectively ; then 

COS.t; = A.R, COS.l/ = B.E, COS.u'' = C.R > 

also, cos,wz=. a.r, cos. tie/ = ft.r, cos. ax/' = c.r y 
whence (43.) cos. u = {au + b6 + cc) Er = (63. Cor. 1.) 
Afl -h b6 + cc 



Cor, 1. The equation of condition that two planes shall 
be at right angles to each other is aa-I-bA+cc = 0. 

Cor. 2, Suppose the plane ax + by -\- c% =^ 1 to co- 
incide with Yz; then a = oo ; consequently if v = the 
angle at which any plane, as at + By + cz = 1, is inclined 

to YZ we have cos. v = — Similarly, if v' and 

^/A* + B2 4-c2 

v" are the angles of its inclination to xz, xy ; cos. v' = 

B C 

and cos. v'' = — -. - Vid. Art. 62. 



V'A^-hB^ + C^ v/A« + B^ + C^ 

Cor. 3. If w, w', w" are the angles of inclination of any 
other plane, sls ax + by -\- cz = 1, to the same co-ordinate 
planes, and u be the angle of inclination of the two planes, 

COS. V = COS. V COS.W + COS. v' COS. w' -f- cos. v" COS. w". 

For COS. u = A.R X a.r + b.r x b,r + c.r x c.r 

A a B 

X— ==== + 



>v/A2-fB«4-c* Va^+b^-\-c^ \/A«+B«+C« 
b c c 

X — ====r ~[- — X — 

V'a^-f^^ + C^ A^/2 + B^ + C^ >v/«*4-** + C* 

= COS.,Jf^COS.W + COS.v' COS.w' 4" COS. V COS. V. 



^ 
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71. Required to draw a line throtigh two given poifits in 
space. 

Let the co-ordinates of the two given points be jc'y y, z' 
and x'^y y, z'f ; then the equations of the required line are 

of the fi>rm^=JJ;[;^|; consequently we have ^= J| J ;[;^ J 

^"^ a/' = 6«" 4- is I ' whence, by elimination, 

y_y = J J^ «;^5 j and^^^ ^ ^J^ __^,^ J; wherefore 

af—af^ V — y' 
^ = ^_ « and 6 = -J — -j^ and by substitution, 

^~* - which are the equations of the 

J u J J I required line. 



= fc$<^-^>J 



72. Required to draw a line parallel to a given line. 

~ I 7] ^ > be the equations of the given Ihiey -« 

"" ,^2 the required equations. 

The lines are parallel when their projections on xz and 
Yz are -parallel, t. e. when m == a and n ^. h (60. Cor.) ; 

hence the required equations become ^ZL j, 4. V t where 

ft and V are indeterminate. 

If it be also required to draw the line through a given point 

whose co-ordinates are j/, y, «'; we have j~ r t ^^ i > 

and, by elimination, __ » Z i^ r _ /w ^^^ the equations 

of the required line, which cannot be made to satisfy any 
new condition. 

73. Required to draw a right line through a given point 
makvng given angles with the rectangular cuces. - 

Let the given point be (a?', y, 2') and », i/, i/' the angles 
which the required line makes with x, y, z respectively. 

If the equations of the required line are ~ 7 1 o o 
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we have (61.) cos.t; = 



and cos.t/' 



a 



Va* + 6«+l 



, cos,i; = 



vo^TF+T 



« ■ _ n 



Va'+6« + l 



, C0S.t7 _ C08.t/ 

; whence a =s j_ ^/ , 6 5= 



cos.t/' 



COS.l/' 



are 



and since ^ ^ j. 1 * Q{9 ^^^ required equations 
cos-v 

G>r. The equations of a right line drawn through (off f/, sf) 
and making the angles a, fi, y with the planes yz, xz, xy 

respectively are x— a! :=^ , (? — a/) 



sin. 7 
sin. /3 



(60. Cor. 1). 



74. Reauired to drcewaphne throng three given points. 

Let ayh^c, a\ b\ d ; and a", i", c" be the three points ; 
assume z = mx -^ny-^-d for the planers equation (48, Cor. 3.) 
which will be determined, if m, n and d are found* 

Now we have z = mx + ^ + <if ^ 

c;?=7na4-n6-|-rfv 

d^mci^fA^+dS 
whence a — c = m(^ — a) + w(y— 6) (^K % 
and </- c = w(a'— a)-h wCi'^ft) (P). 
Also c" 53 wa" + wJ" -h </, therefore c*— c = w(a^ — a) 
4- ;7(6''--r6) which combined with (/9) gives 

(c'-c)(y-6)-(c"-c)(y-&) 

(«'— c) (of -a') - (e»«c) (a^ ^a) 



n = 



and « substitutiMl in (a) will give the required ^uttion. 

Hence it wpears that any immb^ ^ PCHHts h^^ tbAD 
thre^ is inspincient for determiiiing 1^ plan^ s pp^itipn ; and 
any nqoib^r greater than t)iree sqperfluous^ 

75. Required to drcm a plane through a given line and a 
given point. 
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= &;s T fl I ^ ^^^ pveu equations of the line ; 



Let a: = a« + a 



X y z 



(jr*, y', a/) the given point ; and h — H = 1 the re- 
quired plane. 
Draw a normal to the plane, then its equations are ... 

A 



(65) ; and this line is at right angles to the 



^ B 



given line (Eu. 11. Def. 8.), consequently — = — a, 

B ... 

— = — 6 ; and by substitution, the plane's equation be- 

comes z = 1- -^ + c ; and since it passes through 

1 

(y, y, ^\ the required plane is « — a?' = — {x -- d) -|- 

76. Required to dra*m a plane through a given pomt in- 
tersecting d given right line at right angles. 

^ ^ — ft i/3l''^ ^^® equations of the given line ; 

x\ y, «' the given point and ax 4- By + <^ = !> the re^ 
quired equation of the plane. 

Since the plane passes through x^, y, s/ we have A(a:— ^r') 
+ B(y— y) + c (»—«') = (a). Also, the intersections of 

the plane with xz and yz are T^,^ __ i HSl)^ and these 
are at right angles to the lines ^ bz'X Q\ ^respectively 

A B 

(64.) ; wherefore a = — and 6 = — , and by substitution in 

(a) and dividing by c, there results a(x-'x') + ^iy—j/) 
-\- z—sf =^ for the required equation. 

If the point (jt', y, 2') is in the given line, we have 
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f^ — a^ -4- ^ 

«/ = & ' -I- S I ^^^ ^^ equation of the required plane be- 
comes ax +61^ + « — (a^+fe^ + !)«' — (aa + J/J) = 0. 

77. Required to draw a pla/ne through a given point 
making given amgles with the co-ordinate planes. 

Let af^ y , J be the co-ordinates of the given point, 

yy 0, a the angles which the plane makes with xy, 

XZ, YZ. 

Then (60. Cor. 1) x cos.a -|-y cos.i3 + z cos. 7 = d where 
B is indeterminate ; but since the plane passes through a/, 
y, 2'; we have or'cos.a+y'cos./S -f z'cos.y ir d; and by 
elimination (a:— a/) cos. « + (j/ — y) cos. /S -f (V— z) cos»y= 
is the required equation* 
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CHAPTER VIII. 



Tangents^ normak, asymptotes^ aiid tcmgent phmes. 

1. Definitions. 

(1.) A tangent is a right line which meets a curve, but 
does not cut it in the neighbourhood of the touching point. 

The touching point is here supposed not to be a singular 
point. Vid. Ch. 12. 

(2.) The subtangent is that part of the axis of the ab- 
scissae which is intercepted between the ordinate and the 
tangent. 

(3.) A normalis a perpendicular to the curve^ intercepted 
by the axis. 

(4.) The subnormal is that part of the axis which is in- 
tercepted between the ordinate and the normal. 

Thus in the figure, pt is the tangent ; nt the subtangent ; 
PG the normal ; ng the subnormal. 

(5.) Asymptotes are right lines or curves, which, cutting 
one of the axes at a finite distance from the origin, by in- 
creasing the abscissa indefinitely, may be made to approach 
near^ to the curve than by any assignable distance. 

2. Required to find geometrical representations for the 
fluxions of a curve and of its co-ordinates. 
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Let AN) NP be the co-ordinates ; ap the intercepted arc 
Draw pa parallel to the axis, and take it of a finite and 
determinate magnitude to represent the fluxion of an ; 
let TPR be a tangent to the curve at p, meeting the axis of 
the abscissae in t ; draw laR parallel to the axis of the or- 
dinates meeting the tapgent in b ; then the sides of the tri- 
angle p^R sbalT represent the required fluxions. 

For draw the ordinate pvn near to pn ; produce it to 
meet the tangent in s ; join p/?, and produce it to meet qr 
in r : then as pn moves towards pn, there may always be 
drawn a curve pr similar to pp, which has the same tangent 

PR (7. 89.)- 

Now inc. AN : inc. pn : inc. ap : : pn* : /w : curve pp, 

: : PQ : or : curve pr ; 
and to obtain the limit of these ratios, suppose pn to move 
towards pn; then ultimately the Z RPr vanishes (7. 27. )> 
and therefore instead of ar and curve pr, we may substitute 
in the limit aR and pr ; whence by the definition, Ch. 1. 
Art. 7, Aan : d.PN : d.AP : : Pa : QR : PR. 

paR is called the fluxional triangle of the curve at p. 

Cor. 1, Since Rr ultimately vanishes, the limit o( sk : jyg 
is a ratio of equality, and consequently the first fluxions of 
the ordinate of the curve and of the tangent are equal. 



Cor. % Let on = a? 
NP =5y 



then, when the co-ordinates are 
rectangular, pr* = pa* -f aR-, or 
ds^ ^ dx'^ -\- dy\ or 



/l 4- -J— "^ l>y substitution Vl 4-/>*. 



AP ^ S 

dx 

Cor, If the co-ordinates are not rectangular but inclined 
at an angle a, rfs* = dx^ + dy^ --2cos,adxcfy (Trig. p. 24), or 

8. Given a curve's equation ; required the eqvAtion of the 
tangent at any point of the curve. 

Let ^, y be the co-ordinates of the tangent, 
ar, y those of the curve at p. 

Since the equation of the tangent is of the form j/=aaf'\-b 
(7, 7), and that it passes through the point (a:, y) ; there- 
fore we have, by elimination, y — y = a{pcf — - x) ; and 

dy 
a = tan. l ptn ^ tan. z Rpa = --f" 5 wherefore the re- 
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quired equation is y — y = ~^^^ ^ ^) ^P{^ "" ^)* 

Hence if the equation of the curve i$ of the form y ^ Fo:, 

dy 
by diiFerentiation, -^^ and consequently the equation of the 

tangent may be obtained. 

The ^uation may also be found if y is an implicit func- 
tion of X. 

4. Required the equation of the normal- 

Let af^ y be the co-ordinates of the normal pa ; then its 
equation is of the formy=a.r' + <t, where a= — tan. z pgn 

dx 
= ( a) — tan. JL PKft = — -T- ; and it passes through (^>y)i 

fun 

therefore the required equation \st/ — y = — ^t"^^ "" ^) 

= {of — x). 

V 
If then the curvets equation be given, and we can resolve 

it, we can find the equations of the tangent and of the nor- 
mal of the point p in terms of either of its co-ordinates. 

If the angle at which the axes ar^ inclined be changed, 
the equations of the tangent and normal remain unaltered. 

Examples. 

Ex, 1. To draw a tangent and a normal to any point of 
a given circle. 

X 

a?« 4- 2^ = r* .•.!? = — — , 

which substituted in the for- 
mula Art. S, ^ves }f — y '^ 

= - —i!^ — a?) or xaf-^th/ T^ 

y 

X r* 

= ar* +• y« ;;;; r% pry ^ — — x/ -f — , wbiqh i$ the cqua- 

I y y 

tion of the required line tp. 

It gives the following property, on k ov+npx vw=op*, 
9 Qpnstant quantity. 

To find the normal ; since — ^ — = — , its equation is 

Qty X 
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y^ — y = —(a:' — a), or j/ = — , which shows that the nor- 
mal passes through o. 

The position of p or the value of its co-ordinates x and j/ 
is supposed to be given. 

Ex. 2. To draw a tangent and a normal to an ellipse. 

y^ = — ^(a* — ^) .•./?= ' — f and the required 

equation 18 y-5^= - -^ • -^a/— x), or y'= -^x' + y 

To find the normal ; y — y = i;^(^ — -^Oj or y = ro ^ 

OP o oc 

— W^- 

Ex. 3. An hyperbola between its asymptotes. 

. , . fib y 

ay = ab.\y = oftx"' .: p = - — = - -2-, 

••• y - y = - ^nf - X), ory= - ^^ -^ 2y. 

5. Required the subtangent and the subnormal of a curve. 

PN X PQ 

The subtane^ent is nt; and from a', tn = 

dy p' 

The subnormal or ng = £!iii£?=i^ =^. 

PQ dx ^^ 

These may be found in terms either of .r or of ^ from the 
curve'^s equation. 

Cot. 1. Hence arises a method of constructing either for 
the tangent or for the normal. 

For having calculated nt or ng by the formulae of this 
article, join tp or gp, which will be the required lines. 

Cor. % PT = ^. 

dy 

ydx — xdy 
Also draw ay perpendicular to pt, and ay = - — -^ 

Cor. 3. If two curves have a common abscissa, and their 
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corresponding ordinates be always in a given ratio; they 
will have the same subtangent. 

ndy dy ' 

6. IVie vahies of the suitangent and of the subuormal 
may also be deduced from the equations of Arts. 3 and 4. 

For in these equations make y = 0, therefore 
— y = p(^a^ — x), or x — 0^= -^, which therefore = tn. 

Also in the normal equation^ "" y = C^"* ^)9 or of — x 

= yp =. NC. 

7. Examples. 

In these examples we suppose the origin of the co- 
ordinates to coincide either with the vertex or with the 
centre of the curve. 

Ex. 1. Required the subtangent and the subnormal of 
the Apollonian parabola. 

^y dx , y 
tfi = ax /. 2/« = to -h /a: .-. — - = — and -^ = ^r. 

y ^ P 

To construct for the tangent ; take NT = 2an, and join 
TP, which will be the tangent. 

Again, yp = — , a constant quantity ; take then ng = -^ 

the latus rectum, and fg will be perpendicular to the curve 
at p. 
Ex. 2. A circle. 

t/« = 2ax — X* .•• 2/v = L(2ax - x^) .-. -^ = ^^""^ ^ 



.'. NT = 



2ax—x^ 



a^x 

Also, yp ss a — jr, or g coincides "with the centre of the 
circle. 

Ex. 3. An ellipse. 

y- = -7(2flwr; - x") .*. % = /.— + l.{2ax - x^); whence 



SOS 
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NT =r , the same result as for the circle described 

a — X 

upon its axis major; which shows that the circular and 
elliptic arcs having the same abscissa will have the same 
subtangent. 

Also, yp = — g- . (a — x). This result proves that 

NC : NO : : bo* : ao*. 

Ex. 4. A rectangular hyper- 
bola between its asymptotes. 



xy^a^ .•. y^c£^ar^ .-. p^ 



a' 



X 



.« 




y x^y . 

.'. NT = -^ = f = — d? ; the 

p a« ' 

negative sign shows that NT and 
no are to be measured in oppo* 
site directions from n. Take 
NT = ON, join TP which will touch the hyperbola at p. 

Cor. Produce tp to meet the asymptote in e, then a teo 
is constant and = 2a^. 

Ex. 5. To the versed sine of a circular arc there is 
erected an ordinate which is a fourth proportional to the 
versed sine, the sine, and the diameter: the traced out 
curve is called the ** witch ;** and it is required to calculate 
the subtangent. 

Herey = 



a^/ax—x^ 

X 



= a ^/aar^^\ ,\p^ 



-\a^ 



(xP' Vax-^ - 1 



-4a« 



V 2 

: .-. NT = -^ = (ax — X^), 

xVax-x* P « 



a 



Ex. 6. Let the curve he Ix = — , or x = ^y . 

dx •-'ady y x . 

— = —^ .-. NT = -^ = — a — = — xlx. 

X y^ p y 

Ex. 7. Let the curve be aaf^ + xjf^ + a;* — ^' = 0. 
Here^ is an implicit function of x ; and by differentiating, 



we 



shall have the subtangent = g i_a g " ! o » which 



can- 



not be found in terms of one of the co-ordinates alone, 
unless we can solve the original equation. 
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Ex. 8. Let the equation be ax^ + ^ — «y* = 0. 
Differentiating (3a^* -f- Sjc^y)dx + (^ — 8a/)rfy = .•. 

y. __ ^y^-ot^y _ Sax^ ^-2x^y _ j?.(3a+ 2y) 

^ "■ Sax^+Sje^y "" 3a^«T3jp^ "" 3(a+^) 

_a^ 3ay-\-2y^ 

Elf. 9- To draw a tangent to 
a curve traced by the vertex 
of a triangle whose base is con- 
stant^ and the angles at the base 
in a constant ratio. 

Let the constant ratio be that 
of 71 : 1 ; take fq a small por- 
tion of the are, which in the limit 
coincides with the tangent at p ; 
draw Bc, ad perpendicular to the tangent at p and p/>, nr 
perpendicular to aq^ Ba* 

m, , , . 1 vp TTf sin. z PQo sin. z Tout ^ 

i hen n : 1 ultimately = -^ : — =s *- : 

•^ ap bp ap bp 

ad bc ec ad ap^ ad ae ... 
= — 1 : — - /. n X — T = — L .•. « X — : = — = — , which 

AP2 BP* BP^ AP^ BP^ BC BE 

determines the point e in which the tangent intersects the 
base. 

8. PRAXIS. 

Ex. 1 . Find the subtangent and subnormal of a parabola 

whose equation is a^^^x = j/", nt = fz^and ng= — . 

^. The subtangent of the Apollonian hyperbola 

_ ^tx-^-x^ 
"~ a+x 

3. The subtangent of an hyperbola between the asym- 
ptotes whose equation is i^^^^x = a\ 

4. The general equations to an ellipse and an hyperbola 

of any degree are — ^ — = x^{2a 4- x)** and 

(m+n)(2ax^^x^) 

"^j* ^^ ^ ^, 

2ma+(m+n)x 
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9. Conversely^ if the subta/ngent or aubnormal be given^ 
the cu/rve*s equation com befaumd, 

Ex. The curve whose subnormal is a constant quantity 
is a parabola. 

. ydy a adx , . . ' 

For ^ = y .-. ydy = — , and integrating y^ = ax. * 

10. Required the angle which a tangent at any point of 
the curve makes with the cuvis. 

Tan. z PTN = tan. z aPR = -r^ = Pt which mav be 

dx ^ 

found in terms of x and y from the equation of the curve. 

Cor. 1. H^nce the tangent of the angle which the curve 
makes with the axis at the origin equals (p) when a; = 0. 

Cor. 2. If the origin is not at the point of intersection, we 
must find {p) when y = 0. 

Ex. 1. In the Apollonian parabola, required the angle 
which the tangent at the extremity of the latus rectum makes 
with the axis. 

dy a 
y^ = aa; •'• 3^ =q~ •'• ip) = ^» ^^ required z = 45 . 

Ex. 2. Find the subtangent of a curve whose equation is 

X 

y = r- — ^, ; and also the ang^le at which it cuts the axis. 
, , ,,^ . ^, dy dx %cdx (l-^r-Wa- 

y x.Ci-^-x^) 

NT = -^ = — ^ --r-. 

P 1-^ 

Also^ when a: = 0, j/ = ar = 0, whence tan. required 



* Mathematicians first directed their attention to maxima and 
minima problems ; but more especially to the method of drawing 
tangents; and as the inverse of this latter class of problems 
always require the integration of fluxional equations, we see the 
reason of their giving the name of the inverse method of tangents 
to what is now called the inverse method of fluxions, or the in- 
tegral calculus. 



I 
I 



Let the chord = c 
6 = its distance from centre 
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^ " ^P^ = i:(rTP) = (TT^e = ' .-.required Z =45*^. 

Ex. 3. Required the angle which a circular arc makes 
with its chord. 

then it may be shown that the 

equation is^« 4- 2iy = ex — x* 

^ Qj» 

.-. 2(y -I- b)(fy = (c — flx)dx .'. p zz ^. . .-. tan. required 

Ex. 4. ao?^ + jr'y — a^ = ; required the angle at 
which the curve cuts the axis. 

Since x' =7 -^ .•. when x = and v = 0, x^ in the 
limit, = -^ = y» .-. a? = j^ ..•. (p) = 1, or the / = 45^ 

The value of p in this example is -7; — : r » which 


when X = 0, y =a 0, takes the indeterminate form of -^5 

hence, proceeding as in Ch. 5. 21, we have 

^ , 6flx+6xv+3x«(o) 6a+6y + 12x(p) 

^P^ = 6a^(p)-8x— = 6a(p)«-6x ^ ' ' *" "^"^^ 

tion for determining (p) is a (p)' — 3x(p) = a, or (p) = 1. 

When (p) takes the form of -^, the curve may have more 

than one tangent; in which case there must be more than 
one branch at the proposed point. The student may recur 
to the examples of Ch. 5. Art. 21. In Ex. I, the curve has 
two branches at the origin, which are equally inclined to 
the axis x : in Ex. 8, there are two brmncnes, one of which 
touches the axis, and the other cuts it at ri^ht angles ; and 
in the same manner the position of Chc branches of the 
curve at the origin may be determined in all the remaining 
examples. 

11. Required to draw the tangent at a given point of a 
given curve which has a curvilinear abscitsa. 

VOL. I. X 






• N 
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Let AN be the 
curviiiiDear abscis- 
sa, np the ordinate; 
draw the tangent 
PH meeting the 
tangent NT in h; 
then NH is p's sub- 
tangent. Construct 
the fluxional trian- 
gle PQR as in Art. 
2, except that pq 
is now to be drawn 
parallel to tn; then 
It may be shown as 
in that article, that P(i=d. an, aR=d« np and pa=Gf . ap, 



y\ ^ 

r — u ' — B 



AM = a? 
mn =y 
AN 3= t; 
NP =a; 

MP = ^ 



wdv 



From a's hnp, paR; nh = -5—, which can be 

' aw 

found from the curve's equation ; for i; is a function 
of a and y (2. Cor. 2.) 



we have ml = pm x 



Cor. Produce ph to meet the axis of the curve amb in l ; 
then to find ml, draw pb perpendicular to bqe and ( A^s), 

PE __xdx 

RE dz ' 

Ex. 1. Let ANB be a circle^ and np = an. 
t? = tt? .'. NH = ZIP = NP = NA, or the locus of H is the in- 
volute of the circle. 

To find ML, we have pm = an -|- nm .*. dz = ■ 

V2{ix —a:* 



{a—x)dx, ^/%i—x^ ' zdx z^jx 

^/%ax'-x'^ jy/x dz V2a— jr 



• 9 



zx 



.'. ML : MP : : AM : M^, or the tangent at p is 



parallel to the chord an. 

Ex. % Let AN l^ a parabola, ab its latus rectum, and 

suppose NP' = AM X MB. 

^z=!9bx the equation of the parabola, then (Ch.9. 4. Ex. 8.) 

(t/«+6«)^dfy mx^-¥y b^dx /2x bS^. ., 

dv :^ ■ , •y = - r— ^ X — =-=\ -*s — J rfa?. Also 

b b ^2x V 84? / 
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■ ■ .■■ . f/ijer (b — x)iLv 



w 



wdi; /2x+i\* ^bx—w* 2b— w 



dw \ 2x 



\* 26ar-j7« 2b-w / hx 



»-y. 



j&r. 3. Let an be -a ptrabola whose latus rectuiD = p» 
and take np : an : : e : 1, then ml = ^ — ^, where 



eypi-4r+|?' 



= AN. 




12. Required tojvnd the equation of the rectilinear iurgrm- 
ptote of a given curve. 

An asymptote V 

may be considered 
as the limit of the 
tangent, when the 
abscissa is inde- 
Amtdj increased. 

JjetPTbeatati-t 
gent, sv the re- 
quired asymptote; 
its equation is of ^ y x^ 
the form t/ = ax^ 
+ B. Suppose that by means of the binomial or any other 
theorem, tnat the given equation of the curve can be put 

c e 
under the form y =s ax -{■ b -\ H — r+ &c. ; this, when 

X x^ 

X is infinite, becomes ^ = ao; + 6, which is the equation of 
the tangent at an infinite distance; and coiisequently the 
required equation of the asymptote is y = or' + J. 

Otherwise, a = tan. Z. s (7. 7) = tan. z. t when x is infinite 

n (p) ; \\3X since (exl hyp.) y^ax-{-h-\ V &c., .'. dif- 

X 

c 

ferentiating, p ^ a — &c. ; therefore (p) =z a =: A. 

Next to find b ; b = so x tan. Z s (7. 7) = a x to 
when J7 jBinimte — « I tn — ~e^ > = a)-^ ^ xy = 



V — flur :ss: b -^ — 4- &c. s= i viien x istnfiRite. 

^ X 



x3 
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Cor. 1. The equation of the asymptote may I)e put under 
the form of y =s (p)x' + (y — px) where the brackets de- 
note the value of tne functions when x = oo . 

Cot\ % Since the equation of the tangent is y — y 
= p{x' — x) (Art. S), or y = px^ + y — /wr, it apfiears that 
the asymptote is the limit of the tangent. 

Cor. 3. Hence to determine whether a curve has a recti- 
linear asymptote, calculate the value of — ^-— or — — x 

when a; =: QO , and if this be finite, there is an asymptote 
whose inclination to the axis = tan."* (p). 

Cor. 4. If in the developement of y, we do not neglect 
— , there arises an equation to, a conic section, which may 

be considered as a curvilinear asymptote tending to touch 
the curve more intimately than the hne j/ sz aaf -'r b. 

By including more terms of the series, we may have a 
succession of curvilinear asymptotes, each tending to touch 
the curve more intimately than those which precede it. 



13. Examples. 

Ex. 1. The Apollonian hyperbola. 

^. . . b bx/' a«\^ 

The equation is y = — //^^ — a*= — ( 1 — — J • . . . 

bx c €fi a^ '} bx ab 

equation of the asymptote isy = — x'^or the asymptote 

passes through the centre inclined to the- axis at an angle 

b 
whose tangent = — . 

bx b bx 

Oiherwise. p = — ==• .•. (p) zz — ; also (y) = — 

av'^-a'^ '^^ a' ^^ a 

= {p)x .% (y — px) =a 0, or the equation is y = — . 
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If the origin is at the vertex of the hyperbola, the equa- 
Uon of the asymptote is -^ = 1. 

If the axis minor of the hyperbola is equal to its axis 
major, it is said to be equilateral; in this case tan. / s = 1 
and Z s = 45^ It appears also from the equation of the 
curve, that its four branches are symmetrical on the axes x 
and Y ; consequently the asymptotes of an equilateral hyper- 
bola intersect at right angles. • ' , 

Ex. 2. ay'^ + (6 -f cx)if -f ex^ -h/^r + ^ = 0; the ca- 
nonical equaUon of the second degree. 

Developing y either by Maclaurin's theorem or by the 
rule for extracting the square root, it will ap))ear that there 
is an asymptote only when c^ is greater than 4iae, i. e. when 
the curve is an hyperbola. 

Ex. 3. y = aa?« -f a?'. 

When j: = X , y = 00 .-. from the equation (y) = x. 

^, 2ax-\-Saf' . x , , 2ar« + ar' 

aj;« a 

= o"^ .•• {y — px) = -A , or the required equation is ... . 

Hence to draw the asymptote take os = -^, and through 
s draw sv making z osv = 45®. 

Ex. 4. -=^^ = a:«(2a -f x)\ 

a* p 

l-jT + (»i -h n)ly = mix -h w/(2a + x) .\ -^ =s 

1 ^ »i « ) 1 2iwa + (w-f lO-r V 

»il-n( jr 2a-\-x) ""»* + « " 2flkr+** * ' /> 

__ (ffl-hw)(2//irH-J') _ 2w«j: ^ /y \ 

2na 

= =05. , 



• . . 



• • • 
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Also t> _y(^f±(^±^ . ,„x _ /'j^V -^ 

s tan. / s. 

Cor. If m = n = 1| the curve is the ApolloDian hyper- 
bola. 

Ex. 5. Required to draw the asymptote of the curve of 
Art. 7. Ex.9. 

Since ap : bp : : sin. z b : sin. Z. A, the limit of ap ; bp 
i& a ratio of equality ; take then ae : eb ; : n : 1, or 

AE.=s - ab» and the asymptote passes tlurough e. 

Also Z. BEP == Z. PAE = 71. Z PBE — w(2iz' — Z BEP) ; 

,\ Z BEP = Sir . r, which determines the direction of the 

w + r 

asymptote. 

Ex. 6. Given the base of a plane triangle, and the dif- 
ference of the angles at the base; required to draw the 
asymptote of the curve traced by the vertex. 

Place the origin at the greatest angle ; and let the bajse 
OA = a« ^ 

y y 



Also let /=tan.(Z.O- z:a) = ^— (Trig. p. 35.) 

1 + -^—, 
xi^a—x) 

yla-^a) " , . . a-9x 
= "YT g, .'. the curve s equation is^^ r — y-\-ax 

- a:« = 0. 

If this be solved as a quadratick| we have y = — ^r— 

± -^ where 5- = ^^-f 1 =, extracting the 

square root, — -J a — 2a: + \^%sx — sa ^ j— ~ qcc.) v .v 

5—1 & — 1 

the equations of the asymptotes arey^ = je^ — ~ - a, 

, . 5+1 5+1 

and t/ =z :— a: ~\- -^xr- a. 
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Since — ^ -. -r, these asymptotes interseot in 

the axis at right angles and at a distance from the origin 

2x— a — ^ 

r 

Al§o p = ITa"' *'^*^ ^^ ^'^^ origin when ^ =; 0, 

y -=. 0, p r: ^ ; or the curve cuts the axis at an angle = the 
givep difference of the angles at the base. 

If the origin be transferred to the point where the asym- 
ptotes intersect the a^is^ the equation becomes 

V* — J7® — -f -r- = 0, which shows that the new ori- 

gin is the ceiitre of the curve (vid. 7. 6. Def. 2.) ; and if the 
axis be transferred to one of the asymptotes, according to the 
method (Ch. 7. Art. 18), the resulting equation will be. 

rzie^ = — ■ X sine of given angle, or the curve is a rect- 

angular hyperbola, which passes through o whose centre 
bisects AO. 

Ex. 7. jr* — Ary + of = 0, 

^ &y- — ax p ay-Sx^ ay — ^x^ p 

= -^ — ^ = OT J but in the liniit v^ + ^^ = 0, .*. y = — a: 



a 
••. OS = 



3" 

a 



Also (/>) = — 1 ; take then os = -^, draw on = os per- 
pendicular to the axis and below it, and sd is the required 
asymptote. 

Ex, 8. ay* -r h^xy — ccd^ = 0. 

6*y4"4ca?^ y ^tay^—b^xy Sfi^jry H- 4cj;* y 
^ " ^y^—b x' ' p ~ br^y-^-Acx^ "" &*y + 4cji' * ' p 

b^y^4ica^ \p / ' 
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(fj \ C* 

— )fs (p)= — ; or 

the asymptote passes through the origin inclined to the axis 



at tan.— 1 — . 



OOierwise. ^* =» — or* + — ^, /. extracting the ^th root 

I 
by the binomial theorem^y = — -^\ + 7-^ — &c ?; or 

I 
the equation of the asymptote is y = — ^. Vid. Ch. 4?. 10. 

Ex.2. 

Ex. 9. aj/^ — ^y — aa^ = 0. 

rectilinear asymptote which cuts the axis x at a finite distance. 
But since (Ch. 4. 9. Ex. 3.) j/ =— a 5*"^T6 — ^^* 

there is an asymptote parallel to the axis and below it which 
cuts Y at a distance from the origin = a. 

The curve has also a curvilinear asymptote whose equa- 

3 

tion is y = — r + -^ (4. 10. Ex. 1). 

Ex. 10. y — 2xy« f xhf - o^ =: 0, 

The values of y are (4. 42. Ex. 4), 

3 

y = J? ± -^ - — ± &c. 
<r* 
o» 2a^ ^ 

Hence there is a rectilinear asymptote which passes 
through the origin cutting the axis at an c 45^, and ^since 
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when a? = GO 9 one value of y is indefinitely small, the axis 
X is also an asymptote of the curve. 

Curves may have asymptotes at other points than those 
which are determined by the above method : take for ex* 

ample the equation y = ; when x= 0, y=oo , 

which shows that the curve has an infinite ordinate or asym- 
ptote passing through the origin. 

p 
Generally, if the curve's equation is ^ = — where p and 

a are functions of Xy there are asymptotes at distances from 
the ori^n equal to the roots of the equation a = 0. 

For additional examples of asymptotes to curves, and for 
further information on the subject, vid. Stirling's Com- 
mentary on Sir I. Newton's Enumeratio Linea/rum ^tii 
ordims. 

14. Required to investigate the direction of the infinite 
branches of a curve. 

The direction of the axis of the infinite branch is known, 
if we can find the direction of that line, which drawn from 
any point whatever in it, and produced indefinitely both 
ways, cuts the branch in only one point 

Let OAB be the riven 
^s of the abscissas, 
then if there is an in- 
finite branch, the di- 
rection of whose axis is 
OQ, as OAB revolves 
through the z. boq, 
AB increases and l)e- 
comes infinite. Also 
the ordinate at b is 
always n 0; whence 
the characteiristick pro- 
perty of an infinite 
branch is that the direction of the axis of the abscissa; may 
be so changed that the ordinate being: = 0, the abscissa 
may be infinite. 

Let X and y, v and w be the co-ordinates on the axes ob, 
Od respectively, 9=^0; and let the curve's equation be 
A^* + B^^x -f Ejr** + Fy*^* ■+ qy^'^H- +N = 0. 

In this equation substitute x == pv and y = jr, where 
p = cos.5 and g = sin.d (7. 18.), and it becomes 
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(aj'^+B5'»-^/>+ +Ejo^)t^ + (rj*-*-f G5f'^p+ )c^* 

+ . . . . + N =0. Transform this into one whose roots are it* 
reciprocft)s9 and the proposed eurve has an infrnte branch 
when one root of the transformed equation = 0, i, e. wheo 
Ay* + By**~'p 4- • • • • -^ Ep'* =: 0,^ or dividing by p* and 

substituting t = -— when At"" + b/"""' -i . . . . -f b = 0; 

P 
the roots of which equation will indicate the number and the 
direction of th« axes of the infinite branches. 

Jf all the values of t are impossible, the curve does not 
admit of an infinite branch. It may bave an asymptote at 
right angles to the axis of the abscissae. 

The direction oq indicates tzi^o infinite branches, ox\e on 
each side of the axis ; for assigning a determinate value to 
one of the co-ordinates, and supposing the other to be in- 
finite, its positive and negative values wilj each produce an 
infinite branch. 

TlI\q equation obtmned in this article for detertiiiiiing the 
direction of oq may be deduced immediately froca the do&« 
trine of infinitesimals. For the curve's equation, when a? 
and y are infinite^ takes the form erf aj^" -i- bj/^^^o? + .>.».. 

+ EOT" = ; or dividing by x and sqbstitviting t = -^» 

A/** -f Bf*~' +.... + E = is an equation whose roots 
will show whether any part of the curve is at an infinite 
distance. 

Cor. 1. A curve whose equation is of an odd number of 
dimensions, will have, at least, one infinite branch on each 
side of the axis (Alg. 278). 

Cor. 2. If the curve's equation is of n dimensions^ it ea^*- 
not have more than 9,n infinite branches* 

Cor. 8. The ultimate direction of the infipitQ brailfth i$ 

dy 
found by calculating the value of ^ whea 4? and y are ia-r 

finite. 

Ex. ay^ + (A + cx)y + ex'^ \ fx -f ^ = 0. 

This equation arranged accordmg to its dimensions is 

ai^ + ^^y + ^^^ + ^^ +y'^ + 5" ^ 0; whence the equa- 
tion for determining the infinite branches is (it^\ct^e^ 0, 

2a 
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When 4uze is greater than c^ there xs no infinite branch ; 
when ixte ^ c^^t has but one value, or there is an infinite 
brandi on each side <^ the axis which are uhimately pa^ 
rallel : when 4eae is lesa than c^, the curve has four infinite 
branches. 

It is called an hyperbohck or a parabolidc branch ac- 
cording as it has or has not an asymptote. 

On the subject of the classification of curves, I must refer 
the reader to the Enumeratio Linearum Stii ordinis. 

Tangent planes. 

15. Def. The tsmgent plane at any point of* a curve sur- 
face is that part of a plane drawn touching the surface which 
is intercepted between the rectangular axes. 

16. Def. The subtangent is that part of the axis of the 
solid which is intercepted by the tangent plane« 

The origin is here supposed to be at the centre of the 
solid. The axis z is generally taken as the axis of the solid ; 
in which case oc is the sub tangent (fig. 7. 47). The lines 
OA, OB are called the subtangents on the axes x and y. 

17. Dg/; The normal of any point of a curve surface is 
that part of a line drawn at right angles to the surface which 
is intercepted by either of the co-ordinate planes xz or Ya. 

The normal of the tangent plane is a line drawn from the 
origin perpendicular on uie plane. 

18. The square of the tattgent plane is espial to the sum of 
the squares of its orthographick projections on the three co- 
ordinate planes* 

For let p be the area of the plane ; 

X, y, «, its projections on yz, xz, xy. 

Also, let a, p, y be the angles which the plane makes 
with these planes respectively. 

Then x = Pcos.a, y = pcos./3, z = pcos.y; therefore 
^* + y* -h ;s« = p-(cos.'^g -h c os.^/3 ^> cos.y) ;= v\ 

Cor. p = >v/ar* -I- ^^ + z^ = 4- -v/A^B^ + A'^c^ + B^c^, where 

OA =a A, OB = B, OC = C. 

19» Required to draw a plane touching a given surface 
at a given point. 

Let p be the point of contact, whose co-ordinates are 
*^> J^5 ^; *' = ^^ -^ ^^y "^ ^ ^^ required plane ; then, since 
it patsses through (jr, «/, r), we have «' -- « ss m^x^ -^ Jp) 
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And to determine m and n ; suppose a plane to be drawn 
through p parallel to xz : its intersections with the surface 
and with the tangent plane are a curve and a right line 
which touch at the point p ; project these intersections on xz 
which will not affect the values of ^ and z, and we shall have 
a right line whose equation is of the form ss^ = vur^ + ft a 
tangent to a curve whose equation is of the form z = ¥Xy for 

y and J/ are constant; whence (Art. 3.) m^'-r* 

dz 
Similarly it may be shown that w =s -7-; or (a) becomes 

' dz dz 

^ dz d% 

Cor. Substitute p = y , and q =;t-> and the equation 

becomes 2' — 2 = p{af — a?) -f q{i/ — y). 

20. Required the armies which the tangent plane makes 
with the co-ordinate planes. 

Let 79 /Sy a be the angles which it makes with xy, 
xz, YZ respectively; then, the plane passing through the 
point (or, y^ %\ its equation may be put under the form 
xcQ&.a, + ycos.^ + zcos.y = k (7. 63. Cor. 3.) ; wherefore 

dz costft dz cos.|3 

p = -=- z=z , flr = -J- = ; and consequently 

^ ax cos.y * ay cos.y ^ '' 

, . cos.®a cos.»i3 1 

l+p^ + cf'—l+ r + 7- = 7-> or 

^ ^ ^ co8."y oos.V cos.^' 

cos.y = — . ■ , ; and cos.p = y x — cos.7 = 



a/1 +/?* + ?' Vl+p^ + y*' 



and cos.a = — 



£1. Required to draw a normal line Jrom a given point 
of a curve surface. 

Let p be the given point, pg the required normal ; at r 
suppose the tangent plane to be drawn, and let its equation 
be ;r == maf -|- ny + c : then pg is also a normal to this 
plane,- and consequently its equations iii space, or its pro- 
jections upon xz and yz are respectively at right angles tci 
the lines «'= mx* + c and ;s' = «y 4- c (7. 51 and 64. ); or the 
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equatiotis in space are of the form 



;^' = - — y + y \ 



(7. 11*) ; And since the line passes through (xj y^ 7i)^ the 
required equauons are j > 

'^\y-yi?(J'-^)=0(^^ where^,y,^aretheco. 

ordinates of any point of the normal. 

Cor. 1. The third equation in space of the normal is 
9('r'-^)-p(y-3^) = 0(3). 

Cor, 2. Hence to find the point where the normal meets 
either of the co-ordinate planes as xz ; in equation (2) sup- 
pose y = 0, which will give the required value of ^; suti- 
stitute this in equation (1)« and the co-ordinates of the re- 
quired point will be found. 

Similarly by means of the equation (3), the co-ordinates 
of the points where the normal meets yz and xv may be 
found. 

Cot. 3. If a, /3, y are the angles which the normal makes 

with the axes x, y, z ; cos.a = — - — => 

^l+p^ + f^ 

cos.jS = — , and cos.7 = 



^l+;i^ + j^ v^l+p'-fj* 



C(yr. 4. The length of the normal pg = z\/1 -hp^-j-ys^ if 
G is the point where the normal meets xv. 

F or ai — X -=• pz, 1/ -^ y z= q% ; therefore pc, - which 

Similarly it may be shown that the normals ter-* 



y 



minating in xz and yz are = — vl +y>*^ + J^ and 



X 



— \/l -h p* + 9* respectively. 

2S. Required to draw a normal line from a given point 
to a given curve surface. 

If X, ffy « are the co-ordinates of that point where the 
normal meets the surface, the equations of the normal are 



818 TANfiENT PLAVES. CMAV. Vlll. 

aJ ^-X + fKsf ''Z) = Ol 

Let af^j y, ^' be the co-ordinates of tlie given point, 
then since the ncxinal passes through it, we have by elimina- 
tion ^ - ^; + i>(^ " "^II = n ^ ^»»ch are tbe required 

equations, where y and } tire to be calculated from the 
equation of the surface. 

23. Examples. 

Ex. 1. « — ^ \/^M-3^; which is a conical surface whose 
vertex is at the origin, and the axis is z. (7- 45). 

ex e^x* 

(1.) Required the equation of the tangent pkfie. 

z'- 2 = ^(0?'- x) + ^y-2/),or^=^^+4<j/. 

iS z c 

To find where the plane cuts the axis, suppose a;'='0 and 
y r= ; then js/ = ; or the tangent plane always passes 
through the vertex. 

This is the characteristick property of vomcal-snrSgaoeB^ 

(2.) Required the angle which the tangent plane makes 
with the axis 1 + p* -h j* ~ i + ^s^ and .*. sine of required 

1 1 

z.. which zr cos.y = — ■ = = — - , or the ansle 

is invariable. 

(3.) Required the point where tlie normal meets the 
plane xz. 

The equations of tbe normal are ^ 

e^ 
in which, if y = 0, we have — {J — z) == 1 ; and by sub- 

stitution, a;'— j:+^=0, or a?'=0; Mid ^ t=: — p-*s; er the 
normal meets the axis of the cone at a distance from thfi 
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onsnn = — — - « = — — , if a is i tl*e vertical anQ;le of the 

€® COS. a ^ 

cone. 



• 



(4.) The length of the normal = v 1 +^' ^- 

4 - 

JC 9J k/ C^ """ iS* 

Ex. 2. h -4- = ; which is the aurface of an 

aba 

irregular groin (Ch. 7. Art. 46. Ex. 3.). 

Here » = — 

z 






z 



(1.) The equation of the tangent plane is ^ b ' ' ' 



+ 



zJ a 



It appears from this equation, that so long as 2; is constant, 
the position of the tangent plane is fixed ; that it cuts the 

a^ 
axis at a distance from the origin = — , arid at an angle the 

z 

hz 
sine of which 



(S.) Required the point where the normal meets xz. 
The equations of the normal are 

a/ - ar — (2' — 2) = i 

" ' ■■■ ■' > , from which, i*f t/ =s 0, 



b z 



ax^by J , hyz 
we have by substitution si = — and sr= z— 



a u^a^-z^ 

for the required co-ordinates. 

To find the point where the normal meets yz ; suppose 

a:* = 0; and wfe havet/ = 3LJ5^ and s'=;j 7=f=^ ^^^ 

the co-ordinates of g. 
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The co-ordiiiates of the point where the normal meets x y 
are a:' = a: — Ja^ — 






3/ 
(3.) The length of the normal terminating in 



XY 






£j?. 3. ^ 4-^ = 1; the convex wedge, called by 
Wallis the cwio-cuneus. 

+ ^ 7 = .'. p = 



3 
T 



(1.) The equation of the tangent plane is bxz^ H- J(a' — «*)r' 

(2.) Required the point where the normal meets xz. 
The equations of the normal are 

3 ' > whence, if V == 0, by sub- 
tstitution we have t — x r=^=-anajs'=a j. 

^^•8 «i2 ;^9 

JSa*. 4. --7 + 47 + — = 1 ; the equation of an ellipsoid. 
Here p = r- i 

^ = -5^3 

(1.) The equation of the tangent plane is 
^ c« " «« + 6« + c^ ~ 
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Hence the tangent plane cuts the axes x, y, z at di- 

fl« J2 c« 

stances from the origin = — , — , — respectively, and at 
angles whose sines are — , j^, — , (7. 52) where 



A = 



J 



j;2 yj ;j2 



Cor.l. If c = X, the ellipsoid becomes an elliptick 

cylinder, whose base' is the ellipse — + ■—-= 1, and the 

« 

equation of whose tangent plane is — ^+^^ = !• 

Cor. 2. The tangent plane of the cylinder is parallel to 
the axis. 

This is the characteristick property of cylindrical sur- 
faces *. 

a^J^c^ 1 
(2.) The area of the tangent plane = — — X -77. 

(3.) The content of a pyramid formed by the tangent 

1 a^b^d^ 

plane and the co-ordinate planes = -tt . . 

^ o xyz 

For a pyramid = the base x -J- altitude (Ch,9.7. Ex. 4.). 

c^x 
(4. ) The equations of the normal are ar' — d? = "i"(^ ~' 



Cor. 1. The co-ordinates of g in xz are ^= — x, 



"- • • • 



Z = 1 — Z. 



C2 



Cor. 2. If a and c be both greater than b, a lies in the 
first quadrant. 



• The general properties of conical and cylindrical surfaces, as 
well as the evolutes and the singular points of curve surfaces will 
be considered in the second volume. 

VOL. I. Y 
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Car. 3. If a = b, the solid becomes a spheroid^ and 
^i;' = ; or the normal intersects the axis z. 

Cor, 4. If a = 6 = c, the solid is a sphere, and a:?' = 0, 
z' = ; or the normal passes through the origin. 

(5.) The length of the normal = t-. 

(6.) The normal of the tangent plane = k. 

Ex, 5. » = • ^fT'^ ^h® elliptick paraboloid. 

(1.) The equation of its tangent plane is 

si -z^ —{of - J?) -f x-(y-3^), or 1= -h-f^ . 

a ^ ^ b^^ *^ ' az bz z 

(2.) The subtangent = — 2: ; and the subtangents on the 

- az . bz 

axes X and y are 77— and -77-' 

ar 2i/ 

(3.) The equations of the normal are 

jJ ^ X -{ («' - 2) = 

a ' 

y -,?/ + f^(^-2) = o 

(4.) The co-ordinates of the point where the normal meets 

xz are z' = -^r- -f 2; and x = j?. 

If a = ft, a?' = 0, or the normal intersects the axis of 
the solid. 

(5.) The area of the tangent plane 

z* x^ y'^ 
Ex. 6. —5 ^ — -^ = 1 ; the elliptick hjrperboloid. 

d^x 
(1.) The tangent plane is 2' — ;^= —^(pd — x) 

(2.) The subtangent = — ; and the subtangents on the 

a^ , b^ 

axes X and y are and . 

X y 
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(3.) The area of the tangent plane = ^ — A:, where . . , 









(4.) The content of the pyramid formed by the tangent 

1 a^b^c^ 

plane and the co-ordinate planes = -tt . . 

o jpyz 

(5.) The co-ordinates of the point when the normal meets 

xz are x' = X 

a« 

, 6« -H c« 

x'^ i/^ z^ 
^^* *^' IF '^ ^ ^ ~ ' ' '^^^ elliptick transverse 

hyperboloid, 
(1.) The tangent plane is ^ -h ^ - ^ = 1. 

(2.) The subtangent = - — . 

c^b^(^ 
(3.) The area of the tangent plane = ^ h. 

(4.) The content of the pyramid formed by the tangent 

1 a^b^d^ 
plane and the co-ordinate planes = — yr . 

o XtfX 

(5.) The co-ordinates of the point where the normal meets 

b'^x 
xz are x zz x - 

;£;' = ar + —z 

Ex.S. « = -^ - —. 

a 

. . V* ^* 

The co-ordinate sections are z = ^ ; — » = — ; and 

o a 

I 
y = ± — \^* Or the sections made by the planes xz, Yz 



a^ 



y2 
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are two parabolas ; the one below, and the other above the 
plane xy, each having its vertex at o. The section in the 
plane xy consists of two right lines which are drawn from o 
on difPerent sides of xz inclined at the same angle to x, viz. 



tan.-* / — . 



Also all sections parallel to xy are hyperbolas^ and hence 
this solid is called the hyperbolick paraboloid. 

It may be supposed to be generated by an hyperbola 
whose centre moves along the axis z, whose plane is parallel 
to xy, and whose semi-major and minor axes are the or- 
dinates of the parabolas in the planes yz and xz re- 
spectively. 

When z is negative, the equation of the generating sec- 

npi qji 

lion becomes ^^ = 1, which shows that when the 

az oz 

generating section is below the plane of the paper, the semi- 
axis major of the hyperbola is the ordinate of Xhelowet* 
parabola. 

The equation of the tangent plane i& 1 7 — 

az oz 

= 1, from which the principal properties of the solid 

may be deduced as in Ex. 5. 

Ex. 9. One of the angular points of a paralleleliped moves 
so that the content of the solid may be invariable ; required 
the tangent plane at any point of the surface which it 
traces. 

In fig. 7. 38 let p be the variable point, then the equation 

c^ z 
of the surface is xy%—o?\ and p= r- = , and . . . 

% 
J = ; and the equation of the tangent plane is 

Z Z A Su tf 

i'_z=-— (^-x)-y(y-j^)or- + — + ^ = a. 
(S.) The subtangents are 3z, Sj:, 3y. 



(3.) The area of the tangent plane = "q" J ~-\ — T+T 



9af 
2fc" 
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(4.) The content of the pyramid formed by the co- 

1 9fl^ 

ordinate planes = -77- . SHxyz = — , a constant quantity. 

(5.) The length of the normal terminating in xy 

/I 1 r z^ 

(6.) Required the point where the normal meets xz. 

V .-. si = ^ and ^ = 

(7.) The normal of the tangent plane = 3A;. 

Ex. 10. A solid annulus in the form of the ring of an 
anchor ; it is generated by a circle revolving round a fixed 
axis in a plane perpendicular to itself. 



X 



z 



Let oA revolve round 
o in the plane xy; 
and let the semi-circle 
BPA, which is perpen- 
dicular to xy, trace half 
the solid. 

Draw the co-ordi- 
nates of any point p, 
in the surface on, nq, 
Qp; 




oc = a 
CB = r 



where c is the centre of the circle. 
Join OP, cp. 



Since the circle is perpendicular to xy, pci is an ordinate 
to the abscissa cq; and we have op^ = oc^ -\- cp^ ± 2oc.c(i 
(Eu. 2. 12.) ; or ar^ -h y« + «« + 2a Vr* - a* = a^ + r« is 
the equation of the solid. 

A section made by a plane parallel to xy is of the form 
of two concentrick circles ; and consequently the solid may 
be supposed to be generated by a superficial annulus of 
variable breadth moving along the axis z in a plane perpen- 
dicular to it ; the breadth of the annulus being equal to 
twice the abscissa of the circle apb. 
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If the* circle is inclined to the plane in which it revolves 

at an Z a, its ordinate corresponding to ^ = -: — and cq 

'^ ° sin.a 



= r-^ and the equation becomes x^ + y^ + z'^ -{- 

sin.a ^ • i7 — 



Vr«8in.«a-««= o« + r«. 



sin. a 

If APB be any other known curve, the equation of the solid 
may be found. 

(1.) T he equation of the tangent p lane is assj^-- .... 

Vr* - a« {xjf -^W^ ^ zss') = az'^ - ^ r^ —z^ (x« + y^ + 2-) 
where a may be either positive or negative. 

(2.) The normal passes through the axis. 

(3.) Required the length of the normal. 

X ^/r* —a* _ y -v/r- — «* 

p = , and q = 






... 



r«(jr«4-y^) , . , a? 



, .-. PG, which = — Vl +i^+y% 



=_, /Z±Z. 

V r* - 2f^ 
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CHAPTER IX. 



T?ie QuadrcOure of Areas ; the Rectification of Curves ; 

and the Cubature of Solids. 




1. Required to find the area of a known curve whose co- 
ordinates are rectangular. 

Let the origin be 
at A the vertex of 
the curve : anp the 
area = u. 

an = «r In the 
FN =y axis of 

the abscissae take 
NE finite and con- 
stant to represent 
the fluxion of an ; complete the parallelograms npla, npqe ; 
and draw p^n parallel and near to pn ; and complete the 
parallelogram NWjpTW. 

Suppose the parallelogram nl and the area apn to be 
generated, the one by a constant and the other by a variable 
ordinate ; then at n the increment of apn : the cotemporaiy 
increment of ln : : NP^n : Nir ; and to obtain the limit of this 
ratio, diminish Nn indefinitely ; then since mn :vn\: Nm : np 
ultimately :: 1 : 1 (1. 39); therefore, i fortiori, NPpw : ntt 
ultimately ::!:!, and consequently the fluxion of a|»n = 
the fluxion of ln = pn x the fluxion of an = pn x ne = 
Nd ; o€ du-=^ ydx and u •=-Jydx, 

Hence, to find the area from the curvets equation, calcu- 
late^^ in terms either of x or of ^, and its fifuent properly 
corrected will give the area in terms of one of its co- 
ordinates. 
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Cor. 1. If the co- 
ordinates are not rec- 
tangalar, but inclined 
at an ansle whose 
trigonometrical sine 
=«, it may be shown, 
as in the article, that 
du = s X ydxj or 
u = sfydx. 

Coi\ 2. The fluxion of an area generated by a line at 
rieht angles to the axis is as the generating line and its 
velocity jointly. And as a curve line moving in a direction 
perpendicular to its plane must generate an area of the same 
magnitude as a right line of equal length ; the fluxion of a 
surface generated oy a curve is as the curve and its velocity 
jointly. 

Cor. 3. The fluxion of the outer area apl, supposing al 
to be the axis and pl ! he generating ordinate, = pl X d.AL 
= xdy ; hence, when both sides of the parallelogram vary, 
its fluxion = ydx + xdy. 

Cor. 4. Since ydx changes its sign when either y or x 
becomes negative, the area is positive or negative according 
as the co-ordinates have the same or diflerent signs, it is 
positive in the 1st and 3d quadrants and negative in the 2d 
and 4th. 

8. The qtuidrature of areas f)y means ofTayhr'^s Theorem, 

Let y =fxhe the curve's equation, then since the area u 
is a function of the co-ordinates which enclose it, it may be 
considered as an explicit function of x : and therefore by 
Taylor's Theorem we have 
Wirn = yh ^i 

du , dHi A^ I of which the second is 

-f &c. [^always greater than the 
first and less than the 
third; consequently (3.3) 






dx^ 1.2 



TSmpn = ^{a^ 4- J y + &c. j 



du 



■J- h = yh or du = ydx and u =^Jydx. 

In the following examples, the origin is either at the vertex 
or at the centre of the curve, and the co-ordinates are always 
supposed rectangular unless the contrai'y is expressed. 
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If the oriirin is changed to some other known point in the 
axis, this will only affect the correction of the fluent. 

« 

8. Examples. 
Ex, 1. A right angled triangle. 



AB = a 
BC = 6 

AN = 07 



A^ x:y::a:b ,\ y= — x 

,.=A^ ... J-. 




o a?* - O A N B 

— . -^, for = 0; and to obtain the 

, , . , h a^ ah 

whole area, make x ^ a. then abc = — .-77- = -tt- 

Ex. 2. An Apollonian parabola. 

1 2 

y^ = ax .: dx = — . 2ydy .*. ^rfor =? — t/^dy = rfii .*. 



a 



a 



u = 



- ^^- 



a 



= y x^, and the whole area = y circumscribing 

parallelogram. 

When the co-ordinates are not rectangular, the area of the 
parabola = y circumscribing parallelogram. 

Ex, 3. Required to find the area 
intercepted between two known ordi- 
nates bc and de. 

Bc = 6 Let NP be the generating 
DE = c ordinate ; then as before 

2 

rf. DEPN = d. APN =: — . y^dy \ 

a 
whence, 




2 y 

DEPN = -PT 






2 



3 ^ •. DEPN = g-. (y-6-^) 



2 
and DECB n ^-. (6''— c'). 

jBj7. 4. a^"^ y = 0?" is the general equation of the para- 
bola when n is positive, and of the hyperbola between the 
asymptote's when w is negative. 
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It may be shown as in the preceding example, that when 

1 
^«— ly =: j;*^ |< = . xy ; hence, all parabolick areas are 

quiidrable, or can be expressed in finite terms of the co- 
ordinates. 

Cor. When w = 1, the parabola becomes a right line and 



Ex. 5. . Required 
the area of an hyper- 
bola between the 
asymptotes, where 
the co-ordinates are 
not rectangular. 

The equation is 



a 



n+l 



y = 



X 



n 




Afi 


= 


b 




AN 


= 


X 




NP 


=2 


y. . 




S 


= 


sin. 


Z A 



7 7 J., ^^ * 

rftt = s X ydx = ^fl****"*.— . 



sa 



n+l 



U = 



1-W 



X x^"^ -h c 



and o — 



sa 



71+1 



1-n 



X 6^-'* + c 



1 — n i J 



u 



(1.) If n be less than 1, when a? = x , m = oo or bvvc 
is infinite. 

(2.) If n be greater than 1, M becomes Tj^^i Zi f' 

«r the area bvvc, though infinite in extent, is finite in quantity. 
To obtain the value of the area bawwc, make a? = 0. 



n+l 



SCb 

(3.) First, suppose n less thanl, then {u) = r x — 6^~", 

and as the negative sign only shows that the area is to be 
reckoned on the contrary side of bc, we have bawwc 



n+l 



ij x 6^*"", a finite quantity. 
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(4,) Let n be greater than 1, .% u = 



sa 



11+ 1 



iJL- 
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or-ij 



n— 1 (^6»-i 
= (when a? = 0) X , or bawwc is in this case infinite. 

Hence, whether n be greater or less than unity, the whole 
area between the asymptotes is infinite. 

When w = 1, the curve is the Apollonian hyperbola whose 
equation is a?y = a^ ; but if we substitute 1 for n in the value 

of w, we have u = sa\ -^. which shows that /— = cannot be 

found in this case by the common rules of integration. — 
Vid. Ch. 5. 15. Ex. 4., from which it appears that (m) = 

nr 

o 

Firsts suppose the 
asymptotes to be 
rectangular, or the 
hyperbola to be 
equilateral. 
AB = BC = a = 1 

BN = JT, NP =3/* 

then AN = 1 + a:, 
and reckoning the 
area from bc, we 
have BCPN =^Jydx 
dx 



=/ 



= Z. AN ; 




1 -ha? 
or the hyperbolick 
areas, when the hy- 
perbola is rectan- 
gular, are the Nape- 
rian logarithms of their abscissae. 

If we take abscissse an, Arf, an", &c. in geometrick pro- 
gression, the areas bcpn, bcp'n, bcp''n", &c. will increase in 
arithmetick progression. 

If the hyperbola is not rectangular, the hyperbolick areas 
are the logarithms of their abscissae in some other system 
than the Naperian ; the sine of the angle between the asymp- 
totes being equal to the modulus of the system. 

Thus, to find the z a so that the hyperbolick areas may 



* p and p' are omitted in the diagram. 
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be the common logarithms of their abscissae, we have sin. z a 
= .434^945 . . . which is Briggs' modulus, and consequently 
z A nearly = 25° 55' 16^' liJ". 

Cor. 1. By means of this example, we can determine when 

the sum of the series -rs + -Qi + -oS + Sec., ad inf. is finite 

and when infinite. 

Suppose the co-ordinates rectangular, and take ab = 1 
= BN = nn' = &c. ; draw the ordmates and complete the 
parallelograms no, n'p, &c. ; then from the equation of the 

111 

hyperbola we have bc = -^^ np = ^, nV = -^, &c., and 

1 1 

the parallelogram nc, which = bc x bn = —, n'p n ^» 

&c. n &c. ; hence, the sum of the proposed series = the 
sum of the parallelograms NC, n'p, &c., ad inf. But the 
sum of the parallelograms ad inf. is finite or infinite according 
as the hyperbolick'area bvvc is finite or infinite, for their 
difference is finite, being less than nc, and consequently the 
series is finite only when n is greater than unity. 

Cor, 2. Join ap, ac ; then it may be shown that the 
hyperbolick sector acp = the area bcpn. 

Ejc> 6. Required the area of the 
hyperbolick sector oap, the equa- 
tion of the axis being given. 

6 

ON = X, .'. NP = — x/x'^ — a^ 

a 

and a.oNP = ^ — ^, but d.APN = ydx^ ,\ J. oap = 

xdy—ydx b C xf^dx _ ) aft dx 

— = sr'> — === — x/x'^—aMx> =^-pr . — == 




2 



ab 



^ I ab ^ x^ Vo;^— «* 
ab y.u::^-l 

& = -^Za -f c 
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Ex. 7. NP is always taken 
in the asymptote of an hy- 
berbola such that ao x np = 
the hyperbolick area abmn ; 
required the area traced 
by p. 

then Ao X NP = 



ON = X 

NP = y 
OA = ft 



ABMN = fl-. I — , 

ON 



a 




or by = a'^.l — , .-. bdy = , .•. xdy = IT^^ 



.-. ANP, which = -fydx =fxdy—xy (2. 52.) = —r 

X 

a^/ + c, and o = - a« + c, .'. apn = a** — -^ (a* -f fty), 
.'. (6. 15. Ex. 10) Avvo = a*, which is independent of oa. 

Ex. 8. v=aZ — ' , required the area between the 

values X =za and .r = 6. 



y 

.\dy=: 2a 



, (a— A/a*— x«)^ f,, ^ , 1 

= a. 1,1 ^ L = 2a|Z.(a- ^/a^ — x^ -- /or J- 



xdx 



dx 



_ 2a(ar--aVa«- ^^)(ir 



A/a« — ;r2 (a — ^/a* —x^) ^ 

94i^dx 



a?A/a«— x2(a-. A/a«— a:*) Xx/a^—x'^ 

^ , 2a2dtr 

xy -fxdy = ^j/ -/ 



.•. w —Jydx = 



a? 



= J7y — 2a* X sin.-* — 
+ c; and 0= — 2a2 x -3-, .*. t^ = a:y + 2a^ x cos.-^ — 



,•. (w) = 2a6 /. T h 2a^ x cos.-* ^-. 



a 



-Ea?. 9. x^ — fljry + y^ = 0. 

Where the variables cannot be easily separated, as in this 
example^ recourse must be had to substitution. 
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Substitute y — 



OX" 






a^x"^ 



-f —J- = 0, or 



1 - 



«^ 



a\v^ 



s^ 



Z* ' Z" z^ 



(4aV - 6;er^)i^, .-./y^fx =/ J -^ - —J (fe = y ;8r« — 



1-!! 
2 a« 



c. 



2 or* 1 J?* 
^YY ""2 y* " 

-Ex. 10. a*j?V - ^ = «V- 

a* 
Substitute y = — and area = 



z 



_ — oV Say 

4^ "^"a?"' 



.•. ydr = ojda? — 
x3rf. and « =-$ 

Take on = — t=. 

^/3 

= .57 ... .9 and 

reckoning the area from the ordinate nf, we have 




1 



^ 6 



^ "" 6 36 "'■^' ••• c - - 36' •'"**■" 2 "* 4 "36* 
At a distance or = 1, the curve cuts the axis ; take 

OM = tj 'a'i ^^^^ ^^ ®'^ included between the ordinates 

5 25 5 

NP and Ma =-5 — ^^ --S2 = ^> which shows that the 

6 36 36 

positive area pnr = the negative area RMa. (Art. 1. Cor. 4.) 

The area opr is similar and equal to opr which = |^ ; 
and since they are both positive, their sum = i^, which is 
the result that would be obtained, were the value of u cal- 
culated between a: = 4- 1 and j?= — 1. 

The origin in this example is the centre of the curve 
(7. 6. Def. 2.) 

V 

£07. 12. Req[uired the area of a cucve traced by the inter- 
section of the sine of an arc and the secant of half the arc. 
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Let the secant ot 
cut the sine nq in p; 
join oq; then (Eu. 6. 3.) 

NP : pa : : NO : oa .*. 
comp®. NP : NQ :: N9 : 
NO 4- oa; or, by sub- 
stitution, y : -v/a* — a* 







Va! 



2 — .-r2 



1 



a 



3 



-^ — + C 



(2. 64. Ex. 2.). And correcting from the origin, w = «« — 
— s — -s/o* — ^* — :^ sin."* — 



^/a^ — x^ — ^ sin."* — ; hence theareaof theybZia^^, 



as it is sometimes called, = 2a* — a-. — = a^fS — -q" ]• 
The area in the 2d and 3d quadrants = a*(2 + — j and 



the whole area of the curve = 4a*. 



y2 = 



Ex. 13. «<^ + jr« = ^ 

2flfx— zp« 



Au = 



2aa: — a?^ 
x(a^x)dx 
V^ax — J?® 



- ^« = -TT^ T-, .-. 5^ = 






, .-. (2. 62.) tt = ^^2aa7— j:!* - 



fdx y/%Jix — X*. I 

Suppose ^ = a, then half the area of the foliate = 



«*(i - ^y 



Ka^ 



suppose X s? 2a, then ?i = — —5—, and con- 



2 



sequently the area in the 4th quadrant terminated by the 
asymptote = a*(l + -r-)? and the whole area of the curve 
= 4a^ 



Ex. 14. y = (a + a:) ^!!— ^ (Vid. Ch. 7. 14. Ex. 3.) 

V2a+a; 
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(a'\-x) (^a-^a:) , , * ^«dr axcLr 

y = ^ — -. .'. dti n ydx = — -I • 

x^dx . X 



V4a* - J?« ' 2a 



J7 



j^—x^^^-x^ -2a^sin.->5- + c (2. 54- Ex. 2.) . 
2a'- X 



= 5 — y/Aa^ — a;* + c, and, correcting from the origin. 



2a — JT 



1/ = 2a« 2 — V4}a«— oj^, .-. (m) = 2a% .*. tlje whole 

area in the 1st and 4th quadrants = 4a^. 

If we calculate the fluent between the values x = 2a and 
jr = — 2a, ^hich are the limits of the curve (i/) = 0, which 
shows that the area in the 1st and 2d quadrants are equal, 
and consequently the whole area = 8a^« 

Ex. 15. A circle. 
Let the origin be at the centre and the radius = 1. 
y = Vi -x\ .-. OBPN =y(l - x'^)^du =fdx ( 1 - -3- 

x"^ x^ Bafi ^ \ afi afi 

- T - 16 - 128 - ^V •'• ^''^'^ = * - T - 40- • • • 

x"^ 5a^ 

- il2 - 1152 -*'*'• *"°" = °- 

To compute this, let bp = 30**, then x = -^ and we have 
= ,0208333 . . . 



X* 



6 



40 



= .0007812 . . . 



= .0000698 . . . 
liVa ^ .0000086 . . . 
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Sec. = &c. 



sum = .0216940, .-. obpn = .6 -.021694 = .478306 

-7-, .-. AoNP = — g ^ .216506 

.-. sector BOP = .261800 

and the whole circle = 12 x sector bop = 3.1416 . . . which 
is accurate to 3 places of decimals. The area to 5 places is 
3.14159 ... for which * is generally substituted. 

If the area had been calculated to a radius := a, then it 
would have proved = ira* ; which shows that circles vary 
in the duplicate ratio of their radii. 

Cor. Since the corresponding ordinates of an ellipse^ and 
of a circle described upon its axis major, are in die constant 
ratio of the axis minor to the axis major, their areas are in 
the same ratio. Hence, if a and b are the semi-aies major 

and minor of an ellipse, its area = — . -ffa^ = ir.ab = the area 

of a circle whose radius is a mean proportional between the 
semi-axes. 

Ex. 16. Circular area forms. 

By means of the series which obpn equals, we can ap- 
proximate to its value in terms of the cosme or versed sine 
of the arc ap. / 

These approximate values have been calculated, and are 
registered in a table called a Table of Segments, which 
enables us to compute the value of any fluent of a (ArcvikMr 
area form. The circular area forms are as follows : 



(1,)/Va*- ^*dir 

= cir. area, rad. =s a, absc. = x. 

= a*, cir. area, rad. = 1, absc. = — . 

a 



(2.) y — ^/a^ — a7« do? = a*, cir. area, cos. = — , 



X 



(3«) f \f^cLx — x'^dx^ a^. cir. area, v.s. = — 

a 

VOL. I. 
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the ordinate of the curve is equal to the difference of the 

a* 
chord of the circular arc and of its versed sine ; .*. (u) = -^» 

14. A curve and a semicircle have the same abscissa^ and 
the ordinate of the curve is equal to the tangent of half the 
circular arc ; show that the area of the curve is equal to 
twice the corresponding circular segment. 

15. A curve is traced by taking its ordinate = the arc of 
a circle and its abscissa = the sine ; .'. (w) = ^^ ("S ^j' 

16. A radius cnm is drawn cutting a chord ^f the circle 
in N ; NP is always drawn at right angles to the chord and 
equal to nm ; required the area traced by p. 

>v/r« - c^ , r + c 

U = Cr -{ p; 1. . 

17. Required the area of a curve traced by' a point which 
is taken in the secant of an arc at a distance from its ex- 
tremity equal to the tangent, (w) = a^ f 1 — -j-\ 

This curve intersects the axis at Z 45°. 

5. The preceding formula frequently fails in its applica- 
tion when the area includes an infinite ordinate. 



an+i 



Thus, let y = . — r^r which is the equation of an 

hyberbola between the asymptotes ; then, integrating from 
Bc where ab = a (Fig. 3. Ex. 5), we have 



u = 



Suppose tT to be a greater negative magnitude than — a, 
viz. — (a + v)^ and that n is even and greater than unity ; 
then the area consists of two infinite areas which have tne 
same sign, for they are in the same quadrant, whose centre 

is B ; and yet w, which = =- . -—, , is finite. 
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If n is oddy the analytical value of u does not fail ; for, y 
changing its sign in its passage through infinity, the whole 
area is the difference of two infinite areas terminated by bc 
and by a line bc in the third quadrant, and is therefore pro- 

perly expressed by w = ^j— j -—^ . 

From this instance we may conclude that, in general, in 
integrating J'udx between ^ = a, ^ = 6, if there is an in- 
termediate value of the function which is infinite, the ana- 
lytical expression does not necessarily represent the fluent. 

6. It is sometimes required to compute an area, not from 
the equation of its curve, but from the value of a certain 
number of ordinates which are at given intervals from each 
other. In this case we can only approximate to the value 
of the area. By the method of interpolations, we can ap- 
proximate to the intermediate ordinates till the intervals are 
so small that the included areas may be considered to be 
parabolick, which may therefore be calculated. For an ex- 
planation of this method, vid. Vince's Astronomy, Vol. 9,, 
Art. 1248. Principia, Lib. 3, Lem. 5. 

T. Simpson has given in his fluxions a very useful formula 
for calculating the parabolick areas. 

7. Required the length of the arc intercepted between two 
known co-ordinates oja given curve. 

AN = or It has been shown (8. 2. Cors. 2 and 8) that if 

NF = y the co-ordinates are rectangular, ds = ^^dx^-f dy^^ 

AP = ^ ds 

or ;!- = v^l +P^5 *"^ ^^^ ^f ^^^^y ^^^ inclined at 

ds i 

Z.a,^ = (^« — 2cos.a;)-|-l)*. 

Hence, from the given equation calculate the value of ds 
in terms either of ^ or of y ; and the fluent, corrected if 
necessary, will be a right line which is equal to the arc ap. 

8. The rectification of curves by means of Taylors 
Theorem* , 

In fig. 8. % the arc vp is always greater than the chord pp 
and less than the tangent p* ; but from Taylor'^s Theorem, 

dy h d^y h^ ^ ' , . . , 

p-r = —^ — + j^ Yq 4- &c. =, by substitution, ph -f p.^* 

where p is a scries containing the ascending powers of h ; 



M I 
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whence (Eu. 1. 47.) Yf = *• + A* {p^vhf = A^ (1 +p^) + 
2ppA* -f &c. Also, sinc5e ps is a tangent, sie = v*^'^ ^^ ^^* 
= (1 +p*)A* ; whence we have 

Ps« = (1 +i?«)A« 

chord «pp = (1 +p^)h^ + 2ppA5 -f &c. 

which series are in the order of their magnitudes whatever 

be the value of A, and consequently (3- 3-) ^a — ^ "^ ^ 

and u =fdxy/\ -f jp«. 
jEx. 1. -4. semi-cj/cloid. 

The equation is y = ;k + >v/2ax-x« where « is a circular 
arc v.s. = X and 2a' = the axis of t he cyclo id ; differentiating, 

=yyx /— =2(2a^)^ = twice the corresponding chord of 

the circle. 

JEa:. 2. -4 semi'Cubicai parabola. 






The equation is j? = ^. Here it is more convenient 

to calculate tfc in terms of y ; hence, we have 

dr = -s-^ and ds'^ = -^ + d^ .-• ds = dy. ; 



3_ 

.1 



3, 

(% + 4a)* 8a 

'•■"""it? «^ 



27o* 

0= — ^^ — -, — + c 

27a^ 

I 1 

To obtain « in terms of x^ a^ x'^ must be substituted 
for y in the above expression. 
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. Ex. 3. The ApoiUonian parabcia. 

Here ax = if\ .\ da: = -^-^, .\ ds^ = ^ ' ^ — ^, 

^. ^^ ^ ^4y^ + a-, dy 

a ' 

To integrate this, substitute b = — , .\ ds = -^ ^ 



.-. (2. 56. Ex. 1.) ^= ^ 'v/y^ + ^* "^ ¥ ^ 6 ^ 

and by means of a table of logarithms the length may be 
computed corresponding to any value of the co-ordinates. 

Ex. 4. A parabola whose equation is 0**"'^ = x\ 
nx^^dx , , /, , n^x^""-^ 

dy = —^^::t-^ •'• ^* = ^J 1 + -^^i^r^rr-^ ••• 

^2^-1 w*x***""' rfix^"^ 



J .*. r = _ , and consequently the series 



(^n-l)^^^^-^ (4n-3)8a*'»-^ (6w-5)16o«"-^ 
— &c. 

Comparing this fluent with the form Ch. 2. Art. 46. we have 
n ==: 2n-2 
m-1 =0 

will terminate when ^ — —^ is a positive integer ; and to 

.1 1 + Zv 
find the requisite values of w, let w = ^ _ q , .*. w = — ^ ^, 

in which substitute the numbers 1, S, 3, &c. and we have 
n = 4, 1^ ^, §, 44, 8cc. ; in all which cases the length of the 
parabola can be expressed in a fiiyte algebraical form. 

The series likewise terminates when m+r or -^ + 



2 ^2n-2 

, 1 1 n 

is a negative integer; let - t? =-g + ^jj^^-^ = ^j^— ^ 

2i; 
.'. n = . Q - ; or the pisurabola possesses the same pro- 

> perty when n^ ^^^^ ^, &c. 
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f 



It is obvious that the latter series give the same parabolas 
as the former, but with their axes changed. 

Ex. 5. A circle. 

dt 
Let t = tan.5. then (1. 32. form 4.) da = rvr* = . . . . 

fi t^ f 
A (1 - ^ + ^ - 8rc.) •••* = *- -g- -»- y — y +&C. for 

c =0. 
And to compute this, suppose 9 = 80'' = ^^th of the 

whole circumference ; then t = — = = .6773602 .... Sub- 

V3 

sdtute this in the series^ and taking 12 terms, s = .6235987 
.... therefore the whole circumference = 6.S831804 .... 
= 2flr. 

If the circumference is computed to radius = r, it = 2itr ; 
or circumferences of circles vary as their radii. 

Since we obtain only an approximate value of 5, the circle 
is not a rectifiable curve. 

To obtain a series which converges with greater rapidity, 
the following artifice may be adopted. 

Let A = tan.-* t 1 * • * ... , 

B = tan.-H )•*• "•" = i + ^ = 4, 

5 

and tan. (a -h b) = t-^ =1, .•. a + b = 46°; 

Hence, since * = * T"*^"^ — ^^* 

^""2 8.2^ ■*■ 6.2' • 



.-, 45*> = A+B- g ■■(3.2»"^3.8V"^\6.2«"'"6.3V ^^' 
which is yth of the whole circumference. 

Ex. 6. Required to deduce the formulae of Ch. 1. 32. 
upon geometrical principles. 
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Let AB be a auadrant whose 
centre is o; take any arc ap 
and draw its trigonometrical 
lines as in the figure ; draw the 
secant opt near to opt, and tt, 
S0- perpendicular on oL Also 
draw the fluxional triangle pqr. 



(1.) From A pqr, b 



OA = o 

NP =f/ 

AT = t 

OT = * 

AP = tt 



Ea X po 

OPN, PR = > 



or du = 



ON 

ady 



which is form (1). 

(2.) Since ON decreases as AP 
increases, Pa in this case = —dx^ 

PQX PO 



and PB = 
^adx 



PN 



; ox du •=• 




(3.) The fluxion of the versed sine may be deduced from 
that of the cosine. 

(4.) . p;, : Tr : : OP : OT I . j^ ^^^ ^^ . . 

limit, TT : T^ : : OA : OT J ^ ^ 



and in the 



a^dt 



oa«:ot2; oxdu\di\\a^\ a^-\-t\ .'. du^ ^^ 4. ^a ' 
(5.) Let ue = t then 

PP-«^ = -«^ = ^^J.-. inthelimit, Pp:s5:: 
and m the limit, so* : s5 :: ob : os 3 ' ^ 

0A« : OS*; or dz : —dJtw a« : a»+^, /. dz = 



a«-|-^ 



(6;) ^ ,. ., ^•^-^^-^'^J/. intheUmit,F/.:^r:: 
and in the limit, tt* : tr :: oa : at 3 ' -^ 

OA* : OT X at; or dw : d* : : «* : 5 v'**— «S •'• «w = — * 

(7.) Let OS = 5 then 

p/?:s<r::op:os> ^,,._^, ..^c 
and m the limit, s<r : 50- : : ob : sb 3 



^ V«* — a\ or dtt = -- 



a^^fo 



s -•** — «* 
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Ex, 7. An ellivse. 



Ao the principal semi-axis 
OB the transverse semi-axb 
The eccentricity 



:a=l 
b 
-e 
ON = .r, NP = y, BP=s, op=r. 




The equation is y = ^1 — ^^1 — a?* (7. 14. Ex. %) 

xdx 



.-. £/y = — -v/l — e^ 



^/l 



=, .\ds = dx / 1 + ^ V 






1 



LI 



1.1.3 



But VI — ^*a:« = 1 — -^e^x'^ — o"!^^ — oT^^*^ "" ^^* 

a series which converges rapidly if ^ is a -small fraction; 

dx 

vf 

113 7 

* *A g^j?^~&c. r ; each of which can be integrated either 

hy. Hirsch's Tab. 26. Irrat. DiflF., or from a formula which 
will be demonstrated in the 2d vol. viz. 



1 1 r* ^^ i ^ ^ 1-1 A A 

whence, we have s = / —===. < 1 — -tt^'j:*— ;rT « * "" 

^^ '"• —a?* ^ ^ ^-4 



' a:'"<ir 



(l—a^Yx*^^ m — l ^ X 



.♦n— 4 



6^07 



, which 



/ 

at each integration reduces the index of x without the vin- 
culum by two; thus we have 

^ x^dx „ dx 



Vl-x' 



VI- X' 



=r — ^a:>v/l~^* +4- A, if A = sin.^^^? 

ai^dx , ■=- :; , ^ x^dx 

/—== = -:!: .rVl-^^+lr/ 



/jrft 1.3\ ~ . 1.3 






jr*^ 



Vl-a;' 



• • • • * 
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/x* 1.5 ^ 1.3.5\ .; 1.3.6 

and substituting these in the series which expresses the value 
of s we have 

1.8 7 1.1.3 ,C/a;« 1.5 ^ 1.3.6\ = . 



1.3.5 
2.4.6 * 



I + 8cc. 



Cor. 2, When b is greater than a, the eccentricity of the 
ellipse is measured on the transverse axis and ds^ which 

f ¥ '^ dx /«*+ (6*- a^)x^ 
=idx / 1 + , = — / ^^ ' — = 



cto / — -— when a = 1. 

V 1 — a:« 



Cor. 3. If ^ is the arc of an hyperbola beginning at the 
vertex, it may be shewn as in the examjue that ds ^ 



^x^-l 



where ^^ = 1 -f b^. 



Cor. 4. ds •=■ -r-l i^— ^ , the lower sign belonging to 
the hyperbola. 

For the equations are ^^ ± -r^- = I5 •'. J?= 7 and 

^ = —^tyjL- and (fe = — rfy /l + ,,,.f- ,v .... 
rfy jWT^F^ _ dy jh^^e^aHjf^ 

Cor. 6. If the origin is placed at the vertex of the ellipse, 
or of the hyperbola, and s is the arc beginning at the vertex, 

(fe = dar / ^ _- ^ — ^, the lower sign belonging to 

the hyperbola. 
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Cor, 6. ds =i — ===L==r where r is the radius 

\/(r*-^8)(a«— r*) 

vector of the ellipse. 

For r« = x« + 3^2 = ^2 + J2(i _^4) =^M- 6*a:« 



... 



/. jT = , /. ffo, which =dx I "i -r 



rdr /I - (r« — A«) rdr ^/l + 6* — r« 



^; / l~(r^-ft«) 

"Ta* V I - r2 — ft* ■" 



^ v'r* -6« V I - r«-ft* >v/(r«— 6«) (e* + ft^- r«) 



V(r2 - 60 (a« - r') 



Lor, 7. In the hyperbola ds = 



v/(r* + i*)(r«— a^ 



Cor. 8. & = d^ vl — ^*sin.^<p, where <p = the corre- 
sponding circular arc described upon the axis major of the 
ellipse as a diameter. 

For produce ob, np to meet the circle in c and q, let 

djc ' — — 

CQ,^<P; then a?=sin.0 .•. d0= — == or dx=: \/l ~ x'',d<p; 



dxVl—e^x'^ 



whence ds. which = - — , = d(p Vl— ^^sin.«(p* 

This form may also be integrated by expanding it in a 
series by Taylor's Theorem. 

Since sin.- 9 = i — 4^cos.2<p (Trig. p. 62), the fluent may 

be put under the form d%(l—fi cos.;^)^ where z = 9^ and 
n = ^, which is more convenient for the developement. 

d(3 
The form — — may be intes^rated in the same 

v'l -^« sin.2<p •" *^ 

manner by expanding it in a seiies. 

9- Required to compute the peri/pJiery of an ellipse* 

Since the fluxion of an elliptick arc contains a circular 
form, we can only obtain an approximate value. Series for 
this purpose have been investigated by several eminent 
mathematicians, which converge with greater or less rapidity 
according to the value of e. When e is very small, the 
series of the preceding article will be found useful. Let 
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1* 

p = the periphery, then making ^ = 1, a = — , we have 

l^_;^. Jl« 1:1X3 4 1.1.1.3.3.5 \ 

4 "" IX "■ 2 ^ ■" 2.2.4.4 "" "" 2 2.4.4.6.6 ^ ^ V 

The series given by Euler in the 2d vol. of his Opuscula 
is of great utility, since it converges the more rapidly the 
greater the eccentricity is. The circumference of an ellipse 
whose eccentricity is .99, computed by means of this series 
= 4.1139....* 

10. EUipticJc a/nd hyperbolick forms investiguied. 

If these are integrated and their fluents computed and 
registered in tables, it is obvious that they may oe applied 
to the same use in the int^ration of other fluents whicn we 
have seen may be derived from the circular or the logarithm 
mick forms. We shall proceed therefore to investigate such 
other elementary forms as occur the most frequently in cal- 
culation. 

.) In as ss — , substitute i; = v' 1 — ^x^ . . 



V'l - »* , —vdv 



.-. z = .•. dx = — == and v'l — a?" 



=y- 



= : .'. we have 



e^ 






In this, formula the transverse axis is supposed to be the 
minor axis of the ellipse: if b is greater than a, ds = 

dx*/T+^¥x^ 



, in which if t^ = Vl •\-e^b^x^ be substituted, 
• l-ar* 

there results ds = — __ . _ — _ , the same formula 

as before, except that the sign of the numerator is changed. 

— x^dx 
Cor. Hence — : , where a and b are positive 

quantities, may be integrated. 

For comparing it with the above form, which when re« 
duced to an axis major = 2a becomes 

* See a paper in the Philosophical Transactions for 1804 by 
Professor Woodhouse. 
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s = /* — =>wehaveA=fl^+ft%B=a^ft»; 

whence a + b = ^/A-f- ^^b + >v^a — 2 a/b ; and a —- 6 = 
^/A +2^"b-^/a-2v% or 2a= Va + ^V^ and 26 = 

a/A — Svb; wherefore / — — ^^ — = elliptick arc, 

•^ a/a^ - a:^ - b 



axes = a/a +2 a/b ± >v/A — 2 Vb, and absc. = 



VI -a:' 



VI - a:* flVa*— a;* 



a/1 — 6* a/«' - 6^ 

If a is less than b the fluent must be constructed by means 
of an ellipse whose transverse axis is the axis rric^or ; the 
magnitude of the axes will be the same as before, viz. 

a/a+2 a/b hF a/a— 2 a/b, but the abscissa of the arc now 



Vb'^-a^ 



dxVe^a;^—! 



(2.) In ds = T====r substitute v = ve^x^ — 1, .' 

^ ^ Vx^-1 

a/i^ 4- 1 , , 'vdv V 

X = and ds •=■ — 



e^/v^ 






V (w^- 62) (i?« + 1) ^t,4+ (1 _ ^2) ^2_ i-i 

Hence j— i = hyp. arc, 4- axes 

a/^ + Ad;^— B ^^ 



= V^'2"^n/t "^ ^'>^^' = 



aA/«*+a?2 



A/tf ^ + h^ 

xf^d'o 
Cor, If the hyperbola is equilateral, ds = 



/i^* - a* 



(3.) In cfe = — substitute -r- = 1 rsje^-x\ and 

+ 62(^t; 
there results ds = 



t?%/(»«+6^)(l-z;*) 



t'*V-i>* + (l±68)i;«+6« 



CKAP. IX, ELLIPTICK FORMS. • 351 



If & is greater than 1, ^ = = 



Cor. If the hyperbola is equilateral, ds = 



«;« a/«^ — t^ 



dxvl—e^x^ 



(4). In d* = , substitute 1 — vo? = a/1— a:* 

2i; _ 2dr7(l~t)2) 



•*• "^ = 11:^^ •••^ = 7rT^«y"' ^"^ ^^""^' 






2dc 



^j^j-5p Vt/*-2(2.^-l)r^+l. 



2(Z^ 



Cor. 1. Hencey-3— -5— V-^- Aa?*+ 1 may be integrated ; 

(1 -tx ) ^ 

for, comparing coefficients, y +1 = 2^ = 2(1-5^) .-. 46^ 



2dr 



=2— A and 26= a/2— a; wherefore A^ . ,,. v/x*— ax^ + 1 

2ar 



= elliptick arc, axes =: 2 and a/2— a, absc. = TT~2* 

Cor. 2. If the same substitution be made in df$ = . • . «. 

dxy/\ +^6«ar2 , .„ - ^ 2dr 

— , there will result/ 7; — -^^ a/^* + ax* + 1 

207 

= ellipt. arc, axes = 2 and a/2 + a, absc. = ^2 * 

11. J. table rfeOiptick and hyperbclick forms, 
dx^a^r^e^x^ 



(1.) y* — ^^- ^ — = a X arc, 4^ axes = 1 and a/1 '^^S 



a? 

absc. = — . 
a 



dx a/I + w*^* 



(2.^) f ' . =: ellipt. arc, 4. axes = 1 and a/1 + vn\ 

^ ^-^ a/1-^* 
absc* z= ^. 
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(S.)f — _ — = n X arc, i axes = ^ni^±nS and 
^/n« 4- a?* 

fly ord. s: ^» 

/4\ /• "^yy* -r^ ^H- _ ^^«+ n* X arc, i axes =1 
"^ '"^ ^/2fwx+x2 - 

and — i absc. = — . 



fS.) /• — ■ = arc, i axes = a and D, 

abcs. = — ====. 

(6.) yar v'l Hh w«sin.«ar = ellipt. arc, 4^ axes =1 and 
v^ 1 + w*, absc. = sin-j:. 

n.) f — ===;== = ellipt. arc, axes = a/a + 2v^b 



± ^/A— gv'B, absc. = 









y±i+7T-^^'*^^-= 



a\/a^ + a? 



Va«+6* 



a?*rfa? 



m {HE • 

(9.) y — = equilat. hyp. arc, 4^ axis = a, absc. = 



J 



a* + a;« 



2 



arSy'— a?*+Aa:« — B 



a^*^x^^¥ 



—(207 If . 

(\^ \ r = — . hyp. arc, 4 axes = 

% _ . 

/ A /a^ , aW^rH-6' 
4 / H \- / -T" +B, absc. = ===. 
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(12.) y = hyp. arc, i axis = a, absc. = . . 






2dx 



(18.) /*;=-- — -r- >v/ J?* q: A^« -I- 1 = ellipt. arc, axes = 2 

___ 2a: 

and x^^ + A, absc. = ^— — -. 

1+a:* 

In these forms th^ upper sign belongs to the ellipse and 
the lower to the hyperbola. 

In forms (7.) and (10.) a and b must be both positive, 
and f must be greater than b% or L «k>U of the equa- 

tion — a?* + Aar* — b = must be possible. 

In forms (8.) and (11.) b must be positive, but a may be 
either positive or negative. * 

In form (13.) A may be either positive or negative, but it 
may not be a greater negative quantity than — 2. 

12. Examples. 



Ex. 1. at« = — , .'. tt =s — ellipt. arc, 4- axes 

= 1 and ^ • absc.= — . 

o a 

I 
x^dx 
Ex. 2. du = — .111 . V 



V^^ + Aar+B 

2««(fe 
Substitute «* = x. .*. du = , .*. (10. form 8.) 



u = 2hyp. arc, \ axes =^ ± -g* ^"^"1 — B,absc. = . . 



a V'«* + a? 



x^dx 
Ex. 3. du = — - . .. . 

A/a:«-l 

VOt. I. A A 
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By substitution du = — , •*• i^ = 2 hyp. arc, ^ axis 



= 1, absc.=^-g-. 



Ex. 4. dii 2= 



x^dx 



v^Sa:— .a:«-.2 



2x«tf« 
By substitution du zz — : . — , .*.«*= 2 ellipt. 

arc, axes = v'S -f 2^ 2 ± vS-2-v/2 = (Alg. 258.) 1 + 

a/2"± (1 --v/2) = 2 and 2^2^ahsc. = Va?-1. 

dtt 

Ex. 5. du=i 7=-; — -r v^l +x*. 

(1 + x^) 

— 2:r 
w = 4- ellipt. arc, axes = 2 and >v/2, absc. == . 

Ex. 6. rfw = dr / -= — - = 7= -r- / = «... 

V (l-^x^f (H-a?*)W 1+a^ 



dx 
(\+xy 



V^l~ar«4-a?*. 



ar 



2w = ellipt. arc, 4^ axes = 1 and .5, absc. = -^ . 

13. Eequired the content of a solid of revolution. 






All its sections perpendicular to the axis are circles. 
Let PAR be the 6urve by whose revolution round the axis 
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AE the solid is formed. Construct the figure as in Art. 1., 
then the parallelograms nl, nq, yp, Kir generate cylinders. 

Since the cylinder ln and the solid par may be supposed 
to be generated by circles moving parallel to themselves 
along the axis ae, we have inc. u : inc. cylinder ln :: solid 
generated by NP/m : cylinder pn : but since cylinder mn 
: cylinder pn : : cifcle Nm. : circle np : : Nwi* : np* (ultimately) 
:: 1 : 1 ; therefore, k fortiori, in the limit, the solid generated 
by NPpn : the cylinder pn : : 1 : 1 ; whence, du =d. cylinder 
LN = circle np x d. an = cylinder nq = *y^dx and u = 

Cor. Hence the fluxion of a solid is as the area of the 
generating circle and its velocity conjointly. Grenerally the 
fluxion of a solid generated by any plane perpendicular to 
an axis is as the area of the plane and its velocity. 

14. Required the content of a solid by Taylor's Theorem. 

Let p be the generating area which is supposed to increase 
or decrease by some certain law ; and let u be the corre- 
sponding solid; then p and u may each be considered as 
functions of the abscissa x. When a: becomes x^h^ let p 
and u become f' and u, then u — 1« is always less than i^h 

du h dhi A^ ^ , , . , - /. . . 

j~ "i" + T". rr; + &c-i and pA are m the order of their 
ax 1 dx^ 1,2 ' 

magnitudes whatever be the value of h ; consequently (3.3) 

du 

-J- = p and u =ypdi. 

The generating area is at right angles to the axis. 

15. Examples. 

Ex. 1. A paraboloid. 

_ _ , irax^ ny^x 

= ax .*. du = 'ntf^dx = ^naxdx, .\ u = -g- = ~5"* 

i, e. the paraboloid = \ the circumscribing cylinder. 

Ex. 2. Required the content of a paraboloid intercepted 
between two known abscisste h and c. 



A a2 



o=-^+c 
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Ex. 3. An oblong spheroid. 



a' 



a' 



.'. M= — p(^^ a~) for c = o .•. the whole solid = 

— ^ f 4a' 5— ) = T ^ft*« = T circumscribing cylinder ; 

and = twice the inscribed cone. 

If 6 = ff, the spheroid becomes a sphere ; or the content 
of a sphere = \ circumscribing cylinder. 

If the spheroid be MaiCy then, mutatis mutandis, u = 
\ ira'^b. 

Ex, 4. A pyramid. 

Let ABCD be the base of the pyramid, p its vertex ; draw 
pCr perpendicular to abcd. 

Intersect the pyramid by a plane as abed perpendicular 
to PG or parallel to abcd, cutting pg in ^; then the pyramid 
may be supposed to be generated by abcd moving along the 
axis PG. 

Join AG, ag\ and it may be shown that abcd is always 
similar to abd. 

.*. (Art. 12. Cor.) du = abcd x dx ; but from 
similar figures, abcd : abcd : : ad^ : ad* : : pa* 



PG = a 
Tg = x 

abcd = A 



AX^ 



: PA* : : p^^ : pg* .*. abcd = — .*. du = — . x-dr 
° a^ a- 



X 




and w = — ^ -^ .•. the whole pyramid = 

Cor. 1. Hence the con- 
tent of a cone = ^ circuip- 
scribing cylinder; and if a 
frustum be cut oflFby a plane 
which bisects the axis, the 
frustum : the whole cone : : 
7:8. 

Cor. 2. Hence also may 
be found the content of an 
imgula, which is a solid cut 
on from a cone by a given 
plane. 

Let HEG be the given 
plane, and ehgb the ungula; oc the axis of the cone : draw 
the plane hog, and on perpendicular to fe produced. 
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The solid bohg = 



BHG X OC 

3 ' 



and the solid eoho = 



HEG X on 



each of which can be calculated ; whence their 



difference which is the ungula can be found. 

Ex, 5. Required the content of the ungula of a cylinder 
made by a section passing through the centre of its base. 

Let Dfio be the 
section passing thro' 
c the centre of the 
circle perpendicular 
to the radius ac. In 
oc take any point n ; 
draw the ordinate 
NP perpendicular to 
CO, ana from p along 

the surface of the a. b 

cylinder, draw pq parallel to ab meeting the section in a ; 
join NQ« 

The ungula may be supposed to be generated by the 
triangle NPa which is parallel to the triangle cab, for np, pq 
are each parallel to ca, ab ; and the axis is ocd. 

AC = a 
AB = 6 
ON = ^ 




AB 



From A Pa = PN X — = — ^2aa: — a?^, 



AC 



a 



b b ^ x^ 1 
.*. du = ^. {2ax-'X'^)dx and w = — ^ aocf^ ^ \ and 

the whole solid = ^ a^b. 

Ex, 6. Required the content of a solid generated by the 
revolution of a semicircle round a tangent parallel to the 
diameter of the semicircle. 

Let AVB be the semi- 
circle, and let it revolve 
round the tangent lvk ; 
complete the rectangle 

ALKB. 

Here it will be more 
convenient to calculate 
the content of the va- 
cuum formed by val 
and VBK, and to subtract these from the cylinder generated 
.by LB. • 




858 CUB^TURE OF SOLIDS. CHAP. IX. 

Draw the ordinate pn and complete the parallelogram 
VMPN ; let V = vacuum formed by vpm .*. 

dv = O PM X d.VM = ©VN X d.PN = tf^* X (L V2ax — a* 

I 

.•. integrating by parts, v=irj:*.(2ar-a?0^ 



= »x«(2air - a^y^ + %tfsj%ix — af^{adx - xdx) 



— 9nt .fy/ 2ax'-x'^ . adx 
=ira?«(2flw?-a?«)'^+x-(^^""^'^)*""^'^^' ^**N> for c = ; 



.*. vacuum formed by val = *a' H -x 2ira x vac 

= -^ XTa x vac; 

.'. the whole vacuum = —5 9fiea x avb, and cylinder 

LB = ^a' .*. u = 2irfl . AVB ^ = ir'a* ^. 

£a?. 7. Lety = a^\ .% («) = ira*. 

Ex.S. Required the content of a ^rom. 

1. Let the co-ordinate sections be ecjual semicircles. 

ON = 07 

NP =y 

OA = O 



The area of the generating square = 4np^ 
= 4(2a.r — x^) .•. du = 4.(2aj? — x^)dx .•. u ■= 
4a^ — 4^, and the whole solid = ya\ 

Whatever be the form of the sections, the content of the 
groin will be to that of the solid generated by the revolution 
of the section round its axis as a square to its inscribed 
circle. 

2. The content may be found when the sections on op- 
posite sides of the axis are different curves. 

Thus if the two sections are a circle and a parabola whose 
equations are y^ = ^x — x^ and y^ = px, 

u = ^(8a« V^ — p^.(9a - .r) *(4a + 80?). 

16. We have nitherto represented the fluxions hy finite 
lines and areas, according to the method invariably adopted 
by Sir I. Newton. 

In order to ascertain the lin^iting ratio of evanescing 
quantities, he constructs finite magnitudes which are always 
in the same ratio as the evanescing quantities ; the last ratio 
of these finite magnitudes is evidently the ratio required. 
In some of the following propositions, for the sake of con- 
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ciseness, we shali represent the fluxions by the small incr^ 
ments whose ratio is to be taken in the limit ; this changes the 
scale on which dx is taken, hut will not affect the accuracy 
of the result. 

Upon the same principle of convenience, solids and areas 
may be compared with lines, though they are heterogeneous 
quantities. The area of a rectangle wnose sides are 3 and 
4, when numerically represented, may be considered as 
hearing a certain ratio to either of its sides, though in one 
case the numbers represent superficial, and in the other 
linear units. 

17. Required the content of a solid bounded by three 
planes, each of akick is perpendicular to the other two, and 
by a cvroed surface whose equation is lenovn. 




Let u be that part of the solid which is bounded by oz 
and by two planes sprk, tpth respectively parallel to zv 
and zx, and intersecting in the line pq; then since u is 
bounded by the four planes oa, sa, no, ot, and the surface 
zp, it is necessarily an iniplicit function of x and y, and its 
wh<Je increment arises irom the variation both of x and 
ofj^. 

Take Nn, oj' small and cotemporary increments of on, 
Ntt ; through n and g* draw tlie planes ^v's!, ly v* parallel 
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to SPR, TPv intersecting in pq ; and join po, p'q', p'y', P99 
which tc^ther with the surface rp form a curvilinear prism 
whose base is q^. 

Now -j-dx ; dx = the limit of sNa'p : n»; or, repre- 
senting the fluxions by the increments for the sake of 
brevity, -r-da ss snq'p in the limit, and consequently 

^ dfy = the ultimate value of the increment of 

snq'p arising solely from the variation of y = the ultimate 

d'u 
value of the prism Tq = aq x to,; i.e, -j-f- dxdy = zdxdy^ 

and reversing the operations indicated by the symbols, 
u zzjjzdxdy. 

Ifwe reverse the order in which the partial fluxions of u 
are taken, there will result the same paralleleliped op to 
represent its » second partial fluxion, and consequently the 
order in which the integrations are taken will not aflect the 
result ; or u =Jpsc(xdy =-JJzdydx. 

16. The demonstration of the preceding article may be 
made to depend upon Taylor's theorem. 

For on tne base oq describe four parallelelipeds with al- 
titudes PQ, p'q', 1^(1 and pq ; then, whatever be the values 
of // and k^ it is manifest that the magnitude of the prism 
lies between the magnitudes of the parallelelipeds, being 
greater than the least and less than the greatest. But, sini'.e 
the prism is a second partial increment of the solid, the 

first term of its developement IS -p-j-M. Also the paral- 
lelelipeds when developed are ASt.js:, AA; ) « + ~ — -f &c. \ > 
, , V d:s Tc - ") , , , f dz h dz k ^ } 

d^u 
wherefore (3. 3) -j--7- = z and u zzjfzdxdy. 
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d^ 



U 



19. Since -J— J- dydx = zdj/dx = dyzdx^ therefore . . • . 

— dy = dyfzdx ; but « is a function of x and y given by 

the equation of the surface, and we have to integratey^t^/^ 
on the supposition that x alone varies ; and consequently, 
the correction of this fluent must be a sole function of ^ ; 

du c ^ 

represent it by y', then ^ 4j^ = ^{/ < Jlsdx + y' 5 ; and in- 
tegrating a second time, and representing f^dy by y, we 
have ti = X -f Y •\- JJzdxdy wnere x is a sole function 
of X. 

In the first integration the value of Jldx must be taken 
for the whole extent of the solid, y being considered as con- 
stant ; in the preceding diagram, it must be calculated be 
tween or = and x = my, and the result being a function of 
y^ call it p ; we shall then have to integrateypjy between the 
values y = and y = oy. 

If u is to be included between the two values a: = a, 
a? = a and y =: B^y =^ b, find the value oijkdx between 
or = A, 0? = a, y being constant, let this = p ; and then 
integrateyip^ between y = b, y = b. 

Next suppose that the part to be calculated is as much 
of the solid as is included in a cylinder whose base coincides 
with XY, and whose axis is parallel to z. 

Let the base of the cylin- 
der be a circle ; draw vmwi 
parallel to ox cutting the 
circumference in m and m. 
In this case; we shall have 
to integrate fzdx between 
the limits a:=vM, x^vm; 
and the posiuon and mag- 
nitude of the circle being 
given, the fluent will be 
obtained in terms of ov or 
y. Draw the diameter 
F6HK perpendicular to ox, 
meeting ox in k ; and the 
second fluent must be in- 
tegrated between y = kh, 
y = KF. 




• i 
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The same method is applicable when the base of the 
cylinder is any known curve. 

Cor. 1. This method of calculating u follows immediately 
from the principle that the fluxion of a solid is as the gene- 
rating plane and its velocity conjointly. 

Cor. 2. u may be put under the form of a triple fluent. 
For u = xffdxcbf ^J][fdxdydz. An area, whicn =.Jydx 
^JTdxdy^ may be considered as a double, and a line as a 
single fluent. 

20. In this article we shall ^ve two examples to show 
that in the integration of double fluents, the result is not 
affected by the order of the integrations. In these examples 
X and y may be independent quantitiesi as they are not con- 
nected by an equation of conaition. 

Ex. 1. u =ir-^^. 

First considering y constant, we have 

ax'\-by "^ (cujc a^x\ crx^ ^ 

= — fa? -f -^ — jr-^ + 8cc« + y' where y' is an 
a ^ a^x 2a*^ ^ 

arbitrary function which cannot be determined, since there 
is no equation of condition. Hence u^ which ....... 

Next integrate u^ first considering x constant ; then we have 

/ — ^^^ = -^ — ^— +. ;r-^ — &c. 4-x', and mtefirratinf 
^ ax-^by ax 2a«a:« ^ 3aV ^- "r^^ «" *" ^ »"«6 

^ ' -^ '^ ax-\-by a 9>a^x %Sa^J^ 

-h X + Y, which is the same result as before ; for x and t 
being arbitrary functions^ may be assumed the same in the 
two cases. 

dx 1 X 
f -— — r = — tan.-^ h y' .'. 

w =/— tan.-* — -h Y -f x 

y y 
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X a^ a? 



Again / -r-r-o = — tan.-^ — + x' ; but since tan.-* — 
^+y^ XX X 

+ tan.-»— =— .-. tan.-'— =-jr— ^ o-3 + Fl~8ic. > 

.-.—tan.-* — =0 + H~, - F-^ + &c- 

a: X XX y Sy^ 6^* 

= X + Y - — + gy-gy +&c.since^ may be in- 
eluded in x. 

21. Examples. 

Ex. 1. Let o be the centre of a sphere; required the 
content of zoxy. 

The equation is a;^ + ^* + «* = r^ .*. z = ^r^ — y^ -. j;« 

du _ , 

.*. -7- -s^^Jax a/t"^ — j^ — a;* = cir. area, rad. = 

V'r* — y^^ absc. = a?, + c ; of which the limits are or = 
and a: = Mv = ^r* -y .-. {^ = ^(r« -y) 

.-. t^ = -Ar^y — ^ J •*• (w) = "^5 ^^^ ^^ whole sphere 

"^ "6" ^ ~3~" 

If we integrate the first flue nt between the values 
X = ^/r* — y\ jr = — v/"* — ^* ; and the second between 
y ^ r^y — — r, the result will give the whole hemisphere 
above the plane xy. 

X tJ a/ fl^— «5* 

Ex. 2. Let the equation be •" a = .... 

(7. 46. Ex. 3). 
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Here «• = a^ — (a? + -r^) => by substitution, a* — z;^ 
.\Jzdx ^fiv ^a^ — x7« = cir. area, rad. = a, absc. = t; -h c ; 
and integrating this between j; = 0, a? = a ^, i. ^. be- 

tween v = -^, t? = o, we have I j- ) =* ~t cu*. area, rad. 

- .ay *a«y . , 

= a, absc. = -r- .*. m = — -r^ — ^ x cir. area. rad. = o, 

absc. = -^, -^f-^-ff- / «* ^ + X ; and integrating 

between y = 0, j/ = 6, there results (m) = -^. 

The same result will be obtained by considering the 
solid to be generated by a triangle whose plane is parallel 
to XY. 

Ex. 3. An ellipsoid. 

*r* t/^ is* 
The equation is — + -^ -f -7 = ^ (7. 46. Ex. 6.) .'. 



~ as/ "" 



— ; — x^ .'. fzdx = — Cir. area, rad. . . . 



o T-r , , , a 



== -T- a/^* — y* absc. = j;, + y ; and here mv = -7- Vft* — ^ 

.*. (w) = -^— and the whole solid = ^itabc. 
Ex. 4. An ellipticJc paraboloid. 

The equation is (--=- = 2 .\j^dx = —- -f ^, 

Let the axis of the solid = c ; then ox* = ac, oy^ = he 

and to find mv, we have J-^— = 1 /. mv=— ^bc •— v^ 
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b 



(du\ __ a^{bc — 



-y^)^ ^ flV(feg~y) 



36* 6^ 



- I 



36^ 36^ 
_i 

a*c . — 

/, u = — J- cir. area rad. = Vbc, absc. = y, 

.^a'^C yibc-y'')'^ be ^^ > 

JL S3 



rad. = ^/bc, absc. =^, ^^-^^ — --^-^ 



= —7 cir. area . — , .., ^, 3 

, . a*c itbc ira^'b^c^ , , , . ,._ 
/. {u) = — J- • -J- = -^-^ — and the whole sohd corre- 

26^ ^ ^ 

'jrtt*6*c* 
spondmg to the axis c = — x — . 

Ex. 5. Required the space included between the base of 
a cylinder and the surface of a cone whose vertex is in the 
centre of the base and its axis perp endicular to it. 

The equation is ^r = t^/x^ +y^ (7. 45) where t = tan. z 
which a side of the cone makes with the base of the cy- 
linder. 



Ex. 1), and integrating this to a? = ^r'^—tfy (^) • • • • • 

- 2 A^r 5^ + g < ^ , 

u r „, — y" ,r+ ^Jr^ — y^ jy' riv 
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-[ -y v'r' - y* ¥fdj/ Vr» -y-| .•- 



t 



4r 



TTT^ 



or the 



whole space =7irr" . *r=| cylinder ; which is the same result 
as that obtidned by subtracting the cone from the cylinder. 
If the base of the cylinder is any known curve, or the 
solid which is inserted in it be any known solid, the in- 
cluded space may be calculated by the same method. 

22. Required the surface of a solid of revolution. 

Let AP be the curve which 
generates the proposed sur- 
face ; and the same con- 
struction remaining as in 
Art 1, draw the fluxional 
triangle pqr. Produce np 
to meet the tangent in s; 
and in pq take Fp' always 
= p« and pr' = pr; join 
spl and rr' which are there- 
rore parallel, and conse- 
quently p// : pr' : : p* : PR 
: : ptf : pq. 

The increment of the sur- 
face generated by ap : the 
cotemporary increment of 
the surface generated by lp : : increment generated by 
pp : increment generated dt vif ; but the quantity of surface 
generated by a revolving Une manifestly varies as the line 
and its distance from the axis jointly ; and in the limit Tp 
= PS = vp^; also the distance of these three lines from an 
is the same, viz. pn ; hence in the limit the surface generated 
by Tjj/ may be substituted for the surface generated by 
Tp, and consequently d . surface at : d. surface lp : : sur- 
face generated by pp : surface generated by pit : : surface 
generated by pr' : surface generated by pq ; but the surface 
generated by Pa is the fluxion of the surface lp on the scale 
that PQ = df. AN ; hence, on the same scale, d. surface af 
=: surface generated by pr' = circumference of circle np 
X pr', or du zz ^ityds and u = 2itfyds, 

Cor. The fluxion of the surface is as the generating cir- 
cumference and its velocity jointly. 

23. Required the surface ^ a solid of revolution by 
means of Taylor'' s theorem. 
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It is manifest that the surface ^Derated by Tp is always 
greater than if it were extended m the right line pq, and 
less than if it revolved at a distance np: or u — t« is less 
than 27t.np x pp, and greater than ^-r . np x p/?. and there- 

fore by Taylor's theorem a«-(y+fc)J||-+^^^+&c?, 

are always in the order of their magnitudes, and conse- 
quently (3. 8.) we have ^ = -~^, or f# = Zirfyds. 

S4« Examples, 

Ex. 1. Required the surface of a sphere. 

ds: dx w a:y .\ 9ncyd8 = ^itadx and the whole surface 
= 9tta . 2a = 4ira* =4 areas of a great circle of the sphere. 

Cor. The surface of a spherical segment =•- 2Kax = Te.%ix 
= le . (chord)^ = the area of a cirae whose radius is the 
distance of the pole from the circumference of its base. 



Ex. 2. Paraboloid. 



^« = ax .-. dr= -^^ .-. ds= Vdx'^-^-dy^^dy/^-^l 

, V4y^ + a2 . ^ , Stit , 

= (ly — ^ .., du = 2iryd8 = — . >v/4^« + a« ,ydjf 



-2* ,, 4 1 

"=12^-^' + ^ 3 

£.r. 3. The surface generated by a cycloid revolving 
round its base. 

Let V be the vertex and ac the semibase, draw pn per- 
pendicular to the base. 

The surface may be supposed to be generated by the 
circle pn, hence dw = 2* . pn x d . vp 

Ct'^dx iL JL 3 

= ar . (a -^ jf) X —J- .-. u = 2ii'a*(2«w?* -|aj^) which is 

x'^ 

the surface generated by vp, hence whole surface = — - — 

3 
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Ex. 4. If p be the pole of 
the great circle abc, o being 
the centre of the sphere and 
0B9 OA joined; the surface 
PAB shall = twice the sector 

AOB. 

Suppose PAB to be gene- 
rated by the intersection of a 
plane acb moving on po pa- 
rallel to AOB. 




po =s r 

oc = 0? 
cb == 7/ 
va =. s 
AB = At 



then r : V : : *J : — = arc flfc .•. — — = d . surface 
•^ r r 

vdx 
Tab and r i^y : : ds : — dx .\ ds zn — 



,•. du ■= — kdx 

ft' d o -- — Jtr -I- f •*• ^ — ^ • (^ "" ^) and whole surface 

=z kr =: twice oab, and the whole surface of the sphere = 
4 areas of its great circle. 

Ex. 5. The surface of a cone : the area of its base : : the 
hypothenuse of the generating triangle : its base. 

For take oa, oq two positions 
of the hypothenuse near to each 
other; join cq, cq^ c being the 
centre of the base; then d. sur- 
face BOQ : d • area bcq : : the limit 
of oa^ : CQg : : oa : ca which is 
a constant ratio, and consequently 
the whole fluents generated are 
in the same ratio. 

Cor. Hence the surface aob 

irb^ 

= where b = radius of base. 

cos. z b 

Ex.6. A spheroi d, 

.\du = 9fiyds=: 




ds = dr 



2Kb 



>v/a*— ar« 



a 



Va^ -1- (^^^ . dx .'. 



u = — X cir. area, rad. = cu absc. = ex. hence the whole 

surface = — x cu*. area, rad. = a. absc. = ea, or = 

ea ' e 



X cir. area, absc. = e* 
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Cor. When a => b, the spheroid beconies a sphere, and 

the value of » becomes -jr; but since tlie circular area is ul- 
timately equal to a parallelogram, whose base is e and height 
= 1, (u) = —^ = 4flta\ 

Ex. 7. A groin. Vid. Art. 15. Ex. 8. 

The fluxion of the surface generated by 2np — 2np x dAP 
= ^yds = 2adx .*. du ~ 8a£:, and a == Sax^ and the whole 
surface = 8a*. 

25. PRAXIS. 

1. The surface generated by a cycloid revolving round 
its axis = 2ir«fl« — |*a«. 

: 2. The surface generated by a cycloid revolving round- a 
tangent at the vertex = y* of the generating circle. 

26. Required the surface of a solid bounded by three 
planes^ each of which is perpendicidar to the other two. 

The same construction remaining as in Art. 17, suppose 
the tangent plane to be drawn at the point p, and let a be 
the angle at which it is inclined to the plane xy, then 

1 1 
¥ 



^ A^ "^ B^ sf ^'^ dx^"^ dv^ 



dy' 

1 

by substitution — , and since in the limit the sides « 

of vv'pi/ may be substituted for the corresponding lines in 
the tangent plane, and that Q,(^q^ is its orthographick pro-^ 

1 

jection on xy, we have ppjpjp' = QQ'yy' X . 

cos.^ 

But it may be shown as in Art. 17, that if m = the re- 
quired surface, , , dxdy = the limit of pp'/jp' on the scale 

, ^^ J J Q.(^qq- ' dxdy , 

that a^ = Nn ; whence T-3-dxay = — ^^ = , and 

dxay "^ cos.a cos.a 

This article may be made to depend upon Taylor's 
theorem in the same manner as Art. 18, by showing that 

VOL. I. B B 
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the developement o f n*pjf lies b etween two series, whose 

first terms are hk ^/\ -h p* -f j*. Lacroix has given the 
investigation in a note, tome % c. 2. 523. 

S7. Examples. 

Ex. 1. Required the surface of a plane intercepted by 
the rectangular axes. 

X V « c c _ 

JSLx = d? + Y, which is to be integrated between a? = 0, 
a ,, . ac / \ 1 1 y<, z', X 

* = yC* -i') •■• « =Tv"F ■'"15- + -^/<'y(* -y)— 
flc / 1 11,, 

= yy-^+F + -^-"<*y--^>-*-<"> 

£^. 2. A sphere. 

art + y£ + ar« = ^ ... p = - -^, J = - ^ 



« ^ z 



9 



r — = sin.~^ — - + Y, which integrated 

from ir=0 toa?= ^/r* — j/S = -^ .•. w = -^jay^ -^ + x 

.-. (m) = -^, and the whole surface = -5- = iwr*. 

Ex. 3. A right cone. 

— ! to 1^ 

« = ^ V"^ +^* .•. p = , q = — 



CHAP. IX. CO-ORDINATE SURFACES. 371 

fix = a: + Y, and this is to be integra ted be tween a? =0, 
a?= ^/¥—yi^, if ft=radiu8 of base .-. w= ^/XTi^fdy x/i«-j/« 

Ttb^ 

.-. (m) = >/l + /2 and the whole surface = ^/\ ^t^.tthK 

Vid. 24. Ex. 5. 

£^. 4. Two equal and opposite parabolas are described 
in the plane xy, touching at the vertex which is placed in 
the origin, their axes coinciding with x. A right coneis also 
described whose vertex is the origin, and whose axis coincides 
with z; required to calculate as much of the surface of the 
cone as is included in a cylinder whose base is the para- 
bolick curves and axis z,. and a plane drawn parallel to and 
at a given distance from xz. 

Let^ = ^zo; be the equation of the parabolas. 
b = t he given distance. 

M = v'l -f i^Jfdxdy as in the preceding example. 
AlsoySr is in this case to be integrated between x = 0, 

J? = ^ .-. w := ^YTl"/^—^ = vTT^^ + X . . . . 
y 

.-. (u) 2= a/1 + ^*o~» aJ^d the whole surface between the 

od 

given plane and xz = ^/l + ^"s""- 

There are very few instances in which these double 
fluents can be i:^tegrated, except by certain transformations 
or other artifices of calculation, which will be given in the 
second volume. 

9S. Required to deduce tlie formulae for the content and 
the surface of a solid of revolution from Arts. 17 and 26. 

When the body is a solid of revolution, every section passing 
through the axis of revolution is the generating curve, and 
every section perpendicular to the axis is a circle. In fig. 17 
the section passing through p, if ox is the axis of revolution, 
is a circle whose radius = n R =, by substitution, x, where x is 
a sole function of a: determined by the equation of the generat e 

ingcurve. Also,from the propertyofthe circle, 2= a/x®— ^^; 

whence fzdy =/3y Vx^ — y^ =j integrating on the sup- 
position that X is constant, cir. area, rad. = x, absc=y +-c ; 
and if this be integrated between y = — x, y = 4- x, there 

B b2 
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resuluy^^y = -^ for the whole solid above the plane xy, 

and consequently the whole fluent of zdy = rsc^ = v^ if y 
is the ordinate of the solid of the revolution ; and t/> which 
^Jffzdydxj ^fitfdx. 

Next for the surface; » = , = (3. 8.) — ===== -=- . • . 

'^ ax ^ ' ^yi^^t^dx 

and a ^ -T-zz , therefore 1 + p« + C* = 1 . . . • 

_ T dx* ^ Tudy 

fdyVl + p« + S^ =y 1 + 5^«-/7^=. =' integrating 

between y = - x, 5^ =^ + x, ^l+-^7tx; 

7 5x* / 

OTU-f2itxdx/ \ + ^= 9ncfiidx l\ + 






^9,icfydxJ\ + ^, which is the formula of Art. 22. 
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CHAPTER X. 

Spirals^ 

1. Def, 1. A curve which is generated by a variable Hue 
revolving in the same plane about a fixed point is called a 
spiral. 

The spiral is, in general, determined and its properties 
ascertained from the relation which subsists between the re- 
volving line^ which is called the radius vector^ and the angle 
described. 

Let sp the radius vector = r, (vid. fig. 4 ) ^. asp = 9, 
rad. = 1. 

With radius sa describe a circle ad cutting sp in d ; then 
AP may be supposed to be generated by an ordinate as dp, 
which produced always passes through s, moving along the 
abscissa ad ; or sp, which = sd + dp, may be considered as 
the function and ad its independent variable. 

Def. % s is the pole of the spiral, and the equation which 
expresses the relation between sp and the z asp is called its 
pciar eqvMion, sp and ad are the polanr co-ordiruxtes. 

Some writers characterize the spiral by the equation 
between sp and a perpendicular drawn from s upon a tan- 
gent at p. 

% Examples. 

Ex. 1. Let AP be the Apollonian parabola, a the vertex, 
its focus being the pole, sa = a, sy perpendicular on the 
tangent at p = jt?, then r = 2a — r cos.9 and p^ = ar are its 
two equations, the first of which is its polar equation* 

Ex. % A right line as tv may be 
considered as a spiral. 

For take s a known point round 

which sp revolves, so that p describes 

the line tpv; let the fixed z t = a, 

Z psT = 9 ; .•. sT : SP : : sin. (a + 9) : 

8in.a ; or r = -: — ; rr IS the polar equation to a nght bne 

tin.(a-h9) r 1 o 

considered as a spiral. 
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• With radii sp, sa describe the circular arcs pv, ad ; draw 
va a tangent to the circle at p or perpendicular to sp, and 
Uike it to represent the fluxion of vp; draw qr at right 
angles to PQ nneting a tangent to the spiral at p in r ; and 
draw swps near to sp; then, since spir is ultimately parallel 
to QR, it may be shown as in Ch. 8. Art. % that the sides of 
the curvilinear figure Pwp are ultimately in the ratio of the 
sides of the triangle pqr; whence pr and qr represent the 
fluxions of AP and sp on the scale that pa = the fluxion 
of vp. 

Let SA = 1 

AP = * then VP = SP. AD = rO ; and we have 
sp = r PR = d!Sy QR = dr, and pa = r x cid. 

Z. ASP = A 



Cor. If the Z. asd be supposed to increase uniformly. 
Pa the base of the fluxional triangle must be made to vary 
as the radius vector. 

6. Required to calculate the subtangent and tlie subnormal. 

Def. Through s draw t'sn' perpendicular to sp, meieting 
the tangent in t' and the normal in n' ; then st' is the sub- 
tangent^ and sn' the subnormal. 

First, to calculate the subtangent. 

_ , , spxpa r«d9 . _ 

From ASpsT'poR; st' = = — ^ — = (in La- 

QR dr ^ 



r^ 



grangers notation) --j^. 

Next, to calculate the subnormal. 

From A^psjj/ thr; sn' = =2 -«- = r. 

Pa ttS 

From which expressions the values of the subtangent and 
subnormal may be calculated, if the polar equation be given. 

yr* r 

and normal pn' =r v^r* + r'*. 

7. Required the perpendicular on the tangent in terms of 
t/ie radius vector and the angle described. 

SP PQ 

Let SY = p ; then A** spy, pqr ;* st = — — = 

"*^ PR 

r^d^ r* 



or p = 



t/JrH^-^^Q' v^r^+r'* 



CHAP. X. SPIRALS. 377 

8. Required to draw the a^/mptote of a spiral. 

Find the value of 6 when r is infinite ; this determines the 
ultimate position of sp; then find the corresponding value 
either of st' or of sy ; if these be finite, the spiral aomits of 
an asymptote and its position is determined. 

9. 'Required to calculate the a7tgle which the radius vector 
makes with the curve. 

^ PQ rd9 r 

Tan. z SPY = tan. z PRa = — = — ; — = — r- 

QR ar r 

p r 



Or thus ; sin. Z spy— — - = 

r Vr'-\-r^^ 

Cor. If the spiral meets the pole, the ultimate value of 
these functions wh6n r is diminished without limit will give 
the angle which the initial direction of the curve makes with 
the axis. 

10. Required the length (^ any part of a spiral. 



Since pr« = pa* -f qr*, therefore s =y v dr* -f r^^'^d* 

= y* dr /l + (~r)^ which can be calculated if the 

equation is given. 

11. Required the area of a spiral. 

Join sr, sq ; then inc. asp : inc. ap : : sp/7 : Pjp : : ulti- 
mately, sp^ : P5 : : A spr : pr ; hence, on the scale that PR 
= the fluxion of ap, the fluxion of asp = A sfr = A spq. 

sp X Fa r^d6 . ^ _. 

Hence du = — ^ — = — q— > and u = ijr^dd. 

Cor. 1 • The fluxion of asp = the fluxion of vsp. 

PR X SY 

Cor. 2. The fluxion of asp also = A spr = = 

^, and u = ifpds. 

In a circle, jp = r; therefore du = — ^ and u = -^, and 

the whole area = -^ x the circumference. 

Otherwise, Draw pn perpendicular to asn, then since 
u = SAPKS — A PNS, therefore du = ydx — 5 ^ = 
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y±^, but i^ = - tan.9. therefore ^^ = 

sec«fl.d9, therefore du-\oi?^ 8ec.«9d9 = 4: n^dh. 

1ft. Let n = the radius vector of a spiral, 

Bi = ttie perpendicular on its tangent^ 

B, = the perpendicular on the tangent of the 

spired traced bjf-Ku 
he = &c. ; then shall R, Ri, R„ »», Src. decrease 
in geometricJc progression and be inclined (U equal armies. 

Let SA, SB, 8C, &c. be the radii 
vectores ; take jlo a small indetermi- 
nate arc ; draw the tangent mafib, 
cutting AB in m^ sb in p, and the 
spiral traced by sb in b. 

Since the angles at sba, sbfi are 
ultimatelyrightan^les, the triangles 
f7iB/3, s6p are similar^ and conse- 
quently b|3 : 6/3 : : Bm : sb, which in 
tne limit = ba : sb ; and ultimately 
the z /3 is aright angle, whence sba 
is similar to Bij3 in the limit, and 
consequently similar to sbc; or 
SA : SB :: SB : so and z asb= Z bsc. 

This demonstration may be extended to any number of 

the spirals. 

13. Examples. 

Ex. 1. The spiral of Archimedes. 

Drf. In this 
spiral the radius 
vector is propor- 
tional to the ai^le 
which it has de- 
scribed. 

After one com- 

1)lete revolution, 
et the radius vec- 
tor have the posi- 
tion and ma^- 
tude of SA ; then 
in two revolu- 
tions the radius 
vector as sb = 
%A, &c. &c. . 





T = *7r- . J .*. r'= -~- .*. subtangent which = -^ = — ^^. 
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(1.) Required the polar equation. 

SA = g I ••. 2ir : 9 :: a : 8P = r .•. r = -3— is the required 

equation. 
(2.) The subtangent and subnormal. 

a? 

The subnormal = '^=""or * constant quantity. 

Cor. The subtangent at a = the circumference of a circle 
whose radius b sa. 

(8.) Tan. Z. spy = tan. / pbq = — = -^ — = — j- = 

in this case — • r ; hence the angle which the radius vector 

makes with the curve continually increases, and when the 
radius vector is infinite, it approximates to a right angle as 
its Hmit. 

(4.) The equation between the radius vector and the per- 
pendicular on the tangent. 

r« r« 7^ .^^ a 

i?= =r~ — . = —====, if 6= — -. 

(6.) The length. ^ 



y. dr VA" + 6«; .'. (2. 65 Ex. 1.) 



b ,r+ Vr*+6* 



(6.) The area. 

1 T^dv t^ If 

du=-^f^d6 = -^i ...„ = ^ = _ r»,forc = 0. 

Cor. The part included within a circle, rad. = a, = -f^a*. 
(7.) This spiral does not admit of an asymptote, for when 

r = 00 , ST' =s = 00 . 
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(8.) The locus of t' is a spiral whose equation is ^=s~9S 

where B = the angle described by st' + 90*^. 

Ex. 2. The parabolick spiral. 

Def. In this spiral the difference between the first radius 

and any other is a mean proportional between the angle 

described and some constant quantity. 

I 
(1.) The polar equation is r — a = iS*. 

(2.) The equation between p and r is 

^ " V6* + 4r«(r-a)« * 

(3.) The subtangent= -rj- (r— a). 

. (4.)Thearea = -p.|-^^^+jgi. 

Ex. 3. Let r = 6. 9* be the polar equation ; which in- 
cludes a class of spirals. 

(1.) The subtangent and subnormal. 

r« 6«e*« b , ^ 

== Jn+l 

n-H 
rd , 1 . y. n 

= — , which shows that st' = — cir. arc pv : or = - — -. 
w' n ,± 

The subnormal = r' = n69*»-» = w6 « r « . 

(2.) The tangent of the angle which the radius vector 

1 

makes with the spiral =s -r = — = • 

r n * 

(3.) Required the equation between the radius vector 
and the perpendicular on the tangent. 

n+l 



7*'=^ n69*»^* .'. subtangent, which — -j-j = 



>v/r« -h r'^ 






If n = 1, the spiral is that of Archimedes or Conon^s, the 
properties of which have been investigated. 
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If n = — 1, it is the reciprocal spxTsHf whose polar equa- 
tion is r9 = 6. 

Some writers call this the hyperbolick spiral, from the 
analogy which its equation bears to the equation of an hyper- 
bola between the asymptotes. 

If n = — ^ the spiral is Cotes' Lituus (Harm. Mensura- 
rum, p. 85). 

(4.) When n is negative, r= -rj, and when 9 = 0, r = oo , 

which shows that in this class of spirals the radius primus is 
always infinite. 

(5.) When n is positive the spiral meets the pole ; but 
when n is negative the spiral approximates to the pole, or 
approaches to it nearer than by any assignable distance. 

(6.) When n is negative, the sub- 
tangent at any point of the spiral : 
the circular arc described by the 
radius vector and intercepted by the 
axis : : 1 : n. 

,, . r9 DP 

For sr — — (1)= — or sr : dp 

(7.) When n is negative the tri- 
angle pst' : the sector psd :: I : n; 
hence in the reciprocal spiral st'= dp, 
and pst' = psd ; in the Lituus^ st' = 2dp and pst' = 2psd. 

(8.) In the spiral of Archimedes n is positive, and the 
subtangent at any point p = the circular arc which would 
be described ^^ ab initicr by the radius sp constant. 

(9.) When n is negative, the spiral always admits of an 
asymptote, as will be seen in the following examples. 

Ex, 4. The reciprocal spiral. 
(1.) The polar equation is rfl = a. 




(2.) The equation between p and r is p = 



ar 



.2 



For r' = - — = - 



^/a'i+r^ 
ar 



a 



P = 



^/r« + r'* Va* 4- r'^ 



a^ 



a 



(3.) The subtangent = -^ = -^^ -f p-= -a--r^; 

or st' = pd = a constant quantity. 
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st' is negative, which shows that st' and pd are on oppo- 
site sides of sp. 

Cor. Hence sector spd s A spt. 

(4.) The area intercepted between any two radii b and r 
= ia(6-r). 
(6.) The length. 



dsss dr/ 



r* dr 



l + ;5?=--^«* + ^- 



Hence (2. 51. Ex. 8.) 



ar 



5 = Va* + r* +al ' + c 

a+ Va^+r^ 

I , ab 

and = a/a* + b^ + al. ■ +c 

a+Va^-\-b^ 

.'. s = Va* + r« — Va* + **+ a^l. ~ . , . . 



'h 






a+ Va^+b^ 



= V'^* + ^ - ^<»^ + &« + a/ 



ar+rVa^+62 



(6.) The asymptote. 

Since st' is always = a, draw sb at right angles to the 
axis SA and = st' ; draw also by at right angles to sb or 
parallel to sa, and this will be the required asymptote. 

This is Cotes' 4th spiral, p. 34. See his construction for 
the length intercepted between two radii, p. S8. 

Ex, 5. The Iqgarithmick spiral. 

Def. In this spiral if the angle described by the radius 
vector increase uniformly, the radii increase or decrease in 
a geometrick progression. 

(1.) The polar ea nation is r = a where a is the base of 
the system of logaritnms to which r and 6 belong. 

(2.) The equation between p and r is p = 



where a = fa ; for r' = Ar. 

Car. Hence the radius vector makes always the same 

angle with the curve ; for — is constant. 
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It is in consequence sometimes called the equiangular 

spiral. 

f^ r 
(8.) The subtangent = —j- = — = m x r, if m is the 

modulus of the system. 

Cor. 1. The tangent of the / which the radius makes 

st' 
with the curve = — = m the modulus of the system ; 

hencCf by varying the spiral, we may construct by means of 
it the logarithms of any proposed system. If, for instance, 
it were required to find the spiral m which the angles are 
the hyperbolick logarithms of tne radii which intercept them, 
we have m = 1 , or tan. /L spy = 1, or spy = 46°. 
' Cor. % The circle is an equiangular but not a logarithmick 
spiral ; for when tan. Z spy =s 90^, m s x . 

(4.) The area intercepted between two radii b and r = 
_ (y.« — ^9) . and the whole area to the centre = -j- = 

^ A spt' and is therefore finite. 

Ex» 6. The lituus. 

(1.) The polar equation is 

(S.) The equation between p 
«^.is^=-£=, where... 



A/6*+r* 



6* = 2a\ 



¥ 



(3.) The subtangent = 

Hence, take sa the axis which 
is infinite, and constructing the 

figure as before, st' = —^ = 



st' X SP 



=a«=r«9=2x 



SP 

r.r^ 
"2"' 




which shows that a spt' = twice sector spd = a constant 
quantity. 



a^ 



Since 2spd = spt' .*. dp = ^-st' = — , which leads to this 



SP 
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construction; take SD any variable distance in the axis; 
draw the circular arc dp, and take it = — .and f traces the 

SD 

spiral. 

(4.) The area intercepted between two radii sp and sa 

= a* . / — = A spr X / — . 

sa SQ 

Con Describe the circular arc aFE cutting sp in f ; then 
sector SEQ = sdp •*. sfq =s defp ; add to each pfq, then 

SPQ =s DEQP ; hence deqp s ^ spt^ x I — ; or in Cotes^ 

SE 

language, deqp is the measure of the ratio of sd : se or sa 
to tne modulus, the Asp'r'. 

If 8 e be taken the first abscissa, and sd increase in geo- 
metricky the area deqp will increase in arithmetick pro- 
gression. 

(5.) The axis is the asymptote. 

(6.) Required the point where the tangent is parallel to 
the axis. 

Let Q be the required point, and draw its subtangent st ; 
then since Z sqt = Z qse, and that st = ^qe, the angle 
must be such that the tangent = twice its arc, or z. =66®+* 

Cotes remarks that the hyperbola between the asym- 
ptotes bears the same kind of relation to this spiral that the 
Apollonian parabola bears to the spiral of Archimedes, or 
the logarithmick curve (vid. Ch. 13.) bears to the reciprocal 
spiral. 

jB.r. 7. The hyperbolick, 
or Cotes' first spural. 
The equation between 

, . br 

p and ris p = . 

(!•) The polar equation. 

br r« 







Substitute (^^za^-b^; then ^ = r' = ± —j- , from 
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which it appears that r cannot be greater than c. Describe ^ cir- 
cle with ramus sa={:, and take sa as the radius primus ; then 



if ASP = a, dS = — ■ .-. fl = — /. , which 



is the required equation where c = ^a^ — A^. 

Cor. 1. When r = 0, = 06 , or the radius vector makes 
an infinite number of revolutions before it vanishes. 

Cor, 2. To construct the spiral. 

Take sd = the variable distance; draw de the ordinate 
of the circle ; join se *y and always take Aa the measure of 
the ratio se -I- ed : sd to the modulus 6 = -^a* — c* ; join 
SQ, and in it take sp = so, and p traces the spiral. 

Note. — This spiral has only two arbitrary constants. 

br 
(2.) The subtangent =■ ^== ; and the tangent .... 



rv'o 



2— r« 



(3.) The area. 



brdr 



du = ir^dS = —'4- -=== .-. u = -^ v/c« - r- oc de. 

be 
The area to the centre = -^. 

Ex. 8. Cotes' thv'd spiral. 

br 
The equation between^ and r is j[7= --r^ where a is 

/v^a^ -\-r^ 

greater than b. 

If 6 =: a, the curve is the reciprocal spiral, Ex. 4. 

If b is greater than a, the equation belongs to the ellip- 
tick spiral. 

(1.) The pciar equation. 
J2 r^ 



a'i^r^ r'+r' 



-^ .-. bf^ =2 r^f^-hc^ where c- :=i a^ — 6-, or 



"i^ s£ is omitted in the diagl*ani. 
VOL. I. c c 
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where there is no 
limit dther to the 
increase or the 
decrease of r; 
describe then a 
circle with radius 
= c, and let it 
cut the spiral in 
B ; and first sup- 
pose BSP = Qf SP 

increiising aa d 
increases, conse- 
quently 

d9= — , 

r >v/r' + «* 

wherefore 




Vr^+c^—c 



= b.l(v2- 1) +c) r{V9-V 



hence w]ieQ r =: oo , sa = &. / 



-, =W(V2 + 1), . .. 



• •■•>. 



>v/8-l 

which is a finite positive quantity; take therefore 

BA = 6./(a75 -+- 1), and considering sa as the radius 
primus, we shall have 

— 6dr 



dl> = 



and Aa = bl 



^r^ + c^+c 



for the polar 



equation. 

Cor. Hence to construct the spiral. Let sad be the 
radius primus; in it take sd t he varia ble distance; describe 

a circle eab whose radius = Vo^ — b'^ ; draw the radius sb 
perpendicular to sa ; join be, and always take Aa the 
measure of the ratio of be + se : sd to the modulus b ; 
join sa, and in it produced, if necessary, take SP = si>^ and 
p will trace the spiral. 

(2.) The subtan£:ent = — . 
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(3-) The area bsp = -^ , (de — ea) ; and the area to the 

centre = -^-(de — se). 

(4.) The asymptote. 

When r = CO y the subtangent = b ; draw sr perpen- 
dicular to SA and = b, and a une Rv perpendicular to sr is 
the required asymptote. 

Ejp. 9* The empticki or Cotes^ fifth spiral. 

br 
The equation is /> = — '.. where a is less than &. 

(1.) The polar equation. 

¥ r 



— .-, r' = -7- Vr^ — c^ where c* = A« — a% 



and consequently r cannot be less than c. 

Describe then a circle 
with radius sa = c . • . . 
= ^b'^ — a% and taking 
sA as the radius primus, 

bdr 
we have dfl = — > 

r ^/f*^cl^ 

b ^r 
.-. z ASP = -sec.""^ — ; or 
c c 

COS. -r- = — is the re- 
ft r 

quired equation. 

Cor. Hence, Cotes' con- 
struction. " In SA pro- 
duced take the variable distance sd; draw de a tangent 
to the circle whose radius = sa ; take aq, : ae : : & : c ; join 
so, and prodnce it making sp = sd, and p is a point in the 
fpiraj.^ 

br 
(2.) The subtangent = . 

(3.) The area sap = -^. de oc de. 

(4.) The asymptote. 

When r = 00 , the subtangent = 6, and Ae zz $k ^u^ 

c c 2 
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drantal arc; wherefore take Aof : a quadrant :: b : c; join 
8a'; draw se perpendicular to sa', and = b; and through 
u draw Rv perpendicular to sr. 
Ex, 10. The centrifugal spiral. 

#«M • • br 

The equation is p = - 

(1.) The polar equation. 
6« r« 



/. dfl = ■ 



r^r^—ii* 



.\ bi^:=zr ^r^^c^ where c*=a* + ft% 



6 , r 

.'. I ASP = — sec"* — 




Hence the follow- 
ing construction : in 
SA produced take 
any distance sd ; 
draw BE the tan- 
gent to the circle, 
and take Aa : ae : : 
b : c\ produce so. to 
p, making sp = sd ; 
and p is a point in 
the spiral. 

(2.) The subtan- 

br 
gent = —===•. 



(3.) The area asp = — de as in the elliptick spiral. 

(4.) The asymptote. 

When r = 00 , the subtangent r= by and ae = a qua- 
drant ; wherefore take aq,' == — X quadrant ; join sq'; draw 

SR = 6 and perpendicular to sq' ; and a line drawn through 
R parallel to sa' will be the asymptote. 

Ex. 11. A spiral whose polar equation is r = 7^37* 

fi« = ; when r = cx> , = 1; therefore 9 = 67^ 17^ 

44".981 (2. 18.). 



CHAP. X. 

Let SA be the position 
of the radius primus; 
take SA =3 a, and de- 
scribe the circle abq 
with radius sa ; no part 
of the spiral can be 
within this circle ; and 
since when r=s a, d=« , 
the circle is an asym- 
ptote to the spiral. Also 
make z asb rr 5T IT 
44/[.981 ; then sb is the 
ultimate direction of the 
infinite branch. 

(1.) Required the 
equation between r and p. 
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adr 






3 



3 

T 



-2r*(r— a) 
.•.r' = ^^ — .*./? = 



ar^ 



a 



>v/a«r«+4r(r-a)^ 



(^.) Required to draw the rectilinear asymptote. 



When r = 00 , jj = — - = — ; hence draw the radius sa 

2r* 



2 



perpendicular to sb ; bisect &q in r ; draw rv perpendicular 
to say or parallel to sb and rv is an asymptote. 

(8.) It SB be taken the radius primus, the equation is 



T'^a 



= (9 + 1)^- 



(4.) There is no algebraical relation between the co-or- 
dinates of the axis (Art. 3. Cor. 3.) 

« 

14. PRAXIS. 



1. The radius vector of a circle is produced till the part 
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produced is equal to the sine of the angle described ; re- 
quired the area of the spiral. 

The equation is sin.9 = : it intersects the axis at 



Z. 45°; and («) = a^ + 



8 



2. Two points set out together at the same time from a 
and B the extremities of the diameter of a circle^ and moving 
in the same direction, arrive at the same time at a; re- 
quired the area of the spiral traced by the pcnnt which 
bisects their distance. 

The equation is — = cos.K2ir — 9). The whole area 

included within the spiral = |^ of the circle. The area of 

the foliate = -t-{* W~r *°^ ^'^ equation of the co- 
ordinates is 4(a:« + 3^)2 — %c^{x^ + J^) + «'^ = 0. 

The rectification of this curve depends upon that of an 
ellipse. 

15. Solids. By transferring the polar co-ordinates to the 
rectangular, the solid formed by the revolution of part of 
the spiral round the axis may be calculated : this calculation 
is seldom required. We shall give in the fcdiowing article 
a formula for finding the content of a coordinate solid by 
considering it as a spiral, or by referring all the points of 
which it is composed to a fixed pole and axis. 

16. Required the content of a solid considered as a spirals 

Let p be any posi- 
tion of the generat- 
ing point wiuiin the 
sona; with op as 
radius, describe in 
the plane zop the 
quadrant apr; take 
Pa a small increment 
of ap; let APR re- 
volve through the 
small spherical angle 
rar', p, a and r de- 
scribing the circular 
arcs PF, qq', and rr'. 
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Also, in the planes aob, aor' draw the quadrants apr^ aj/r^ 
near to apr, ap'r' cutting of and op' in 27 and dy and pa and 
oa'inyandj'. 

Whatever motion be assigned to p, by assuming pq, pp* 
and vp in the requisite ratio, they may be made, in the limit, 
to represent its motion in three directions, each of which is 
at right angles to the other two. Hence the total increment 
of the soliaarising from the three partial increments in these 
directions is a curvilinear prism whose base is the surface 
ppVq, and altitude vp ; and since all the angles of this 
prism are right angles, its solid content, in the limit = pq 
X pp' X pp. 

Let Z zop = 
Z XOR = (p 



OP = r 



then PQ = rdfl, pp' = sin^d.RK' = sin.i.rd(p 

and vp = dr; 
wherefore u =j[/y*dQd<pdr. r^sin.fi. 

Cor. If the solid is si solid of revolution, t« =..•.• . 
^TrJ/'dddr.r^smJ. 

For in this case (p is an independent function ; and dp is 
to be integrated between <p = 0, ^ = 2w. 

Ex. A sphere. 

u = Stf/r^i/r/'d 9 sin.d; hut fdS sin.9 = — cos-0, and this is 
to be integrated between 6 = 0, 9 = ^tt; ,-. (JUB sin.fl) = 2 

.\ u = 47r/>''dr = —5— ; for the origin of the fluent is r = 0, 
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CHAPTER XI. 



Curvature : Involutes and Evolutes; Osculating Curves, 



1. Definitions. 

(1.) The radius of curvature at any point of a curve is 
the radius of that circle which touches tlie curve and has 
tlie same curvature at that point 

(2.) The sub-radius of curvature is a line drawn from the 
centre of the circle of curvature perpendicular on the ordi- 
nate. 

(3.) The co-radius is that part of the ordinate which is 
intercepted between the curve and the sub-radius. 

Thus, if c is the centre of the circle of curvature at p, 
and CK be drawn perpendicular on pn, pc is the radius, ck 
the sub-radius, and pk the co-radius. 

The sub-radius and the co-radius are the semi-chords of 
curvature parallel and perpendicular to the axis. 



2. If an ordinate 
nps be drawn near to 
NP, cutting the curve 
in p, and the tangent 
at p in s, the limit of 



sp 



shall = n: 



lA^y 




Nn« ^ dx* 

where x and y are the 
co-ordiruites of p. 



For drawing p* perpendicular on ns^ by Taylor's Theorem, 

dy h d^y hr d^y h^ 
^ da: 1 ^ dx^ 1,2^ dx' 1.2.3 ^ ^^• 



and (8. 2. ) ^* = 



_d^ 



dx 



A 
1' 
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therefore ^-P = T ^. J^^ T 5^ • y;^ + &c; according 

as the curve is concave to the axis or convex; whence 
sp ._ cPy 1 _ (Py h ._ „ 1 * , . , ,. . 



3. ^ t/ie circle of curvature be drawn at the point p 

SQ hP — c1*v ^ 

cutting np in q, <A^ /imi^ ^"^ *Aa// = ~~|*~^ • 

For (7. 34. Cor.) the perpendicular subtenses of pp and 
p^ are equal, and consequently the subtenses inclined at any 
the same angle are equal ; or ^<2^ = sp in the limit ; and the 

4. Required to find the magnitude and position of the 
circle of curvature at any point of a known curve. 

Let -^ =z p^ -^ = q ; then these quantities are the same 

in the curve at p, and in its circle of curvature; draw the 
normal pcg ; c, the centre of curvature, is in pg ; draw its 
co-ordinates om, mc *. 

The circle's equation is (a— x)2+(y — /3)"=r2j 
from which, in order to determine b, we must 
eliminate a and jS ; whence, differentiating twice, 
there results — (a — a?) -f (y — ff)p = 0, and 
1 + p'^ -f (y — % = 0; or 

y - ^ =^'(1)^ and a - ^ = ^{1 +P')(2). 

Hence, by substitution, R^ = illfl' + j^:^P^ ^ ^ 

3 



ON 


= 


X 


NP 


= 


y- 


CP 


sr 


r 


OH 


=: 


a 


l^C 


= 


^ 



,,* 0^^' 



=s i — £- — and R = ^ — = 3S ; which is the 

9* —q d^y 

dx^ 
radius in terms of the fluxional coefficients of the curve's 
liquation. 

And to find the position of the circle ; we have 



* OM, MC are omitted in the diagram. 
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P 1 -j-p* . 

a sr ^ — ^^ (1 -f p^) and j3 = y + ^; which are the 

co-ordinates of its centre. 

This value of r will be positive when the curve is con- 

cave ; for in that case j^^ ^^ negative. If the value of r 

then as calculated from the equation proves to be negative, 
the curve is convex and the radius must be drawn yrom the 
axis. 

5. Another method of investigating the radius of curva- 
ture. (Encyclopfiedia Britan. Art. Flukions.) 

AN = X 
NP =J/ 
AP = 8 
CP =R 
ZADP= 6 




Take pp a 
small indeter- 
minate arc ; 
draw PIT pa- 
rallel and pt 

perpendicular to the axis. 
Draw also the normals 
PC, pc; then the limit of 
c is the centre of the cir- 
cle of curvature: let cp, 
cp cut the axis in n and £. 

Then, inc.0 = L AEp -- il adp = z pcp = — 

in the limit ; therefore limit of . = — ; and since c 

mc.AP CP 

may be supposed fixed when Pp is taken in the limit, we have 

dS I 1 :, ^, ds 
jT = — = — > and a9 = — . 
ay CP R R 

- PN PTT . . dj? , 

But tan.a = — = — in the limit = -y : therefore . . . 
ND pit dy 

d. tan.0 = "^ - -^ = ^ di^^ '' "^^^"^ ^^' '^^'''^ 

— ^'^^"'^ _d^^dy—d~ydx ^ / dx'^^d^xdy'-d^ydx 
~TTtan7a~ dy^ ^\ "• dy^y d^ ' 



- , ds ^xdy—d^ydx 
and consequently — = -,- — and r = 



ds^ 



ds" 
Srxdy—d'^ifdx 



CHAP. XI. RADIUS OF CURVATURE. 396 

Cor. 1. Kdx be constant, d^a: = and r = — j — -j- . . . 

— d^ydx 

ds^ 
Cor. 2. If dy be constant, R = 7; 



d^xdy 



Cor, 3. If & be constant, r = —^. 

d^x 

For d** = dx^ 4- rfyS therefore, differentiating, o = dxd-x 

— dxd'^x ds^ 
-^dyd^y; or d^i/= -— — , and r = -^M^ ' " 

^ dy 

dsdy 

~ d'x ' 

^ - . . dsdx 
Cor. 4i. On the same supposition, R = rp-. 

ds^ 
Cor. S. On the same supposition, r = 



d^ 
^^" ^' = (p^d^d^^' '^"^ differentiating &« = dr» 

+ dy% = dxeP-r + dyd^y 

^ df^ 

"^ (dyd^x-^dxd^yy+idxd^a-^cb/d^)* 

ds* cb« 

.-. R= — =- 



1 +«2 

Cor. 6. The co*radius = — ^. 

Cor. 7. The sub-radius = ^^^-i^. 

-J 

6. Examples. 
Ex. I. The Apollonian parabola. 

I jt^ I __^l_ J_ 3_ 

R = — 



(' 



'a*^ * 2o^ 



r 
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When 07 = 0, 2r = fl, which therefore is the diameter of 
curvature at the vertex. 

Ex. 2, Let the equation of the parabola be c^^x = y* ; 



K» = ».. = <^, 

At the vertex y = 0, and r is finite only when n -=.%-: 
if n be less than 2, r = 0, or the curvatlire is infinite ; if n 
be greater than 2, the curvature vanishes. 

\ C 7 

The subradius = =-^ subtangent + subnormal >. 

Cor. 1. If the curve be an hyperbola between the asym- 
ptote whose equation is ffx = 0**+^ 

Cor. 2. In the Apollonian parabola, the subradius = the 
sum, and in the rectangular hyperbola, the semi-sum of the 
subtangent and subnormal. 

Ex. 3. An ellipse. 



b*x^\^ 



b'x p _ b^ AV _ \ «V/ 
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3 



_ w±iw __XEi^ = a^U^ + ^Y. 

2b- 
Cor. At the vertex 2r = — = the latus rectum of 

the ellipse. 

Ex. 4. ax - ay = ^^ + ^. 



a—^x 



dp 



-2 



2(a— 2x)p 



P "" ^T2y •*•*"" cte " a+2y (a + gj/y 



—2 






I .•. R = 



^^(^)T 



«+2yr"'"\«+%/) 



= 4. 5 2a« + 4fly -f V - *^ + *^/ = "Ts- 

This is the equation of a quadrant whose chord = a. 
Ex. 6. The cycloid. 

(5. Cor. 3) R= -^ when ds is 

constant. 

But by a property of the cy- 
cloid vp« : VA^ : : YM : vB 
or *« : 4a« : : a —y . a .\ a — y 

Also djr* = ds^ - dj/* = ds'' 

JL 

.*. differentiating, c^x = 5 ''•*^2a 
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2a 



= ^/4a«- ^ as V4vB« — 4fVE^ = 2be. 



Cor, The co»cadius =3 Sbm and the sub-radkis k Sjem. 
(Vince^s Fluxions). 

In article 6 it was assumed that the limit of the inter- 
sections of PC and pc is the centre of the drde of curvature. 
This principle, which is frequently referred to in inves- 
tigating the properties of spirals, may be demonstrated by 
a direct analytical investigation. 

7. Required to find the point which is the limit of the in- 
ter sections, offaoo consecutive normals. 

Let PC and pc be the normals ; 

The equation of pc is a? — ar' = — p{y — y), (8. 4) and 
the characteristick property of c is that the initial motion of p 
does not produce any change in its position ; if then ai^rf 
are its co-ordinates, and the equation be differentiated on 
the supposition that si and y are constant, the resulting 
values of af^ j/ belong to c. 

Hence, we have 1 = — §'( y —y) —p^y or y = jr H ^ \ 

P 
and consequently a/ = a? — -^(1 +p') which are the coordi- 
nates of the centre of the circle of curvature. 

8. Required the radius of curvature of a spiral^ and the 
chord passing through its pole. 

Take vp a small in- 
determinate arc, draw 
from the pole s the 
perpendiculars SY and 
s^ on the tangents at 
p and p ; produce t/p 
to meet py in a: ; draw 
also the normals pc, 
pc which ultimately 
meet in the centre of 
the circle of curvature. 

Draw ptf, CK per- 
pendicular on SP. 

sp = r , Then cp and cp are respectively parallel to sy 
SY =s p and sjif ; hence, taking all tne ratios in their kmit, 
CP = E we have 
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Yu : yu : : yx : sy : : VY : sy 
yu: Fp :: sy : cp 

py ; pir : ; sp ; py 

therefore dp : ± dr :: r ; r which therefore 

rdr 

dp* 

Otherwise. * Join sc, and draw SE perpendicular on cp, 
then (Eu. 8. 12.) sc« = hp« -f cp^ — 2cp . pe ; and dif- 
ferentiating on the supposition that c is fixed, we have 

rdr 
o = ^dr — 2adp, or r = -^ -. ( Vince's Fluxions). 

Spc sy 
Also the chord ac 2pk = from similar triangles^ — — 

_ ^pdr 

9. Def. PK is the cchradius ; and CK the sulnradms of 
curvature. 

10. Required the radim of curvature in terms of the polar 
co-ordinates. 

• f* 2rdr 

(10.7)p=- — ^ — '-\i therefore dp = 



_ f^(rdr+dp ^ r^±±^rr^^±z!^iUS=l ; therefore 

dp T^+2t'*-rr« , ...rdr (r«+»^»)'^ 

J = r~ 5 ^nence r, which =-7-,= - . o .o — ZJ,' 

rdr /y« + ^'e)i <?P r* + 2r'— rr 

Cor, The sub^radius ex, if the fluxional triangle pqr be 

CPXQR (r*4-p^)* p p(r^-{p^) 

drawn. = = ■ . ^ „ x — = , , c% o • 

' PR r^-{'2p^ — rq ^r^+p^ r^+2p^^rq 



The co-radius pk 



cpxpa (r^+p^)"^ 



PR r^'\-2p'^-'rq t^r'^^p 



2 



* sc is omitted in the diagram. 
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= g . Q gH » ®^ ^^^ chord of curvature passing through 

the pole, which = 2pk, = ^ ' ^^ . 

11. Def. The evclute of a curve is the curve which is 
traced by the centres of its circles of curvature ; the original 
curve being the involute. 

12. Tfte raditts of curvature of the involute is a tangent 
to the evolute. 

The initial variation of the co-ordinates of any point of 
the involute produces no change either in the magnitude of 
the radius of curvature, or in the co-ordinates of the cor- 
responding point of the evolute (Art. 7.) ; but if the co- 
ordinates of the evolute vary, the co-ordinates of the corre- 
sponding point of the involute and the radius of curvature 
are necessarily changed. 

Let z^ & ax; be the co-ordinates of any point of the evolute, 
a? & y those of the corresponding point of the involute, 
R = the radius of curvature of the involute. 

Then, since the radius of curvature is a normal line to the 
involute, we have (i/ — w) =. (^~w) (8. 4.). 

Now, from the equation of the circle, (a? — vy 4- (y — zp)* 

=R^; and differentiating twice on the supposition that jv and 

y alone vary, we have x — v -^ (i/ — w) p = (1), and 1 + 

Next, differentiate (1) on the supposition that all the 
magnitudes vary ; then we have, since they are all functions 

dv y dw 

' 1 — j; + (y — o')? + p^ — -J- p =0; from which 

subtract (2), and there results — -r ^ ^ (3) =: 0, or 

dv dw ,. ,^v dv dx ,^ ^ ^ dv 

which, substituted in the equation of the radius ot' curva- 

dtp . 
ture, gives y — tt? = ^(o:— r), which is the equation of the 

evolute's tangent (8. 3.). 
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IS. The arc of (he eootute is equal to the radiue qfcurva^ 
ture of the involute ± a constant quantity. 

{x—vy -h iy—wy ss E*; whence, differentiating on the 
suppositbn that all the magnitudes vary, (•^"~«') > 1 — j" « 

But by preceding Art., equations (1) and (2), iT — » + 
P'iy— w) = 0, and 1 + p^ -h (y — «e;) g = ; whence y — w 

1 +p^ 1 + p' 
= , and or — w = p. ^ ; wherefore, by substitu* 

^ i + /^* V ^ dv\ 1 + P* V dwl EdR 

bon,j,.-^Jl--<-_^Jp__J=_; or 

l-hJ3^ c?w \^p^ dw ^ RdR 

q dx q dx "^ dx' 

dv dw dv 

Also, equation (3), - ^ = P 5^. °'' P ^ - dw' *"'' 

n == £ — . wherefore, by substitution and division, 

i dw da ' 

(1 +p2) ^ = J-, or aR = \/dv'^ + dw'; and integrating, 

R = the length of the evolute + a constant quantity. 

Cor, 1* Since every curve has an involute, if the radius 
of curvature of the involute can be found in algebraick 
terms, the curve may be rectified. 

Cor. S. The difference of any twa radii of the involute 
equals the intercepted arc of the evolute. 

These two propositions, combined with that of Art. 7, 
seem to demonstrate with as much accuracy as the nature 
of the subject allows, what by some writers is made matter 
of definition, that the involute is the same curve as that 
which is traced by the extremity of a string unwound from 
the evolute. 

14. Required the evolute of a known curve. 

Let X and y be the co-ordinates of the involute, 

V and w the corresponding co-ordinates of tlie evolute. 

Then it is shown in the former article that 

p 1 +p^ 

r = ;r — ^^(1 +p«) and w = y -f- — ^ ; which, calculated 

VOL. I. D B 
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in terms of x from the equation of the curve, will give the 
required equation between v and w^ prpvided that .r can be 
eKminated. 

j^jc, 1. Required the evolute of a parabola. 

1 



1 I — » 



II __ 

y = a^x^ .*. p = -Q-a^x ^ .•. J = 7-a x 



• • 






a 



a 



whence |(f- -|) = "^/^ .-.«• = ^(t> - |-) 



and ze^ = 



-4 



SvSa 



(--i)*' 



the equation of a semi-cubical 



parabola, the negi^tive sign showing that it lies below the 
axis of its involute. 

When t? s= -^, 2Kf = 0; 

take therefore av = 2as, 
and V is the vertex of the 
evolute. 
Transfer the origin to v, 

by substituting t/=« — ^, 

and we have up* = -^sr v'* 

for the equation of the curve vp'. 
Ex. 2. The evdiute of an ellipse* 

a^^ b* • • o« ^ 6« • * a* ^ 6» ^ *« ~ * 




whence s ^ — 






andywhich = -^{^+^} = -^- 



iV 



a«if* 






ly a*y» 



ft* 



• • • • 
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Now a; = J/ + — ^ .•. qw =: qy -h I +p^ .'. by substi- 
tution, r-r- w = -— + 1 + — r-r = ;rT + 1 + 

^ 1 1 - f 1 = 1 - ^=-^ ••• ^ = -f («*-*') 

and {bzvf = -^. (a^- i«)^. 

Also,. = .-|-(l+;,n = -^(l4-^).... 

.-, ar = -3 • (a^-i*) and (at;)"** = -^. (a«— i«)^. 
Wherefore (ai;)^ + (ftze;)^ =-^. (a«-.J«)^ 4- 



a 



-~^. {a^'-¥)^ = (a^— i«)^, the equation of the evolute. 

Cor. The equation of the evolute of ail hyperbola is 

(az?)"^— • (ftw)"^ = (a* 4- ft*)'^, which, in the case of the equi- 

lateral hyperbola, becomes t>^ — sx;^ = (2a)^. 
JBa:. 3. A cycloid. 
Place the origin at the centre of the base; then (9.8. Ex.1.) 



^=-y2^=-<^'-i> ^•••^= 



— flwr~* 



(2ajr-i - 1 )^ 



= — ; r .'. — = -^ ■ ; and 1 +/>« = 5 — — .-., 

by substitution, w = a: — Sx = — ar. 

2a a ^ 

Also,a;=j/-5- ~— J =y-2v/2ar-^«; 

but «/ = « i^*»"' 1- ^200: — a:* .'. a; = a v*.*"* 

<' a * a 

- V2aar— or^; in which> if — t? be substituted for Xy there 

results w ♦st «»«."•* — : — — • -2a«-r-v*, which shows that 

a 

D D 2 
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V is necessarily negative; or the required equation is 

w = a w.- * >v/2air^^^J«r where v is to be measured 

a 

in an opposite direction from x. 

If this equation be transferred along the axis y through 



2a— w 



2iro, there results w = a{2'ir—vs.''^ )-l- V^v — t;* = 

a 



V 



a. IS.""* 1- V^v — vK which is the same curve as the in- 

a 

volute, the origin being at the vertex. 

The cycloid is a rectifiable curve, since its radius of cur- 
vature can be obtained in algebraical terms. 

15. Required the involute of a kfumn curve. 

Make the same substitutions as in the former article. 
Differentiate r* = (j? — t?)« + (^ — to)* on the supposition 
that V and w vary, in which case all the magnitudes neces- 
sarily vary ; wherefore RdR = — (or — v)dv — (y — w)dw 
+ X — V + (y — w) = — ( j: — v)dv — • ( J/ — w)dw, since 
(1) a? — z; -h (y — tt>)p = 0. 

Also, it may be shown as in Art. 13> that |> = — ^ — *; 

dv 
whence by substitution in (1) x — x? ■— j-(j/ — w) = 0, or 

(x — v)dw — (y, — ^)dv = ; which combined with r^r 
= — (a? — v)dv — (y — w)dw will give x axkdy in terms of 
Vf Wf dVy dw and r, ^r. 

To eliminate r, we have b = s/(pD — w)* + (y — w)% 
and (Art. 12.) dR =•- ^dv"^ -f da?*; whence, by substitution, 
there will result a fluxional equation between v and to. 

In this process we obtain an expression for Jb but not for 
R in terms oft; and w ; and the reason is, that the same evolute 
may have an infinite number of involutes depen(iing upon 
the length of the string which is unwound. 

16. Required the evolute of a hnawn spiral. 

Let r and p = the radius vector and the perpendicular 

on the tangent in the involute. 



* This also follows from the circumstance that the fluxio&al 
triangles of the involute and evolute are similar. 
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f and It = the same lines in the evolute. 

R = the radius of curvature of the involute, 

which may be found in terms of r and p. 

(Eu. 47. 1.) f« = r* -/?« + (e ~ j>y, and ifi^r^ -f-, 

from which r, r« and p may be eliminated^ and the equation 

found between ^ and ^. 

If the evolute be given, e is now the length of the curve ; 
and a fluxional equation may be obtained for the involute. 

17. Required to determine the curve which touches any 
.number of curves of a given species, described qfier a certain 
law. 

Let pp', vp be two 
positions of the move- 
able curve near to each 
other, and intersecting 
in p' ; Kpp the required 
curve which touches 
them both. 

Let F(ar, y, a) = 
= tt be the equation of 
i^p'; a being the para* 
meter by the variation 

of which it comes into the position p'p ; and x^ y being the 
co-ordinates of any point in pp'. When pp' becomes p[p, let 
a become a ; then, since the species of the curve is given, 
the equation of p^ is y{x, y, a) = ; x^y being now the co- 
ordinates of any point in pp. 

Now diminish a — a indefinitely ; then p^ and a fortiori 
p', which is always between p and p^ if pp touches both of 
them, approximates to p as its limit. If then we differentiate 
the original equation f(^,^, a) = on the supposition that 
a varies and that x and y are constant, and eliminate a by 

du 
combining this equation ^ =: with u = 0, the values of 

X and y in the resulting equation belong to a point which is 
the Tmiit of the intersections of the two curves, and there- 
fore belong to p ; or it is the required equation. 

If the equation ii = has two variable parameters a and 
i, whose relation is given by the law after which the curves 
are described, in the differentiation b must be differentiated 
&A a function of a. 

18. Othenvise, The moveable and the tangential curve 
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must have the same co-ordinates, because the poiiito. of con- 
tact are common to both ; and the only difference between 
them is that the one is generated on the supposition that the 
parameter is constant ; and the other, that it varies. Hence, 
if tf = F(jr, y, a) = is the equation of the moveable curve, 
differentiating on the two suppositions, we shall have 

du . du , ^ - - du . du . du , 
du sa -T-dx 4- jT^ = 0, and du = -^dx + -j-djf -^ ~ da 

= 0. Now these equations are simuUanecms, because there 

du 
must result from each the same value of -^, which marks 

dgr 

du 
the position of the tangent ; wherefore -p = ; and this 

combined with u = will give the required equation of the 
tangential curve. 

19* Examples, 

Ex. 1. The centre, of a given circle moves along a ^ven 
right line ; required the line which touches all the circles. 

Let a and 6 be the co-ordinates of the centre of k>ne of the 
circles ; r the radius. 

b ^ ma + fi the given right line ; then r« i= (^ — o)« 

. ' du 

+ (^ — b)^ is the equation of the moveable curve .•. 3- = 

, db 
= (jr — a) + (y — b)^ =0: — a + wi(j/— ft)(l)/., by sub- 

. . „ m'^-hl, , mt 

stitution, r* = r- (x — ay .•. a: — c = 



• • • 



^* Vm^ + l 

.•. tf = T ■ and ft, which r: ma -f a, =s jnx — 

— + fjL .•., by substitution in (1), the required equa- 

tion is = + tTW — ffi^x + — ' — m/x, or 



y ^ mx -\r fi — Vm^ + 1 . r, which is a line parallel to 
the given line. 

Ex, 2. Required the nature of the curve in which the 
normal Varies as its distance from a given point in the axis. 
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The. normal may be supposed to be the radius of a vari- 
able circle whose centre moves along the axis; in which 
case the required curve touches all the circles. 
Let a a: the abscissa of the foot of the normal, 
b =z the abscissa of the given point, 
€ =z the constant ratio^ 

du 
(a— ;r)«+y«=r2 = ^^(a-J)«.%^ = a-o? - ^(a-ft) = 

X — e^b eHx—b) . , .x ^ b 

.\ a = 7- .% a — a? = -^ — — , and a — 6 = 



(x—by 

.V by substitution and transposition, y* = ^*nZ~i\r "" 

curve is a right line. 

Ex. 3. Required the curve which a right line of given 
length, intercepted by two rectangular co-ordinates, perpe- 
tuaUy touches. 

X y 
The equation of the line is h -r- = 1 ? let ^ =: its 

length, then a^+J* = c«. 

_^.^ . . X y db . . db a 

DiffeKDUataig, — + -^^ = 0;but^=--j- .-. 

I 
X U 11 tJ7 X 

^^ fr- = .*. -T- = r ••• by substitution, — ^ + 

a' 5' b a ^.4- -^ -a 

y 

XI I 

— ^^ = 1 .'. a = j: + 'JJ'^y > and 6 = -^ = x^y^^ y .•. 



IX a I a a 

3 



c« = a« + i* = (JT -f arTy^)« + (y + ^^y^« = (;r^+j/^) 

* * * . . . ' 

or x"^ + y''" =: c"^ is the required equation. 

Ex. 4. One of the angles of a triangle is constfint, and 

also the product of the sides which contain it ; required the 

curve to which the third side of the triangle is always a 

tangent. 

X y 
The equation of the third side is — + -^ = 1, where the 

to-ordinates are not necessarily rectangular. 
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X y db 
Let ab = c* ; then, differentiatingf "T + "fft if" ^ ^» "^^ 

-7- = = .•.by subsUtution and reduction. • . . 

da a^ ^ -^ * ' 



a 
a 



= 1 .'. a = ^ and 5 &= 2y •*. ixy 



^ y ^ 
a b 

zsab = c\ which is the equation of an hyperbola. 

Ex. 5. A right line and a point are given in position ; lines 
are drawn intersecting the given line under the condition 
that their normals drawn from the points of intersection shall 
pass through the given point; required the curve to which 
these lines are always a tangent. 



From the given point a draw ao 
perpendicular to the given line 
ONx; place the origin at o; let 
PQR be a line intersecting ox in q, 
join Ad which is at right angles to 



Let Ao = c and let -^ = 1 be the equation of paa^ 

then, since aqr is a right angle, a^ = be. 

Differentiating, -^-|-^ = 0;but^ = - = — 




a 



X 



.*. by substitution and reduction, — 



b ^ '' b -^' 



X 



X 



x^ 



ox b —y and — =s 2, or a = -3- ••. -j- =yc, or j?*=4jcy ; 



a 



which shows that the curve is a parabola, vertex o and 
focus A. (Leybourn's Math. Rep. vol. S. p. 73.) 

Ex. 6. A fluid issues from a vertical cylinder with innu- 
merable holes ; required the surface which bounds the issuing' 
fluid. 

Let a — the depth of one of the holes, 
then y^ = 4a(jr— a) is the curve described by the issuing 

. - du x 

particle ; .•. j- = = a; — 2a, or a = g- .•. the required 
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equation is y* = 2x,-^ = jr% or y = 4; jt ; which shows 

that the required surface is the frustum of a cone whose 
vertical angle = 46®. 

Ex. 7. Required the surface which bounds all the para- 
bolas described from a given point with a given velocity of 
projection. 

Let h = the space due to the velocity of projection, 
B = the z of projection of one of the parabolas. 

Theti the equation is y =^ x tan.9 — -^ sec.*9, and con- 

sidering d as the variable parameter, -^ = = x sec.*^ — 

^* .« A . 2A , . 4A2 

•^7- sec.^9 tan.9 /. tan.Q ±= — , and sec.*9 = 1 H .•.by 

AA X J7* "^ 

substitution, the required equation is 

x'^ / 4A^ \ a?* 

2' = ^*--&\^ -^ :;5-; = '^-lA- •••^* = *^(A-y); or 

the required surface is that of a paraboloid whose focus is 
the point of projection, and whose latus rectum = 47t. 

£a7. 8. Required the nature of the curve in which the 
axis intercepted between the tangent and the vertex varies 
as the nth power of the perpendicular to the axis drawn 
from the vertex and terminated by the tangent. 

X tJ 

The equation of the tangent is 1- -^ = 1. Assume 

a == 6% omitting for the present the constant c which ren- 
ders the equation homogeneous. 

db 1 •!.«. . • *>^ y 1 



a» n6»+ 



^. . y 

n 






and a = l — ) .*. by substitution, — ar{ — J . . . . 



n 



+ ,(i)" = ..„-^V^^=X = >- 



or 
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f/i-i 1 1 w — 1 ^«i — 1\»»— 1 



n-1 («-lV 



^»»— 1 n'*'*' W*~* 'W*~^ 

introducing c, c"""*^ = -^ — ^" is the required equa- 
tion. 

9XS. Required the ncUure of the curve which cvis at a 
given angle any number of curves of a given species de- 
scribed qper a certain law. 

. Def The required curve in this and the former article^ 
in order to distinguish it from the moveable curve, is called 
the trctjectory. 

Let 9 and a = the angles which the tangent of the move- 
able curve makes with the axis and the 
trajectory respectively, 
9' = the angle which the tangent of the tra- 
jectory makes with the axis, 
X and y = the co-ordinates of the moveable curve. 
sf and y = those of the trajectory. 

dy_^d^ 

-,, . ^, tan.fl-tan.5' dx da? 

Then - fl' = a .•. tan. a = = — : — -. -r. = j— -n- 

1 + tan.9 tan.d' dy dtf 

dx da? 

Also, let F(a?, ^, a) = be the given equation, a being 
the parameter upon the value of which the position of the 
movable curve depends. By differentiatioii, the value of 

^ may be obtained ivom this equation in terms of x^ y and 

a ; and substituting this value in the e!xpression for tan.a, 
a may be eliminated, and there will reault a fluxional equa. 
tion which belongs to the trajectory ; for, since the curves 
intersect, x and y are the same as af and yK 

Cor. If the given z = 90**, or the trajectory is rectan- 
gular, a is elimmated by means of the equation 

dx dx' 

Problems of this class necessarily involve the integration 
of a fluxional equation ; and as we must return to the subject 
in the second volume we shall subjoin but few examples, 
and a short praxis of this and the preceding article. 
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Ex, 1^ Let y ^ (ix\ required the natur^ of the curve 
which intersects all the lines to which this equation can be- 
long at right angles. 

Here -=^ = a = — .'.by substitution, the fluxional 
equation of the trajectory is 1 + — -p = 0, or xdx -^ydy=^0 

w 

,\ integrating x* H-^^ = c*, or the trajectory is a circle. 

JEop. ^. The moveable curve is a semicubical parabola ; 
required the nature of the curve which, beginning at the 
vertex of the parabola in its first position, cuts it at right 
angles. (Cambridge Problems, p. 293). 

^ = 3^' ••• irW^ix •'• '^y «"bstitution, 1+^ = 

3^« x^ y^ , . , . 

.•. -T — h y* = c*, or "o" + *% = ^^ which is an elapse whose 

axes are in the ratio of a/2 : V^- 

21; PRAXIS. 

. 1» Required the nature of the curve in which (normal)^x 
its distance from the vertex. If r^ = 6 x a, the required 
curve is a parabola, whose latus rectum = b ; and the origin 
the £qcus. 

. 2. Ope of the angles of a triangle is fixed, and the sum of 
the si^c^s which contain it is constant ; required the curve 
to wbiich the third side is always a tangent. The required 

equation is i;"^ + j/* = c^ according as the sum or the dif- 
ference of the sides is given : and the required curve is con- 
sediiently a parabola. 

o. One of the angles of a triangle is fixed, and the area 
induded by the third side is constant ; required the curve 
to which the third side is always a tangent The required 
curve is an hj^rbola between the asymptotes. 

4, Two pcants nM>v^ fron^ given posit^oiis with equal 
uniform velocities at right angles to each other; reqou'ed 
the curve to which the line which joins them is always a 

J. ' * 

tangent a?* 4* ^*i=: (w + w)^. 

S.' Investigate the nature of the curve in which lines 

drawn from a given point perpendicular to the tangent may 

always be equal. . A circle. 
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6. Required the curve, the centre of whose curvature de- 
scribes the axis. 

2S. On the different orders of contact 

Def. Let there be 
two curves PAp, p'Ap', 
which intersect in a ; 
draw a's co-ordinates 
OB, BA, and the con- 
tiguous and equidi- 
stant ordinates npp', 
nffp. 

Let OB ZZX, BA =y, 

BN = B/i = A ; then, 
developing the ordi- 
nates by Taylor's 
theorem, let 

NP=:y+A.-j--fB.j^+-C.j;^ + &C. 

h h' A' 

UP'= J/ + Ai.y +B,.j-g +Ci.j-^ + &C. 

First suppose a = Aj, then (8. 2) ap and ap' have a com- 
mon tangent at a ; and this is called simple contact, or con^ 
tact qf the first order. Next suppose that b also = b,, then 
the curves are said to have a contact of the second order ; 
if c also = r„ the contact is of the third order ; and ge- 
nerally, the contact is of the nth order, if the first fluxional 
coefficients, which are not equal, are of the {n + l)th order. 

Cor. Of the equation of a right line all the fluxional co- 
efficients vanish after the first; and consequent! v a right line 
cannot have a more intimate contact than the first with any 
proposed curve, except at certain points where, by assign- 
ing particular values to the principal variable, the second 
fluxional coefficient of the proposed curve vanishes. In this 
case the contact is of the second order. 

28. If tlie order of the contact is eveuj there is both con^ 
tact and intersection ; if odd^ only contact. 

For supposing the curves to intersect as in the former 
article, h may be assumed so small that the magnitude of 
the ordinates shall be in the order of a, Ai ; which there- 
fore determine the position of ap, ap' with respect to each 
other and to the axis. Also by the same theorem 
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h A* ^* e ^ which are 

«p =y - A.y 4-B.y-^-c.Y^+&c. i thereforein 



the 



reverse 



A A* A' 

np^^y — Ai .-=- +Bi,=-5 -c,,--q^4-&c. \ order of a, 

^ A.^ i.^.*> ^ Ai as they 

ought to be^ since the curves cross at a. 

First, suppose a = Ai, but b not = B| ; or that the con- 
tact is of the^r^ order ; then the order of the magnitudes 
ftp, fifl is the same as that of np, np', and consequently there 
is contact but not intersection. Next let a = Aj, b = b^, 
and c not = Ci ; here the order of the magnitudes np^ nj^ is the 
reverse of that of np, np'; and consequently contact of the 
second order is both contact and intersection. In the same 
manner it may be shown that all contacts of an even order 
are, and that those of an odd order are not intersections. 

24. Let AP, Ap' have contact of any order, the third for 
instance ; draw any other curve as ai»'' through ,a, the de- 
velopement of whose ordinate is 

nf' =y -h A2.-j- + B2.5-g+C3. r-^ 4 &c. ; then it is 

manifest that ap' cannot pass between ap and ap', unless 
A, = Ai, B2 = Bi, and C2 = C|. If these equations obtain, 
the position of ap'' with respect to ap and ap' depends upon 
the order of the magnitudes d, D|, d,. 

Generally, it is obvious that ^^ a curve drawn through the 
point of contact of two other curves cannot pass between 
them, unless it touches one of them at least as intimately 
as they touch each other ; in which case the relative position 
of the three curves will depend upon the magnitude of the 
first coefficients which are not equal." 

Cor* If all the coefficients are equal the curves coincide. 

25. Required to investigate the different orders of contact 
tvhich two curves f whose species are given, can bear to each 
other. 

Let u and v represent the equations of the two curves, of 
which u contains m ; and v, n arbitrary constants ; suppose 
m to be not less than n, and that none of the fluxional co* 
efficients vanish. 

Differentiate both equations n — l times; equate the 

dv d^y dP'~~^ti 
values of y, -p, ^-^ . . . , ^ ; which will give n equations, 

by means of which the constants in v may be expressed in 
terms of those of u ; which determines the curve of the 
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specie&sY which has contact of the (/i — l)th order with any 
proposed curve of the species lu 

It is manifest that there cannot be an higher contact than 
the (n— l)th except the fith coefBcients pf u and v ar:e equal. 
As this may happen at particular points, the enunciation of 
the proposition must be limited as follows. A curve of a 
given species^ in general, cannot have wUh any proposed 
curve contact of an higher order than the, number of' the con- 
stants contained in its equation diminisJied by unity » 

If we equate only n - 1 terms 3/> ^> ^^ • • • ^^ > 

there will remain a constant in v which is undetermined ; 
which shows that there may be an infinite number of curves 
of the species v, which has contact of the w— 2th o^der with 
the proposed curve. 

Cor. I. The contact of a circle with any proposed curve, 
in general, cannot be of an higher order than the second ; 
but if there are points in the proposed curve at which the 
third fluxional coefficients of the ordinates are equal, the 
contact at these points is of the third order. 

Cor. % It appears from Art. 2, that that circle which has 
contact of the second order with any proposed curve is the 
same as its circle of curvature. 

Cor. 3. The circle of curvature and the curve which it 
touches have, in general, both contact ahd intersection. At 
those points where the third fluxional coefBcients are equal, 
there is contact without intersection, provided that the 
fourth fluxional coefficients are not also equal. (Art. ^.) 

26. Required to demonstrate^ geometrically^ that a curve 
and its circle of curvature have^ in general^ both contact 
and intersection. 

Let EP'/? be the curve, qQ,g[ 
its evolute, xvy the circle of 
curvature at p, whose radius 
is QP ; then taking oq a small 
arc of the evolute and joinifig 
o^, we have (Eu. 1. 20.) xq 
less than xd + oq^ or pa + oq^ 
<»: Ro ; or R falls without the 
circle. Similarly it may be 
shown that p falls within the 
circle, or the curve intersects 
the circle in p. 




CHAP. XI* OSCULATING CURVES. 415 

S7. At the points qfihe greatest and least curvaki/rej the 
contact of the circle of curvaiy/re is qftJie third order. 

For, let p, q^ r be the fluxional coefficients of the curve, 
Pf y, r' those of the circle of curvature. 

(l+p°)^ 
Let B = the radius of curvature, then b = — . and 

when the curvature is a maximum or minimum, 

J. 

0=-8(l+p^)^p+A-l^i— , or 

(1 +p^)^{{l -^p')r - Spy*} = 0, and r = -^^. 

Also, from the equation of the circle (;» — a)« +• (y — fi)^= b% 
therefore differentiating, ^— a+ (y— /3)|7 = 0> and 1 + p^ 
+ (J/-/3) 9=0, and 2pq +pq -f {y-fi) r'« 0, or r' = 

^ =s , . ' ^ i= r ; or the contact is of the third order: 

Cor. At the points of the greatest and least curvature, 
the evolute has what is called a cusp (Ch. 1^. 11.) and the 
demonstration of the preceding article &ils at these points. 

Ea;. At the extremity of the axis minor of an ellipse, 
p r= 0, J = — — , r = 0, both in the curve and in the 

circle of curvature ; but * s= — —, and s = t- ; and 

since we may suppose 6 to be gi*eater than a, it' follows that 
the contact is of tne third order, at the eXtrenlities of both 
the axes. 

Since tf' — * = — «• (a* — 6*), the circle of curvature at th^ 

extremity of the axis minor falls wholly without ; and at 
the extremity of the axis major, it falls wholly within the 
curve. 

28. Def, That curve which touches any proposed curve 
so indmately that no other of the same species can be drawn 
between them through the point of contact is called its oscu- 
lating curve of that species. 

Ex. 1. Since a right line admits in general of only simple 
contact, no other right line can be drawn between a curve and 
its tangent which ooes not cut the curve (^.) ; or the tan- 
gent is a line which has the first order of osculation. If the 
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second fluxional coefficient of the curve vanishes the tangent 
has the second order of oscillation. In this case there is 
both contact and intersection. 

Ex. S. Since no touching circle can be drawn between a 
curve and its circle of curvature, the circle of curvature is 
the osculating circle ; it has osculation of the second order, 
except at particular points where the osculation may be of 
the third order. 

Ex, 3. The different degrees of osculation are most con- 
veniently measured by a series of curves whose equations 
are of tne form y = a -f 6a: + ci^, y = a -h fta: 4- ca:^ + ex^, 
. . . » y = a + bx + cx^ .... qx'\ These equations belong 
to parabolick and not hyperbolick curves, as they do not 
admit of a rectilinear asymptote. 

Now it is manifest that there is an infinite number of 
curves of the first species which have contact of the first 
order with any proposed curve ; but that there is only one 
which, in ^neral, has contact of the second order. This 
then is called the osculating parabola of the second order : 
it is an Apollonian parabola ; and the constants are to be 
determined by elimmation from the equation of the pro- 
posed curve. In the same manner, there is an infinite 
number of curves of the second species which have contact 
of the first or of the second order with the proposed curve, 
but there is only one which has contact of the third order ; 
and when the constants are determined as before by elimi- 
nation, it is the osoidating parabola of the third order : and 
thus there may be found a series of parabolick curves which 
have all possible degrees of osculation with the proposed 
curve. 

The process of elimination is facilitated by transferring 
the origin of the parabolick curve to the point of contact. 

Osculating parabolas of an even order both touch and 
intersect; those of an odd order only touch the curve 
(Art. 23). 

It may be observed that y ~ a + 6^ + <^^^ is not the 
canonical equation of the Apollonian parabola, which con- 
tains four constants ; one which determines its magnitude ; 
two, the position of the vertex ; and the fourth, the position 
of the axis. In this equation the position of the axis is fixed ; 
it is parallel to y. 

To exemplify the method of finding these curves ; let it 
be required to draw to any point of a proposed curve the 
osculating parabola of the second order. 
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The required equation, by transferring the origin to the 
point of contact, takes the form of y = 6a: -f ^-^^ or 



y = c^ar* + — j, ^^y + ^ = e(^jr + ^ J ; and conse- 
quently the co-ordinates of the vertex are — -r— and — q-? 

1 

and the latus rectum = — . 

c 

Differentiating, p =^ b + 2ac^ ^ ss Sc ; wherefore at the 

point of contact 6 = />, c = -^ ; or the required curve is an 

Apollonian parabola, whose axis is parallel to y ; the co- 
ordinates of whose vertex on the axes y and x, the point of 

contact being the origin, are — -^ and — -^ ; and whose 

1 

latus rectum = 5- ; where the values of p and g belonging 

to the point of contact are to be determined from the equa- 
don of the given curve. 

29. Required to represent geometrically thefluxixmal co- 
efficients ©/"y = fx, the equation of any proposed curve. 

By Taylors theorem y^y+Py + yj^ + r. j-^^ 

+ &c 

Describe through a, (fig. 22) the point whose co-ordinates 
are x^ y the successive osculating parabolas beginning with 
the tangent which may be considered as the osculating para- 
bola pf the first order; draw the ordinate npp'p" . . . . near 
to AB, cutting the curve in p, and the tangent and the suc- 
ceeding parabolas in p', p", p'", . . . . ; then we have 

Kp =.y 

A 

Np' = y + i>.Y 

„pff — «. I „ A J, ^ _ I whence, there re- 

h A^ A^ 

&c. = &c. 

VOL. I. . E E 
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1.2.8 
&c. = Sec. 



which lines, therefore, represent the linear 
magnitude of the terms of Taylor's theo- 
rem ; and if h be assumed = dx^ we shall 
' have pp'=rfy, gp^p^rrd^y, 2.3pV=d»y . . . 
geometrical representations of the suc- 
cessive fluxions of the ordinate. 



30. If there is a point of a curve , at which an Apollonian 
parabola may have contact of the fourth order ; at the two 
points contiguous to it, the osculating curves of the fourth 
order are respectively an ellipse and an hyperbola. 

The canonical equation of the Apollonian parabola con- 
tains four arbitrary constants, and consequently that Apol- 
lonian parabola may be determined which has, in general, 
the third; and which at particular points may have the 
fourth order of contact. 

Let fly* -f (ft -h cx)y + e -{-fx + ga/^ = be the cano- 
nical equation of the second degree ; then, since it contains 
five arbitrary constants (7. 19. Ex. 3.), that oonick section 
may be determined which has contact of the fourth order 
with the proposed curve; but the conick section to which 
the canonical equation belongs depends upon the sign of 
4ag — c^ (Alg. 508), it being an ellipse or an hyperbola 
according as the sign is -h or — ; and a parabola if 4iag — 
c^ =s 0. Hence, calculate, as in article Sl8, the value of 
4iag — c* in terms of a: and y, and the real roots of the 
resulting equation iiog — c* = will give those points of 
the curve at which an Apollonian parabola has contact of 
the fourth order. At the two pomts contiguous to these 
particular points, since ^ag — c* must change its sign in 
passing through zero, the osculating curves are in the one 
case an ellipse, and in the other an hyperbola. 
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CHAPTER XII. 

Singuiar paints of Curves. 

1. Def. An iriflexion, orpoint of contrary Jkiure^ is that 
point of a curve at which it ceases to be concave and begins 
to be convex to the axis. 

This definition does not apply at the point where the 
curve intersects the axis; a circumstance which can always 
be ascertained from the curve's equation. 

2. The second Jluaion of the ordinate of a convex curve 
is positive, and of a concave curve negative ; the abscissa qf 
the curve being supposed to increase. 

The characteristick property of a convex curve is, that 
its ordinate increases faster ; and of a concave curve, that it 
increases slower than the corresponding ordinate of the 
tangent 

Let y ^fx be the curve's equation ; and when x becomes 
^ = ^ 4- A, let y become y, and the ordinate of the tan- 
gent /. 

h A» 

By Taylor's theorem y — y = i>. -,- 4- s'. Yq ; for A may 

be assumed so small that the sum of the remaining terms 
shall not affect the sign of the result, (3. 3.) 

Also (8. 8.)> the equation of the tangent is y^—y=p(af — jr) 
= pJi ; wherefore the ordinate of the curve increases faster 
or slower than that of the tangent, i. e. the curve is convex 
or concave according as q is positive or negative. 

If the ordinate decreases, the demonstration is the same, 
except that p is negative in both the equations. 

S. If the abscissa and ordinate both become negative, in 
consequence of the curve intersecting the axis, and the origin 
be placed at the point of intersection ; and we suppose the 
negative abscissa to increase ; since this will not affect the 
sign of A*, the same proposition obtains ; hence it follows, 
generally, that " the curve is convex when the ordinate and 

£ E 2 
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its second fluxion have the same sign, and concave when 
their signs are different.^ 

4. Required to demonstrate Art. 2, without the aid of 
Taylor's theorem. 

Conistruct the figure as in Ch. 8. Art. 2. ; in ttq take 
irjr'=pw, and draw i^sYp^ parallel to /ffsp cutting pr in r'. 
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Suppose the abscissa to increase uniformly; then if the 
ordinate also increased uniformly, the locus of ^ would be 
a right line, and when ptt becomes pit', pt would become 
rV. But when the curve is convex /)V is greater, and when 
concave less than r^i^ ; or the ordinate increases with an ac- 
celerated velocity in the one case and with a diminished ve- 
locity in the other ; and consecjuently in the foi-mer case its 
second fluxion is positive, and m the latter negative. 

The curve being convex to the axis in the case of a mini- 
mum ordinate, an^ concave in the case of a maximum ; we 



CHAP. XII. 



CONTRARY FLEXURE. 



421 



po- 



see the reason why q is positive at a minimum and negative 
at a maximum value. (Vid. Ch. 6. Art. 4.) 

5. The abscissa increasing^ the angle which the tangent 
of a concave curve makes uith the axis ina^easeSy and the 
distance between the origin and the tangent's intersection 
with the axis increases. The contrary obtains when the 
curve is convex. 

For p = tan. Z ptn, and ^ or y is positive or negative, 

according as the curve is convex or concave; whence 
tan. Z PTN, and consequently the angle itself is an in- 
creasing magnitude in tne former case, and a decreasing 
magnitude in the latter. 

Also OT =z X — —-; therefore -- — = - . which is 

p dx p- 

* sitive when the curve is convex, and negative when concave ; 
or AT increases in the former case, and diminishes in the 
lattier. 

Cor, At an inflexion ot is a maximum or minimum. 

6. Required to investigate the conditions of a point of 
contrary Jlexure. 

The contiguous 
ordinates of a con- 
vex curve are both 
greater, and of a 
convex curve both 
less, than the cor- 
responding ordi- 
nates of the tan- 
gent. But at an 
inflexion, the ordi- 
nates of the curve 

are the one greater, and the other less than those of the tan- 
gent. This is its characteristick property ; so that there is 
an inflexion or not, according as this property obtains. 

Let AB be any ordinate ; draw the contiguous ordinates 
NP, np cutting the tangent at a in a and q. 

Then by Taylor's theorem and Ch. 3, Art. 3, we have 




or 
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h h* 

h h* 

h ¥ A» X 

From which it appears that unless j = 0, the ordinates of 
the curve will be either both greater or both less than those 
of the tangent, according as the signof q is positive or nega- 
live, and consequently the point is not an inflexion. 

Next suppose, q being = 0, that r is not — ; here the 
contiguous ordinates oi the curve are necessarily the one 
greater, and the other less than those of the tangent ; and 
the point is an inflexion. 

Again, suppose ^ = 0, r = 0, but s not s ; in this 
case there will not be an inflexion ; but if jr = 0, r === 0, 
« = 0, but t is not = 0, then the point is an inflexion, and 
so on : whence the Rule, 

^* There is an inflexion if, thejbixional coefficients q, r, s, • . . 
vanishing, the first zchich does not vanish is ^ an odd 
7iumber of dimensions.** 

If the coordinates are chan^d A'om the axis x to the 
axis Y, the same rule obtains with respect to the fluxicmal 

^ d*a? d^x 

coetncients -rr:* "t^-,' • • • 
ay* dy' 

Since at an inflexion the tangent has contact of the second 
order, it intersects the curve. 

In this investigation the value of p has not been con- 
ffldered ; it only marks the position of the tangent ; when 
p = 0, it shows that the tangent at the inflexion is parallel 
to the axis. 

If p is infinite, or the tangent is perpendicular to the axis, 
all the succeeding fluxional coefScients will be infinite at the 
same time, and the propoiation on which the investigation is 
founded, viz. (3. 3) fails. In order to ascertain whether 
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there is an inflexion in this case, recourse must be had to 
the following method. 

7. Required to find whether there is an inflexion at a 
proposed point of a knoism curve. 

Let a be the value of the abscissa at the proposed point ; 
calculate the value of q in terms of x from the curve's equa- 
tion ; substitute in the result a H- A, a — h for. x ; tnen 
there is an inflexion or not according as the signs of {q) are 
difierent or the same, when l^ is indefinitely diminished 
(Art. %) 

Cor. At an inflexion the radius of curvature becomes in- 
finite, and the curvature vanishes. 

8. Required to investigate the points of contrary flexure 
iff a spiral. 

If the polar equation be given, deduce from it the equa- 
tion between the rectangular co-ordinates; and apply the 
rule of Art. 6. 

Or thus. The radius vector increasing, the form of a 
spiral is such, that when it is concave to the pole, the per- 
pendicular on the tangent necessarily increases, and when it 
IS convex^ the perpendicular diminishes. At an inflexion, 
therefore, the perpendicular on the tangent is either a maxi- 
mum or a minimum, and it may be found from the equation ^ 
between p and r. 



9. Examples. 



Ex, 1. y = 6 + ax^. 



p = ^x 
q — %1 



which shows that there is no inflexion, and that 
the curve is always convex to the axis ; for the 



curve does not cut the axis. 

Ex. 2. y = 6 -f- (a? — a)^. 

There is an 
inflexion at 
x-ayy-b\ 



p = 3.(a? — ay 
q = 2.8(ar - a) 
r = 6. 



also the tangent of the in- 
flexion is parallel to the axis ; 
and the form of the curve is 
that of the annexed figure. 

Ex. 3. a'^ s= x\ 
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P = 



? = 



r = 



9 = 



4^ 
a» 

a» 
2.3.4a? 

2.8.4 



X = Oy ^ = does not indicate an inflexion, 
since the first fluxional coefficient which does 
not vanish is of an even order. There is, 
however, an inflexion at the origin, as will be 
shown in the course of the chapter ; but it is 
invisible^ 



Ex. 4. y = oo? -♦- ba^ — car*. 



/? = a + 2ijr - 8cr« 
q — 9b- 2.Scx 
r = — 6c 



07 = — gives an inflexion : the curve 
is convex before, and concave after 



the value x = 7;-. 

3c 



Ex. 5. 1/ = ef^*. 

I? = — e^e^sin.a: 

q = e^'^(&in.^x — cos.or) 



If there is an inflexion, sin.^jr — 

^ 1±V5 

: ''""" cos.a: = 0, or cos.x = 5 — ; 

and to find the sign of (r), we have by the rule of (6. 9), 
sign of (r) = sign of e*^'(2sin.T cos.x + sin.x), which does 
not vanish when cos.a; = sin.^o?. 

This curve has two in- 
flexions at the points x = 

-1+V5 =li!^ 



cos. 



— 1. 



2 



-, y=e 




and X = COS. 



2 



, ... 



y =s f ~r~. Its form is that 
of the annexed figure. 



o 



Ex. 6. a«^« + af^* = a*; or y = 



A/a«+«^ 
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P= - 



a^x 



9= - 






T^ 



3^2^:2 



Ex. 1. y = y.s."'j:. 

X = v.s.y = 1 — cos.^ .'. 



There is an inflexion at 

The curve is symmetrical 
on both the axes ; and is of 
the form of a double con- 
choid, having four in- 
flexions. 



. dx 



There is an inflexion at y = 






i? = r; 



and smce cos. -;r-, = 0, cos. -rr- = . . . 

2 .2 



there are inflexions at a? = randy = -^-j.- 



Stt (2n + l)fl'r 



, where n may be any integer. 



Ex. 8. ysz tan.±v.s.-'ar. (Vid. 9. 4. Ex. 14.) 

First to clear the equation of circular functions ; substitute 
2« = v.s.^-'a? .'. X = v.s.2« = 1 — cos.2« = 2sin.«2. Also 



X \* 

2: ) ••. 

2-x/ 

_ 1 / 2~a? \^f 1 X 7 

^"" 2 \ J? y j2-^"^(2-a:)«5 



we have 



X 



? = 



x(2x-l) 

{2x-x^y 



g = when 2ar — 1 
= 0, or 0? = 4^ ; and 
if i. ± A be substi- 
tuted for jr, the va- 
lues of q are the one 
positive and the other 
negative ; or the 
curve is concave be- 

fore, and convex after a? = 4. 

When X ^ 2^ p = 00 , and q = 00 ; and to determine 
whether this indicates an inflexion, substitute 2 ± A for Xj 
of which the first makes q impossible ; or there is not an in- 
Jlexion at a? = 2. 
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Ew. 9. A spiral in which the radius vector varies as the 
nth power of the angle described. 



(10.12. Ex. 3. (8.))/> = 



r » 



y r . 



TTT, — ^ which is to 



» + ^'*i *» 



n 4-1 1 ^ -L- 

be a maximum^ or — :^ ^^ — "^ ' (^ ** + n®i « ) . . . . 



= maximum ; 



n 
n+1 1 



2 



1 



r« 



— 1 



n 






(n+ 1) (r « + ««6 * ) = r « .-. r = 6^ - « (n -h 1) | * . 

Hence, there is an inflexion only when n is a negative 
fraction less than unity. ^ 

In the Lituus n = — 4^ .\ r = 6 v^2 = 8a .*. fl = 4. 

5 

Ex. 10. y* = 0?% or y = x^. 

At the oriffln q =00 ; and to de- 
termine whether there is an in- 
flexion, for X substitute + ^ sLad 
— hf and the resulting values 

f ^ ^ ^ A 

01 <7 are -^r • "2i ; 9 ^no .... 

2 6 1 7 . 

— - . — ; or the curve is 



n 


5 


T 










P = 


3 
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A^ 



convex on each side of the axis 
(Art 3) ; and it passes through 
o ; which must therefore be an in- 
flexion. 




— vr 



Ex. 11. y' = a?, or y = a: 



P = 



-TT X 

3 



?-- 



3 



2 - 



5 

T 



There is an in- 
flexion at o of 
the form of the 
annexed figure. 
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10. PRAXIS. 

^ a 

1. a?* 4- ax* -f 6*^ = .•. x= — -5-. 

2. ^ = a:* — 12a:' + 48ar* — 64a:. The curve is convex 
when X is less than 2 ; concave when x is between 2 and 4; 
and afterwards convex. 

3. o^ = 8jr» - SSflwr* + 140fl«a:3 — 240a'i:«. The curve 
is concave before x == a\ convex between x = a^ or = Sa ; 
concave between x = 2a, 07 = 4<a; and afterwards convex. 

4. y = 6 + (j7 — a)*. There is or is not an inflexion at 
X = a according as n is odd or even where n is an integer 
greater than unity. 

5. y = — Jax^^ (8. 7. Ex. 6.) .•. a? = -^, y = + — =. 

X u ^5 

a a 

6. ajf' — ay* — a^x = .•. x = -j-, y = ± — =. 

7. .y = a: + 36a;?2 — 2af* — or*. This curve passes through 
the origin inclined at Z 45° without inflexion. There are 
inflexions at a: = 2 and a: = — 3. 

, ir 8ir (2»+l)ir 

8. y = T -f co8.a? - 1 •*• * = "g"' "2" " ' 2 ' 

and y — 07 — 1. 
9- X ^l^ .•. a: iz 8, y = ^*. 

10. The line of sines. The ecjuation is y = sin.j7; and 
the curve cuts the axis in the origin and other points at z 45, 
without inflexion. 

11. y=v.s.ar .-.yrir, &a:=— , ^••- ^ • 

12. A spiral whose equation is r =: g^^ (10.12.^Ex.ll.) 

r = -^, 6 = VS ; and fl may be calculated in degrees as in 

Ch. 2. Art. 18. Cor. 
For additional examples, vid. Ch. 7. Praxis to Art. 17. 

11. Multiple Points. 

Def. 1. A Multiple point is one in which two or more 
branches of the curve cut or touch each other. If the 
branches cut^ the point is of the first species; and of the 
second, if they touch. They are represented in fig. 1 and 
fig. 2. 
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They are double or 
triple points according 
to the number of the 
intersecting branches. 
, The two species of 
multiple points have ^ 
this property in com- ^ 
mon, that at these points two or more co-ordi- 
nates of the curve coincide ; and they differ in 
that a point of the second species has only one 
tangent. 



Def. 2. The point e of fig. 1, which is called the limit of 
the curve in the direction of the axis on, is a singular point. 
It has one property in common with multiple points ; for 
two ordinates of the curve coincide at e ; but it may be 
distinguished from them by the circumstance, that if the 
axis be changed it ceases to possess any singular property, 

Def. 3. Ctisps may be considered as 
multiple points of the second species. 
At a cusp the curvature is not only 
discontinued as in a point of contrary 
flexure, but the curve also suddenly 
changes its direction. The French 
mathematicians call them rebrousse- 
mens. They are of two species; in 
the first, the branches of the curve lie 
on opposite sides of their tangent ; and in the second, on 
the same side. 

\%.Ifa curve's equation he free from radicals^ the value 

qf -^ at a multiple point takes thef(yrm of -j-. 

dy 
For -T- marks the inclination of the tangent ; and since at 

a multiple point of the first species there is more than one 

du 
tangent, it follows that -^ must assume the indeterminate 

form of ■^, unless there are radicals in the equation ; in 
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which case -^ indicates as many branches as the radical has 
real values. 

When -^ = 7r> its values must be found as in Ch. 5. 21. ; 
ax 

and their number will give the degree of multiplicity of the 
proposed point. If -^ has two equal values, it indicates 

either a limit of the curve or a double point of the second 
species. » 

Otherwise. Let a and a! be the tangents of the Z.*^ ptn, 
pt'n ; differentiate the curvets equation F(a:, y) = 0, and 

let the result be vdx -h (idy = 0, or -^ = . 

cue Q. 

dy 
Now p 4- Q.^ = ; therefore p + Qa = 0. Similarly 

p -f Qa' == ; wherefore Q(a - a') = ; but a and a! are dif- 
ferent quantities, therefore q = 0, and consequently p = ; 

and ^, which =i — — , = -pr, 
ax a 

This proposition is not true e ccmverso. 

For take the example y — J?(ar — 1)^ = ; from which 

(x-lf -Sx(x-^\y , 

p — ^ ~ __ when ^ = 1. But if the 

^ 3^« 

curve be traced, it will 
be seen that it can 
have but one branch q 
which cuts the axis at 
/ 45^. 

13. Required to investigate the number of the multiple 
points of a curve^ and the degree of their multiplicity. 

Let y"" + py*~* + oy**-^ + . • . . + Tj/ + u = = M be 

the curve's equation free from radicals, where p, a, . . . . T, u 

are explicit functions of x. If a determinate value a be 

assigned to x^ this equation has n roots (Alg. 518) ; and if 

a belong to a multiple point where m branches ' intersect, 

m of these roots are equal ; let b be the equal root ; then, 

du 
since w = has m equal roots, its limiting equation t" = ^ 




^ I 
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contains m — l roots = b (Al^. 319). Find then all the 
values of x and y which satisfy both the equations u = 0, 

J- = ; let their values be a, 6 ; a', U ; al\ 6?, &c. ; sub- 

«y 

stitute them in the expression for p ; then all the resulting 
expressions which belong to a ihultiple point take the form 


of -jTj and their real value may be obtained by the method 

of Ch. 5. Art 21. • \(p has more than one real value there 
is a multiple point, and the degree of its multiplicity de- 
pends upon the number of p\ real values. 

At a multiple point the limiting equation with respect to 

J?, or -J- = must also contain tw— 1 roots = i; hence the 

required co-ordinates must be such as to satisfy the three 

du du 

equations w=0,^ = 0, -r- = 0. 

In order then to determine the number of multiple 
points, we may find all the values of x and^ which satisfy the 

du du 

equations w =■ 0,*^ = 0, ^ =: ; if there are any pairs 

which satisfy all three, they belong to a multiple point, and 
the corresponding values ofjp, which will take the form of 

•-^, will indicate as before its degree of multiplicity. 

Those pairs which satisfy the ori^nal equation and only 
one of the limiting equations, in which case p does not take 

the form of -rr-, belong to a limit in the direction of one of 

the axes. 

If p has no real values, the point is a conjugate point. 
(Vid. 7. 17. Ex. 4 Def ) 

14. Examples. 
Ex. 1. oy^ -h ar* — ia;« = = tt. 

^ -^ 2ay = ^ .'. »r =: 0, y = is the only possible 
dy ^ f multiple point ; and since 

g = x{^x-n) = OJP = ^y .-. (5 21. Ex. 1.) 
{pY 11 — ; or there is a double point at the origin. 
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Ex. 2. y^ - x{x - 1)» = = tt. 

, Nthe only possible 

^ = - (a? - 1)3 - S:r(x - 1)« = 03™"^^^P^® point; and 

_ (^-l)^ + &g(a?> -l)« _ 0^ _ (j?-l)g+^(ar-l) 
^ "" 3y« "" "" yp • • • 

= -^ .% p' + 3 = 0, which contains only one real 

root; or ^ = 0, ^ = 1 is not a multiple point. 

±(aa?-ar«) 



Ex. 3. y 



V^x—x^ 



Clear the equation of radicals, then jf-i^auic — a^) n 
[ax — 07^)2 ; divide by x that the results may not indicate a 
greater degree of multiplicity than the points possess, and 
we have 

|=2y(2«-x)=0 ^ ye+(a-.)(a-3. > 

y^ /and »='^^ — 2, ,^ ^ — \ 

g=-j,-(«-.)(a-3.)=0i '^ ^^<^»--) 

The only multiple point is at a? =i a, jf = 0; and 

The curve is of the form of the lower conchoid, the 
branches intersecting the axis at z 45". 

Ex. 4. y + %axy^ — oa:* = :== «. 

All . ^ 

ar = Oy ^ = is the only pair which satisfies all three, and 
__ 3flx— ggyp _ 8a--2ap2 19 3 ' 15 « 
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3a =7 0; in which 
equation, if p be finite 
6flrp« — 3a = 0, or 

« = ± -^. The 

third value of /> is 
infinite; whence • . • • 
there is a triple point 
at the origin, one 
branch cutting the 
axis at right angles, 
and the two others at 
angles whose tan- 

1 

irents are H — n. 

Also ^ = — a, 
y = -f a satisfy u = 

du 

and J- = 0, but not 
dy 

du 

T- = and (j9) =x ; .•. they indicate limits in the direction 

X. The form of the curve is that of the annexed figure. 
(Gamier, Calc. Diff. p. 297.) 




Ex. 5. y — jr^ + a?* + 3xy = — u. 



du 



= 2j/(2y2+3^^) =0 



^ 






i' = 



• • • • 



^'= ~^(5a;' -4r2 -6y2; 

The only possible multiple point is j? = 0, y = ; and 

= — 5-3 — ^r-^ .•. p* + 3p^ + 1 =0 ; and smce all the roots 

of this biquadratick are impossible, there is a conjugate 
point at the origin. 

Ex. 6. (or 4- yy = a^x'^ - y^). 
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The only multiple point is a: = 0, ^ = ; and p = —^ 

.•. p3 = 1 ; or there is a double point at the origin, the 
branches cutting the axis at z 45°. 

Also ±^ = 0, ± a: ^ a satisfy u = and -7- = 0, but 

du ' 

not -=r = 0; and consequently they belong to a limit in the 

direction x. The limits in the direction y are 

Ex. 7. x* - 2oy - 9a^ - 2a«a:« + a* = 0. 



>andp 
[x-"' - o') = 3 



^ ZL . \ and ^ Z ft ^ r are all the possible multiple 
points. 

Aty = 0,^ =± a,p = 6aj,p-f3a^p ==3^ -P^^T' 

At j^ = - a, ^ = 0, p = 3g^ .-. p« = Y' 

' Hence there are three double points, of which the 
branches of the two first are inclined to the axis at 

tan."* ± —=:; and the branches of the third at 

tan. 



'- - ji- 



And to find the limits in the directions x and y, there are 

VOL. I. F F 
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X = >va? = ± a 



_^ « % ^ Say which satisfy w = and ^ = 0, but 



• 1 . « - du 

> satisfy M = and 3- = 0, but not .... 



not -r- = : 

also ^ = ± a^ 9, 
y = -a 

-J- = ; consequently there are three limits in the directioa 

Y, and two in the direction 
X9 of which the tangents 
of the former are parallel ; 
and of the latter perpen- 
dicular to the axis. 

In the annexed diagram 

OA = OB = OC =: a, OV 



a 



a 




= y, CE = -g-5 EP=EQ 

= a ; ER = ES = o, V2. 
(Gamier, Calc. Diff. p. 296.) 

Having determined by th^ above method the number and 
position of the multiple points, it remains to ascertain the 
nature of each ; or the situation of the branches which issue 
from it. 

If the fluxional coefficients present no singularity, we 
may be assured that the proposed point is not a singular 
point; but the reverse of this proposition is not true. 
Whenever then p, j, &c. become either 0, oo , or take the 

form of -jr-, it becomes a problem of some importance in the 

discussion of a curve to ascertain the situation of the branches 
in the neighbourhood of the proposed point. 

16. Required to investigate the nature of amy propose^ 
point of a given curve. 

Transfer the origin to the proposed point ; and develope 
y, which is the same as y --y, or A: in the ori^nal equation, 

by the theorems of Ch. 4 in a series of the form Aor + bo? 

+ c^ + &c. where a, ^, y, &c. are increasing positive 
magnitudes. ' 

Diminish x and y indefinitely; then (3. 3) the nature of 
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the branch issuing from the proposed point depends upon 

the equation y •=^ kx , 

I. Let a = 1 ; then y = ax^ and the curve crosses the 



axis at tan.^^A. 



II. Let a be greater than 1 ; then we have 



y=s:AX 



p =r aKX 



a-1 



q=: 0({(x — l)Ax 
This resolves itself into three cases. 

Case 1. Let a = 2iy or = 



«-2 



V 





2/' + !' 

Here the curve cannot cross 
the axis, for y cannot be nega- 
tive ; it passes through the origin 
touching the axis ; and it is convex. 
The origin is not a singular 
point; for maxima and minima 
are not usually considered as such. 

Case 2. a = 2* -f 1, or = oTTT' 

Here the curve crosses the axis, 
touching it; and both branches 
are convex; and there is an in- 
flexion at 0. 

2i+l 
Case 8. a = q., \ 

Here the curve cflnnot cross 
the axis y ; and since y has two 
values, the one positive and the 
other negative, the twobranches 
are on opposite sides of x, touch- 
ii|g it. Also since y and q have 
the same sign, both the branches 
are convex ; and the origin is a 
cusp of the first species. 



III. Let a be less than 1. 

These cases are all reducible i 

to the preceding ; for since y = a^*, x =: A'y~ ; from which 
the position of the curve with respect to the axis y may be 
determined. 

p F 2 
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16. It appears from the preceding article that the equa- 
tion y r=z AX cannot indicate a cusp of the second species ; 
for there is no value of a which causes the values of ^ to be 
both positive or both negative. If then such points have 
existence, they must anse from some property of those 
terms of the series which were neglected in the investigation. 
Let us then proceed to inquire whether there is any form 
of ^'s developement which can indicate a cusp of the second 
species. 

Now suppose^ a being greater than 1, that one of the ex- 
Si -f 1 i8 
ponents /3, y, &c. is of the form —^-7- ; let bj? be the term; 

then Bx f though it may be neglected with respect to mag- 

tt 
nitude when compared with at , yet it implies a restriction 

which may not be indicated by ax ; for it shows that the 
curve cannot cross the axis y, whatever be the value of «. 

When this obtains, the origin is a cusp of the second 
species. Thus let the curve's equation be 

y = AXf^ ± BX^, 

Here (p) = 0, or the branches touch the axis x. . Also 
the curve cannot cross the axis y, for x cannot be negative ; 
nor can y be negative, since x may be assumed so small 

that ax' may be always greater than bx* : and q is positive 
for both the branches ; consequently the origin is a cusp of 
the second species, the two branches being convex to the 
axis X. 

If a = 1, there is likewise a cusp of the second species at 

the origin, unless the term in which the exponent ^.^ 

occurs should be the second term of the developement ; in 
which case, there is a cusp of the first species. The student 

1 
may assure himself of this by the examples y = ax + bx^ 

A 

and y = Aa: -h bx^ + car* ; they both indicate cusps at the 
origin ; the one of the first species, the other of the second ; 
the tangents of both are inchned to the axis at tan.^^A ; and 
the branches of the second curve are convex. 

Hence it appears that there is a cusp either of the first or 
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second species when, a being greater than or = 1, any of 

2«4'1 ' 

the exponents of the developement is of the form — qT~' 

If a is less tha^n 1, as in the example y = j?"'* + a;* ; in 

I _ 3 

order to find x in terms of y, we have x^ = y + x^y or 
0? = y3 q- 3y9j;a _|_ Qyx^. j^ x^ -= (Lagrange's theor. 4. 41.) 

7. 

^ + %* -f 3y* + &c., which indicates a cusp of the second 
species which touches and is convex to the axis Y. 

17. If the developement contains more than one exponent 

2i -h 1 
of the form — oy, which are independent of each other, 

y has more than two values ; and if n be the number of 
such terms, the number of cusps shall be (n— 1)"""'. 

18. When the third term of the developement is the first 

which has an exponent of the form - ^'.^ - , the branches of 

the cusp have contact of the second order, and a curve whose 

equation is y = A«r -{- bx drawn through the cusp will 
pass between its branches. If the {n + l)th terra is the first 

2i + 1 
whose exponent is q., , the contact of the branches is of 

the nih order. 

19. If any of the coefficients contain v/ — 1, the point is 

a conjugate point. There is one exception ; suppose bx to 

2i-hl 



be the term in which b contains V - 1 ; then if /3 = 



"^i ' 



3 



X when x is changed Xo — x also contains ^/ — 1 ; and the 
form of B may be such that the pnxluct shall be a possible 
negative quantity. In this case the curve is in the second 
quadrant; but as no part of this branch of the curve can 
now be in the first and fourth quadrants (Ex. hyp.), it does 
not cross the axis, but forms a cusp the same as before, 
except that it is situated in the second quadrant. 

If B — a -f 6 v^ — 1, the point must be a cotyugate point 
whatever be the form of /3. 
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Throughout the whole of the investigation in this and the 
preceding articles, we have supposed a to be positive ; if it 
De negative, this will only change the quadrants in which 
the branches are situated ; the figure in other respects will 
be the same. 

If the sign of b be changed, this produces no alteration 
in the figure except when a == 1 ; in which case the convex 
curves become concave, and vice vers^l. 

20. Examples. 
Ex, 1. oy* = a?', the semi-cubical parabola. 

3 

x'^ 
y = — .'. (14. Case 3.) the origin is a cusp of the first 

a^ 

species whose branches touch the axis. Vid. fig. Cb. 11.14. 

Ex. 2. o(y — i)* = (a —cY is the same curve as the former 
example, a semi-cubical parabola, whose vertex is at x = c, 
y = ; and whose axis is parallel to x. 

Ex. 3. a^y^ = x\ 

(p) = I The curve touches the axis ; the origin is an 
(q) = 00 I inflexion ; and the curve is convex. 

Ex. 4. a'^x = y*. 

The origin is an infle^don; and it is convex to and touches 
the axis y. 

9 
X^ 

Ex. 6. dfiy — xy sz aP, ory = ^ H — j. 

a^ 

There is a cusp of the first kind at the 
origin ; its tangent being inclined to the 
axis at / 45^ 



Ex. 6. y — a? = (a: — o)^. 

Transfer the origin to the point jt = a, then the equation 

5 5 

becomesy — (oT+fl) = ^^> or y — a = a? -f- a?^; transfer this 
again to y = a, and the equation is y =;r + x'^. 



V 
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From this equation jp = 1 ; and y 
and a have the same sign, either botn 
positive or both negative ; hence there 
IS an inflexion at ^ = a, ^ = a, whose 
tangent passes through the origin in- 
clined to the axis at L 45*^, as repre- 
sented in the figure. 




Transfer the origin to jr = a, y = 6 ; and the equation is 

I 3 

y = x^ -\- x^, and the nature of the point may be found as 
m Art. 15, when a is less than 1. 

To find the nature of the point independent of the rules 
of Art. 15, we have 

Hence {p) = oo ;. a: cannot be 
negative; (y) has two values 

' 1. . 
0?^ ± x^y neither of which is 

3 

pegative, since .r^ is less than 



1 - 



3 -' 



P = 






3 



+ "4 ^ 



9 = 



1 -T i -T 

9 ^ - 16 ^ 



x"^ ; (?) is in both cases positive. 



There is then at x = a, y z=z b a 
cusp of the second species, whose 
tangent is at right angles to the axis 
of the curve. 



Oh 



a 




N 



Ex. 8. (2i/+x+a)* = 2(a- 



Wheti x= a, y = — a, 

and p = -jx- ; transferring 

the origin to A, and reckon- 
ing the abscissa in the di- 
rection Ao, the equation 
becomes (% -h 2a — ^)^ 
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== S.r'; transfer the origin again to y^^—a, and the equa- 

5 

tion is (2y — j?)2 = 2*r\ or y = -pr -\ ^ 

Hence there is a cusp of the first species ^is represented in 
the figure ; its tangent is inclined to tne axis passing through 

Ex.9. y-6=:(j:«-a«p. 

The equation, when the origin is transferred to a? = a, 

y = 6, is y = (Sax + x^y = (2aa?p ^1 + Q^ = {2ax)^ 

-f — 1- &c. 

Hence there are two cusps of the first species at a? = + ^ , 
y =z b, whose axes are parallel to the axis of the curve. 

The curve is symmetrical on the axis y. There are no 
conjugate points. 

SI. In this article we shall recapitulate summarily the 
different circumstances indicated by the fluxiooal coefii- 
cients. 

(1.) Let p be finite^ and let it have but one value ; then 
it marks the position of the tangent ; and it cannot indicate 
any other circumstance, unless the value of ^ be also taken 
into consideration. 

(2.) I(p = 0, the tangent is parallel to the axis; and 
unless the point is an inflexion or a cusp, there is a maxir 
mum or minimum ; and^ changes its sign in passing through 
zero. 

(3.) If p = 00 , the tangent is at right angles to the axis; 
and unless there is an inflexion, the point is a cusp whose 
tangent is perpendicular to the axis. • The cusp in this case 
may be considered as a maximum or minimum where p 
changes its sign in passing through infinity. 

(4.) If p, or any of the fluxional coeflicients contain /v>^ — 1 , 
this shows that the point, if it belong to the curve, is a con- 
jugate point. 

(5.) If/) take the form of -^, it may be a conjugate or a 
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multiple point, and its degree of multiplicity may be found ; 
but not its nature, >vithout calculating q, 

(6.) Let q be finite; and let it have but one value; then 
the only circumstance which it indicates, is whether the 
curve is convex or concave. 

(7.) If 9 =• 0, the point may be a maximum or minimum, 
or an inflexion, or a cusp. To ascertain whether there is a 
cusp, the contiguous values of the ordinate must be de- 
veloped in series ascending by the powers of the increment 
of tlie abscissa ; and if the resulting series do not indicate a 
cusp, there is an inflexion^ if r is not =• ; and a maximum 
or minimum, if^ — 0, r = 0, and 5 is not = 0. 

There is this difference between a cusp of the first and of 
the second species ; the first shows itself within the two first 
terms of the developement ; but of the second, we cannot be 
assured of its non-existence without ascertaining that there 
is not any term of the developement whose exponent 



rV 



2i 

(8.) If g = 00 , there is either an inflexion or a cusp. 
In these cases q chapges its sign in passing through in- 
finity, except when the point is a cusp of the first species 
whose tangent is perpendicular to the axis. 

(9.) If q takes the form of-^, this shows that more than 

one branch may belong to the point (11. 2) ; and cal- 
culating q by the method of Ch. 5. 21 ; if it yjossesses two 
real unequal values, there is a double point of the second 
species, whose branches have contact of the first order, and 
the position of whose tangent depends upon the value 
of/?. 

[f the two values of q are equal, the branches have contact 
^ of the second order, and they intersecK 

Generally, " if any of the coefficients, the n + 1th for 

. . . * 

instance, takes the form of -^, there is a multiple point of 

the second species ; its degree of multiplicity depends upon 
tile number of the real values which the coeflScient pos- 
sesses ; and the order of contact of all the branches is the 
nihy if the values arc all unequal." 
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28. When y is an explicit function of a?, the process of 
finding the number of the multiple points and their nature 
becomes more simple by observing that they arise from 
assisning such a value to the variable as causes the coejicieiit 
of the radical in fx to =: ; which is the case in which 
the fluxional coefficients do not fail. ( Vid. Ch. 5. Art 2.) 
The exponent of the radical indicates the number of the 
intersecting branches ; and the exponent of the coefficient 
which = 0, indicates the nature of the point of intersection. 

If the same value of the variable causes both the coefficient 
and the radical to = 0, the point may be a multiple point. 

Ex. 1. Thus in Art. 13., Ex. 1., x ^ a causes the co- 
efficient of the radical to disappear ; and since it reappears in 
f^x^ it indicates a double point. 

In the same example, a? = causes both the coefficient and 
its radical to = 0, and it belongs only to a limit. 

Ex. 2, y = (ar— o) ^/x^-b -\- c where a is greater than b. 

X ^ a^ ^ =^ c indicates a double point, as will be seen 
from clearing the equation of radicals and proceeding as in 
Art. 3. 

Ifa = &; X = a, y = cis a conjugate point. 

Ex. 3- y = (x-ay ^x—h-^c. 

0? = a, y = c is a double point of the second species ; 
and the branches touch with contact of the first order. 



Ex. 4t. y = (x—ay A/x—b+c. 

.r = a, y = c is a double point of the second species ; 
and the branches touch with contact of the second order. 

Ex.5. 9f-^{x-'iyx:=0. 

I 
y = (a: — 1 ) a?"^ ; the exponent of the radical indicates only 

one branch, and consequently there is no multiple point at 

X — X. ,f 

23. Required the nature of that point of the evolute "which 
corresponds to a point of contrary flexure, or to a ctisp in 
the involute. 

The centre of curvature is always on the concave side of 
the curve ; also q at an inflexion or a cusp of the first species 
is X or 0, and consequently the radius of curvature is 
either or oo . - 
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Hence the four 
cases may be re- 
presented as in the 
annexed figures ; 
in the two first the 
radius = ; and 
in the two last the 
radius =00, it 
being a normal to 
the singular point. 

If the singular point of the involute is a cusp of the second 
species, then it appears, from describing the figure, that the 
corresponding point of the evolute is an inflexion whose 
tangent is a normal to the cusp. 

24. The different orders of inflexion. 

Ea^lanation of terms. 
A right line cannot cut a curve in more points than its 
equation has dimensions. 

Let the curve be of. the second de- 
gree ; and let tab cut it in the points 
A and B ; suppose tab to revolve round 
T so as to coincide with the tangent tf : 
hence it appears that at a point of simple 
contact we may suppose two consecutive 
points of the curve to coincide ; and 
since a right line cannot meet a curve 
of the second degree in more than two 
points, the tangent cannot again meet 
the curve. 

* If the curve be of an 
higher degree, the tan- 
^ gent FT may meet it agun 
in f'; suppose the line 
ftf' to move so that f 
and f' may coincide at A ; 
hence at a it may be con- 
sidered that three points 
coincide. 

Or conceive a line, as cab drawn through a, to revolve 
into the position oax ; then the three points a, b, and c co- 
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incide at A. It is obvious that a is an inflexion ; it may be 
called a point of simple inflexion; which, therefore, may be 
defined to be a point at which the tangent meets the curve 
in three points. 

Hence curves of the second degree do not admit of an 
inflexion: curves of the third degree admit of a simple in- 
flexion ; but the touching line oax cannot meet the curve 
again. 

If the curve be of an 
higher degree than the 
third, the tangent oax 
may meet it again in b ; 
and making the same sup- 
position as before, viz. 
that AB move in such man- 
ner that B may coincide 

with A, at A four points of the curve may be considered as 
coinciding ; and it is called a double point of inflexion, or a 
*' point de serpen tement," or of undulation. 

If five points coincide at a, it is a triple inflexion ; and if 
six, a quadruple inflexion, or a double serpentement. 

25. Examples, 

In the following examples it is supposed that the origin 
has been transferred to the proposed point ; or that the pro- 
posed point is the vertex. 

Ex. 1. Let y z=z x^\ then at the vertex, y = 0, and 
^ X ^ = ; or two points only coincide, and consequently 
there is no inflexion. 

Ex.9,, Let y ^ x^i then at the vertex, y = 0, and 
X X X X X ^ 0\ OT X has three values each = 0, which 
shows that the axis » meets the curve in three points at the 
origin, and consequently there is a simple inflexion at that 
point. 

Ex. 3. Let the equation 
he y := 3c^ — ij:«; when 
y ^Oy xxxx (a;— i)=0; 
or the curve touches x at 
the origin, and cuts it at a 

distance ^ = /;. if in this equation, we suppose ^ = 0, 
then y = x^, and three points coincide at 0, which is a jwint ' 
of simple inflexion* 
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jBa?..4. Let the equation 
he y =^ ar^ — 6^^; when 
y = 0, x.{x^-b)[x - V) =0, 
which shows that the curve 

cuts the axis in three points, * 

which points coincide if 6 = 0; or, as before, y = ^* has a 
simple inflexion at the origin. 

Ex. 5. y =a/^ has a double point of inflexion, or a ser- 
pentement at the origin. 

£a?. 6. y = ^ - 6^'; 
hence atO, {x—^x.x.x^O, 
or there is a simple in- 
flexion at ; and if 6 = 0, 
y z=. x^^ and there is a ser- 
pentement which is invi- 
sible. 

Ex. 7. Let y = ^* 
- {¥ + c^)x^ 4- 6-c«. 

Wheny=0,(j:+i) 
{x^b){x^c)(x-'c) 
= ; or the curve 
cuts X in four points. 

If 6 = 0, or the 
equation y = ^* - e'X\ the curve meets x m two pomts 
at 0, or touches it at 0, and cuts it in two other pomts. 

If c also = 0, the curve y = ^* meets x m four pomts at 
0, where there is a serpentement. 

Ex. 8. Let y = ^ 

When y = 0, . . . 
x.{x -6) {x + b) 

(a?-.c)(a;-fc)=0; o u- u • a 

or the curve cuts x in five pomts, one ot which is U. 

If 6 =r c, or the 
equation is y = o?^ — 
2c^x^ -f d^x^ the two 
pairs coincide ; or the 
curve touches the axis 
in two points. 

If J = 0, there is a 
simple inflexion at 0, 
and the curve cuts x in two other points. 

If 6 = and c = 0, or the equatioij is j/ = a?^ there is a 
triple inflexion at 0, which is visible. 
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Cor. Inflexions of an odd order are visible; and those of 
an even order invisible. 

S6. Miscellaneous Praxis. 



1. ^ == x^/x—a has a conjugate point at the origin. 

2. an^ — a?y — ftx* = has not a multiple point at the 
origin. 

3. -^ = y« — %xy + 2a;* has a conjugate point at the 



origin. 



3 



/ j2 _ ^SV 

4. y^b^ — —. Cusps of the first species at a: zr + a, 



c« 



y =^b, whose tangents are parallel to the axes. 

5. y^ — (J7 — l)^x = 0, or y = (a? - l)a?* has a double 
point at or = 1. 

3 

6. y = 6 + (^ — a)''". An inflexion at x = ^, y = i, per- 
pendicular to the axis. 

3_ 

7. y = x^ + {x -^ly. An inflexion at ar = 1, J/ = 1 
perpendicular to the axis. 

7 2. 

8. y = ar^— o:^ -f- x^ = ar«(l — a?^ +x). The origin is a 
point of simple contact. 

9. f - 2y«i? + x' = 0, or (^^^ - ^— Y + 1=0. The 
curve consists of three right lines passing through the origin 

inclined to the axis at Z 45 and tan.""* - 



Q 



10. a^ — ^by — x' - cx^ -f a¥ = 0. There is a double 
point at y = 6 ; and the branches are equally inclined to the 






axis at tan 

11. a^ — x^ + {x - i)2 = .r'y has a cusp of the first 

_ a^ + b^ 
species 3X> x — -^j, . 

12. y = ax« + XT' (Ch. 8. 13. Ex. 3). There is a cusp 
of the first species at the origin^ and an inflexion at ^ == — ^j 
which are perpendicular to the axis. There is a maximum 
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at — ^ = ~07"* ^^^ ^"^P ^^^ ^^^ inflexion have each a 

branch which has the same rectilinear asymptote. 

y^— 9 
. There is a conjugate point 

at a; = 2; a minimum at x= — ^; and the equation of 

the asymptote isy = ±(a: — —J. 

14. y -- 2^03/^ -1-^=0. (Vid. 5. 21. Ex. 6.) This 
curve consists of two wings issuing from the origin, where 
there is a cusp of the first species. 

16. V'^'S -f ^« = — — ^ . There is a quadruple point 

at the origin. (Vid. fig. 7. 14. Ex. 4.) 

16. x^ - 9mf^ - 3a^y« - ^a'x^ + a* = 0. 

-^; and a 

17. y = (« +0?) a/o? ; a conjugate point at .r = — o. 

18. y2~. §2 ^ (^^2 -_ qq) ^a®— 2a:* ; four conjugate points 
at a: = + flr, y = ± 6. 

19. «/ = 1 + 0? \/ar — 1 ; a conjugate point at y = 1. 

20. y = (a + x) V^ra:— a:'~; a conjugate point at a; = -a. 

21. y«= Vx + \ a/^^ — 1 ; a conjugate point at a?= — 1. 



22. ^ = 3 V^ — 2(1—^)*; a conjugate point at ar=l. 

27. We shall conclude the Theory of Curves by giving 
the student some few general directions which are necessary 
to the complete discussion of any proposed curve. The 
axis of the curve is supposed to be x ; but the same direc- 
tions are applicable to the axis y. 

(1.) Observe whether the curve is symmetrical on the 
axis ; and whether the origin is, or may be made, the centre 
of the curve. (7. 20.) 
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^ (2.) Solve the ecjuation, if possible, with respect to one of 
the co-ordinates. 

(3.) Observe from the changes of the signs (Alg. 311), 
the number of the positive and of the negative values of y 
when X is either positive or negative. If the roots pf the 
equation are all possible, these changes will show the number 
and relative situation of the branches. 

(4.) Find the points where the curve cuts the axes. 

(5 ) Decompose the equation, if possible, into factors^ in 
order to ascertain if the curve is a compound curve. 

(6.) Having cleared the equation of radicals, calculate 
the fluxional co-efficients ^, 5, and, if necessary, r. Observe 
whether there are any values of the variables which offer 

any peculiarity; if they render p = -jr-, observe whether 

u 

they also satisfy — = 0, -^- = 0. 

(7.) Find the limits in the direction of the axes. 

(8.) The number and position of the singular points being 
found, investigate the nature of each by transferring the 
origin to it, and developing y in an ascending series in 
terms of x. 

(9.) Develope y in a descending series in terms of a:; 
these will indicate the position and nature of the infinite 
branches. 

Having thus ascertained the form of the curve, we may 
next proceed to investigate its properties. 

In the first chapter of the second volume we shall select 
such curves as occur in physical science ; or have become 
celebrated either from their properties, or from the use to 
which they were applied by the ancient geometers. For 
the history of the greater part of these curves, vid. Montu- 
cla's Histoire des Mathematiques. 
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